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PREFACE TO THE SECOND EDITION. 



It was with a feeling of great discouragement that I began 
the preparation of another Edition of this work, deprived, 
as I was, of the valuable assistance of my friend Mr. 
Wolstenholme, in working with whom I had bad so much 
pleasure while writing the First Edition. Mr. Wolstenholme, 
who is now Professor of Mathematics in the Royal Engineering 
College at Cooper^s Hill, thought that there would be great 
difficulty in carrying on this work satisfactorily by corre- 
spondence, even if the important duties in which he is 
engaged did not fully occupy his time; I was, therefore, 
reluctantly obliged to undertake the whole labour of re- 
modelling our original work. 

As we contemplated making additions, and many alterations 
both in form and substatnce, my friend desired that his name 
might not appear in the Second Edition, and I have been 
compelled to alter the title of the work, and to take the 
responsibility of the changes which have been introduced. 

The problems which appeared in the former Edition were 
for the most part original, and a large proportion of them 
were due to Mr. Wolstenholme ; in this department, therefore, 
a most important one in my opinion, I have not lost the 
advantage of his valuable assistance. 

« « « « • » 

I feel bound to say a few words with respect to my 
persistence in retaining the word ^Conicoid' to represent the 
locus for the equation of the second degree. It wiais natural 
that the distinguished analyst, who has done so much towards 
the investigation of the properties of surfaces of higher degrees 
than the second, should seek a term for that of the second 
degree, which would connect it with those of higher degrees. 
But I cannot help thinking it unfortunate that the term 
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^quadric' should have been selected, which had already a 
different meaning. I quote the words of the author of the 
well-known treatise 09 Higher Algebra: "It is convenient 
" to have a word to denote the function itself without being 
" obliged to speak of the equation got by putting the function 
" = 0. The term ^quantic' denotes, after Mr. Cayley, a 
"homogeneous function in general, using the words ^quadric,' 
"cubic,' ^quartic,' *«-ic,' to denote quantics of the 2**^, 3^**, 
"4*^, n*^, degrees." Now, ^quadric,' as used in the other 
sense, is not even the equation found, but it takes two steps 
and becomes the locus of the equation. 

I consider that the surface of the second degree at present, 
whatever may be the case in some future development, stands 
on a platform of its owd, on account of the services which it 
has reiidered to all departments of Mathematical Science, and 
well deserves a distinctive name instead of being recognised 
only by its number, a mode of designation which, I am 
informed^ a convict feels so acutely. Man might be always 
called a biped, because besides himself there exists a quadruped, 
an octopus, and a centipede, but,, on account of his superiority, 
it is more complimentary to call him by some special name. 

The useful word 'conic' being well-established, the term 
^conicoid' seems to suggest all that can be required, when 
it is employed to designate the locus of the equation of the 
second degree in three dimensions, at least so long as the 
analogous words spheroid, ellipsoid, and hyperboloid are in 
use, at all events it is not open to the great objection of 
being equally applicable to plane curves, as is the term 
'quadric;' cubies and quartics being actually so employed ia 
Salmon's Higher Plane Curves^ Chapters V. and VI. 

To the many excellent mathematicians, whose talent is 
shewn in the composition of the yearly College papers and 
the papers set for the Mathematical Tripos examination, I 
am indebted in the highest degree both for the problems 
which I have added^So the collection, and also for the hints 
derived from them in fll% treatment of the subject itself. 
« « \^ « « « 



Cambridge, 

Octobtr, 1875. 
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PREFACE TO THE THIRD EDITION. 



I HAVE reprinted tbe principal part of the Preface to the 
Second Edition because it contains the expression of my 
feelings of regret when I was deprived of the co-operation 
of Dr. Wolstenholme in the preparation of that Edition* 

I have especially retained my plea for the use of the 
term ^conicoid,' and the statement of my objections to the 
tp.rm ^quadric/ which weigh so much with me, that they 
liave overbalanced my desire to do honour to the distinguished 
sponsor, to whom I owe so much, by accepting the name 
which he selected as most suitable. 

In the present Edition the problems placed at the end of 
each chapter have been selected and arranged with great 
care in groups, each of which illustrates most of the points 
of the chapter to which they are attached. 

In an Appendix, now nearly ready for the Press, I shall 
give hints sufficient for the solution of the problems. 

The use of the ^ solidus,' described by Prof. Stokes in the • 
Preface to his Physical Papers^ has enabled me to introduce 
a great deal of matter not contained in the last Edition 
without increasmg the bulk of the volume. It certainly will 
not have been employed in vain if it induce any student to 
go through the work himself, in order to use another notation, 
instead of only reading the book. 

I have in the body of the work given references for many 
of the mathematical papers which I have had occasion to use ; 
bat I find that I have omitted to attach the names of the 
authors to so many theorems that I think it best to supply 
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the omission by giving here a list of articles which contain 
theorems due to authors not mentioned in the text. 

Cayley, Art. 790. 

Chasles, Arts. 513, 771 and Cor., 773, 776. 

Hart, Arts. 783, 784. 

Joachimsthal, Art. 692. 

Legendre, Art. 945. 

MacGuUagh, Arts. 301, 326. 

Monge, Arts. 608, 698 &c., 736, 850 &c., 868. 

M. Roberts, Arts. 767-770, 774 Cor. 2, 782, 788 and Cors., 791. 

W. Thomson, Art. 706. 

The arrangement of lines of a cubic surface, called a doable 
sixer. Art. 541, was found out by Schlafli. 

I am afraid that there still remain many omissions, but 
I should like especially to acknowledge how much I owe to 
Dr. Salmon for whatever knowledge I possess of many depart- 
ments of the subject on which I have been engaged. 

This is the proper place to express my thanks for the 
great assistance which I have received from Mr. Chree, 
Mr. Berry, and Mr. Richmond, of King's College, who have 
kindly not only corrected the proof sheets, which is a very 
tedious business, but helped me materially by testing the 
correctness of a great many of the problems. I wish also to 
thank Mr. Steam, of King's College, for his help in the 
earlier portions of the work, and for his kind superintendence 
of the printing during my absence from Cambridge. 

Cambridgb, 

March, 188G. 



Page 149, line 28, /or f and n, read p and n*. 
„ 851, line 2, /or k, read kX radius of AB, 
Index, conoidal surface misplaced, 
„ Pendlebury, /or 283, read 280. 

PROBLEMS. 

Errata majora. 

PAGE 

113, XX. (8), iruert +abe = after cxy. 
128, XXin. (9), line 5, insert - he/ore x, 

179, XXIX. (1), line 12, for J|, read J3. 

line 13, /or 1, 0, 1, read 1, 0, -1. 

180, XXIX. (9), lines, inseH +a"4a/(o + *) a/ier y^h, 

225, XXXVI. (9), add for the same heifrht of the Inminons point. 
XXXVn. (7), line 2, dek double. 

226, XXXVm. (8), add a\& the intersection of tangent planes at B, C, D, 
236, XL. (3), dele of revolution. 

(7), tfwert +a' q/icr - C'z). 

301, XUX. (6),/or 47r {1 - c/ ^a« + <?«)}, read Wa/4{a*+<^. 
303, U. (7), line 3, /or the portion, read any portion. 

line 4, /or ir, read 2ir. 

line 5, twirf estimated STmmetrically with respect to the portion. 
(9), line 4, /or ; also Ac, read along circular parts of their intersection. 
328,. LY. (3), add and the central circular sections. 

(5), /or conoidal surface, read right conoid. 
329, LVX (2), line 6, /or tangent...at P, read genemtor of the scioU through P. 

3M,LVn.(7),/org.r*ad@'. 

LYin. (3), add if j>, ^ be measured along fixed generating'lines. 
(4), line 6, /or oonicoid, I'ead heliooidal surface. 
356, LX. (2), line 5, insert - before pr^pTg, 

{^)i/or epicycloid, read hypocydoid. 

(7), line 6, insert ■hi{4>{p+iu)-<l>{p~iu)} after f(j>-iu), 
372, LXn. (1), line 6, /or i»», read m. 
389, LXVI. (5), /orn- 2, read 2 (n - 2). 

Errata minora. 
89, XV. (4), /or BC, read PC. 
101, XVni. (14), line 1,/or (11), read (14). 
126, XXL (10), /or 6«-m», rearf (**-»»»)«. 

181, XXXI. (7), Ime 4, for a'^V^o'^, read ^a'^b'^<f^, 
224, XXXV. (6), /or ax, read az. 

248, XLII. (8), line 6, add and abc after a'h'c. 

249, XLIII. (10), for pair, rea<2 pairs. 
276, XLVI. (7), /or /3, reorf y. 

302, L. (4), /or jp/*, read p/x. 
829, LVL (4), /or ifi, read ^. 

354, LVm. (l),/or square, read rectangular. 
856, liX. (7), line 2, /or o, recw/ a, 

lines 9, 10, 11, /or index *, read *. 

line 10, omit -^ before wisp. 

line 11, /or sin«g, r«irf sin«p. 
389, LXVI. (3), Une 6, /or a**, read a«. 
402, LXVn. (6), for (6a-» + *"»), rea<f (5a + i). 
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CHAPTER L 

ON COORDINATE SYSTEMS. 

L Before entering upon the application of Algebra to the 
inTestigation of Theorems, and to the solution of Jrroblems, in 
Solid Geometiy, we shall premise on the part of the student a 
complete knowledge of all the ordinary processes adopted in the 
case of Plane Geometry. 

By this means we shall avoid the necessity of entering upon the 
subject of the interpretation of the affection denoted by the sign 
(-) pre€xed to a symbol; since it is known that, if +a denote a 
line of length a measured in any direction from a point in a line 
straight or curved, —a may he interpreted to denote a line of 
length a measured in the opposite direction from any other point 
in the line, without this hypothesis involving any infringement of 
the laws of combination of these signs, assumed as the fundamental 
laws of Symbolical Algebra. 

2. Oar first object will be to explain how the position of a point 
in space can be represented by algebraical symbols, and] with this 
view we shall describe three of the different coordinate systems 
which it has been found convenient to adopt ; reserving the con- 
sideration of other systems for future chapters, when the student 
shall have acquired some familiarity with the subject. And it will 
be found that each of the systems has its peculiar advantage, 
according to the nature of the theorem or problem which is the 
subject of examination. 

Coordinate System of Three Planes. 

3. In the coordinate system of three planes, three planes xOy^ 
yOz^ zOx are fixed upon as planes of reference, which may be 
either perpendicular to one another, or inclined at angles which 
are known. 

The three lines in which they intersect are called coordinate 
axeSj and the point in which they meet the origin of coordinates. 

The position of a point In space is then completely determined, 
when its distance from each of the planes, estimated parallel to the 

B 



2 ON COORDINATE SYSTEMS. 

coordinate axes, and the direction In which those distances are 
measured, are given. 

The absolute distance and the direction of measurement are in- 
cluded in the term algebraical dtstancB. 

Thus + a and - a are the algebraical distances of two points 
whose absolute distances from the plane yOz are each a, and 
which are measured, the first in the direction Ox^ the second in 
the direction xO from that plane. 

These algebraical distances are called the coordinates of a point 
in this system, and are usually denoted by the letters a;, y, and z. 

The point, of which these are coordinates. Is described as the 
point (a?, y, z). 

Produce xO^ yO^ zO backwards to x^ y\ z' ; then, if a, &, c 




are absolute lengths, (a, 6, c) denotes a point in the compartment 
xyzOj (-a, 6, c) In x'yzO, (a, - J, c) in acy'zOj (a. A, - c) m xyz'O^ 
(a, -6, -c) In xy'z'O^ (-a, 6, — c) In x'yz'O^ (-a, — fe, c) in 
xy'zOj (-a, -fe, -c) In xy'z'O. 

4. If a parallelepiped be constructed, whose faces are parallel 
to the coordinate planes, the point P{a^ J, c) being the other ex- 
tremity of the diagonal drawn from the origin, the edges ZP, MF^ 
NP will be the coordinates of the point F supposed In the com- 
partment aryaO. 

Also, It Is obvious that x^a for every point In the plane face 
PNIM^ or that a; = a is the equation of that plane, as y « ft and 
B c are the equations of the planes PI/mN and FMnL indefinitely 
extended in every direction. 

Thu8» the point P may be considered as the intersection of the three planes, 
whose equations are d? » a, y » 6, z^ e. The points /, may be denoted by 
(a, 0, 0) and (0, 0, 0) and the points L and Jf by (0, &, e) and (a, 0, c). 



PROBLEMS. 3 

Polar Coordinate System, 

5. In the system of Polar Coordinates, a plane zOx is chosen, 
and in this plane a straight line Oz is drawn from a fixed point 0. 




The position of a point P in q)ace is completely determined 
when its distance from the fixed point is given, the angle through 
which OP has reyolyed from Oz in a plane 2; OP passing through 
Oz, and the angle through which this plane has revolved into its 
position from the fixed plane of reference zOx. These coordinates 
are nsnally denoted by the symbols r, 0^ and ^, and the point P by 

Thus, if the longitude of a place be /, the latitude X, and the radius of the 
earth a, ire may take the first meridian for the plane tOx, the axis of the earth 
for the line Oz, and the position of the place will be expressed by (a» iv--X, /). 
The position of Qreenwich, latitude X, is given by (a, iw ~ \\ Q). 

Cylindrical Coordinates* 

6. In some cases it is convenient to define the position of the 
foot of the ordinate z by the polar coordinates r, instead of a;, j^ ; 
r, 0^ z are then called cylindrical coordinates. 



(1) Construct the positions of points which are represented by the equations 

(2) «> + y*»2a', »-fy = 2a, xy^a\ 

(3) Shew that, for every point in OP, P being (a, 5, c), x/a=y/h = z/c. 

(4) Shew that, for every point in the plane LMlm in the preceding 
figure, x/a + y/b = 1. 

(5) Draw a figure, for every point of which «* -i- y* ■ a* and s » 0. 



CHAPTER 11. 

GENERAL DBSORIFnON OP LOOI OF EQUATIONS. SUEFACES. CURVES. 

Locus of an Equation. 

7. If an equation ^ (a?, y, «) = be given, in which the vari- 
ables are the coordinates of any point, the number of solutions of 
this equation is generally infinite, i.6. the number of points whose 
coordinates satisfy the equation is infinite; we shall proceed to 
shew what is the general nature of the distribution of these points. 

We shall prove, in the first place, that no algebraical equation 
can be satisfied by every point of any solid figure, but, in the most 
general case, only by every point in some surface or surfaces. 

8. If an equation involve only one of the coordinates as a;, 
we know that such an equation, ^ [x\ = 0, has a finite or an infinite 
number of roots a, &, c,... separatea by definite intervals, and is 
equivalent to the equations a; = a, a; = &, ... each of which, as x = a^ 
is satisfied by every point in a plane parallel to the plane yOz at an 
algebraical distance a from that plane. Hence, all the points, 
whose coordinates satisfy the equation ^ [x) — 0, lie in a series of 
planes parallel to yOz at algebraical distances a, &, o, ... from it. 

If the given equation involve two only of the variables, as 
^ (y, z) — 0, on the plane yz let the curve be constructed, every 
point of which satisfies this equation^ and let a straight line be 
drawn parallel to Ox through any point in this curve, then every 
point in this line is such that its coordinates, as well as those of the 
point through which it is drawn, satisfy the given equation, and 
the same is true of all points in the curve, but of no other points. 
Hence, all the points which satisfy the proposed equation he in a 
surface generated by a straight line parallel to Ox^ which passes 
successively through every point of the curve traced on the plane 
yz ; such a surface is called a cylindrical surface, and the curve is 
called the trace on the plane yz^ being one of an infinite number of 
curves called guiding curves to the cylindrical surface ; in this case 
the trace on the plane yz Is the projection by lines parallel to Ox^ 
of anyone of the guiding curves. The number of guiding curves 
is infinite, since, if any curve be traced upon the cylindrical surface 
80 as to cross every generating line, a line, moving parallel to Ox 
80 as to traverse everjj portion of such a curve traced in space, 
would generate the entire cylindrical surface, that curve serving to 
guide the direction of motion of the generating line. 



GENERAL DESCRIPTION OF LOCI OF EQUATIONS. 
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9. We may notice here that if the equation ^ (y, «) = be 
equivalent to a series of equations of such forms as 

(y-i)* + («-c)" = 0, («jy-»i2j)« + (0-c)* = O, 

the trace on yz is redoced to a series of points, and the locus of the 
equation ^ (y^ ie^) = becomes a series of straight lines parallel to 
Oz and passing through those points. 

In such cases the locus appears to be different in character from 
that of the general case, since it is a series of lines instead of being 
a surface. But it may be seen that this is only in appearance, 
since each of the equations, whose locus is called a point, represents 
a closed curve of infinitely small dimensions, and the lines are 
cylinders whose breadths are infinitely small, and the locus of the 
equation 4> (y, a) = is, as in the general case, a series of surfaces. 
A similar interpretation may be given in every case. 

10. We shall now proceed to the general case, in which all the 
coordinates are involved, (a?, y, z) = 0, and examine the position 
of all the points which satisfy the equation. 

We shall first find the position of those points which are at an 
algebraical distance/ from the plane of y^, which is the same thing 
as finding those points of the locus wnich lie in a plane whose 
equation is x =/. 

Such points are contained in the cylindrical surface whose 
equation is 4> (/> y^ ^) = ^- I'he trace of this surface on the plane 
x=y 18 the line which contains all the points of the locus which 
lie on that plane ; and, if the series of lines be supposed traced cor- 
responding to different positions of the plane x =/, for values of/ 
varying from — oo to + oo , we shall evidently obtain a surface which 
will contain all the points which satisfy the equation ^ (a?, y, z) = 0. 

11. As an illastratioD of tracing surfaces, we will take the case of the 
surface whose equation is (« + y)* « as. 




6 QENEKAL DESCRIPTION OF LOCI OF EQUATIONS. 

ltx^Oty* = azt therefore tbe trace upon tbe plane of ys is a parabola whose 
axis is Oz and vertex O. 

Similarly the trace on jur is an equal parabola having the same axis 
and vertex. 

If 2 B A, (^ -*- y)' = oA, the latter is the equation of two planes parallel to 
Oz, equally inclined to the planes yz, sr, therefore the trace on the plane b » A 
is two straight lines equally inclined to the planes of yz, tx. 

Hence, the surface may be generated bv straight lines such as PQ, which 
move pandlel to the Une x + y = in the plane xy, constantly passing through 
the traces OP, OQ on the planes zx, yz, and inclined to these planes at equal 
angles. 

The surface is therefore cylindrical. 

Locus of ike Polar Equation, 

12. We shall examine In order the loci of equations in polar 
coordinates which involve one or more of these coordinates. 

i. If the equation be F[r) s 0, this is equivalent to a series of 
equations r = a, r==5, ... any one of which being satisfied the 
original equation is satisfied; r^sa is satisfied by all points at a 
distance a from the origin, measured in any direction ; therefore 
the locus of /^(r) = is a series' of concentric spheres, whose centre 
is the origin. 

ii. If the equation be F{d) — 0^ it is equivalent to d=a, 
0s=^, ..., any one d = a is satisfied by every point of lines through 
inclined to Oz at angles equal to a; therefore the locus jP(^) = 
is a series of conical surfaces, whose common axis is Oz^ common 
vertex 0, and vertical angles 2a, 2^, .... 

iii. If the equation be J'(^)=0, it is equivalent to ^ = a, 
^ss/9, ..., any one ^»als satisfied by every point in a plane 
through Oz inclined at an angle a to the fixed plane »0x\ tnere- 
fore the locus of i^(^] »0 is a series of planes through Oz inclined 
to zOx at angles a, iS, .... 

iv. Kthe equation involve only r and 6^ as F[r^ 6) =0, since 
for all values of ^ the same relation exists between r and 0^ the 
locus of the equation is the surface generated by the revolution of a 
curve traced on a plane passing through Oz^ as this plane revolves 
about Oz hAK£i axis. 

V. If the equation involve only and ^, as F{0^ 0)«O, for 
every value of ^, there is a series of values of 0, corresponding to 
which if straight lines be drawn through 0, every point in these 
lines will be such that its coordinates will satisfy the equation ; 
as ^ changes, or the plane through Oz revolves, these lines assume 
new positions relative to Oz^ and generate, during the revolution 
of the plane, conical surfaces, a conical surface being defined to be 
a surface generated by a straight line moving in any manner with 
the restriction that it passes through a fixed point. 



GENEBAL DESCBIPTION OF LOCI OF EQUATIONS. ? 

vL If the only coordinates inyolved be r, 0, as in F{r^ ^) « 0, 
for each position of the plane through Ox inclined at any angle 4> 
to the plane zOx^ there is a series of values of r which are constant 
for all values of (7, i.e. there is a series of concentric circles in the 
plase, the coordinates of each point in which satisfy the equation. 

The locus of the equation is therefore a surface generated hj 
circles having their centres in 0, and varying in magnitude as theu: 
planes revolve about the line Oz through which they pass. 

viL If the equations involve all the coordinates, as F{r^ 6^ ^) « 0, 
let any value, as /9, be given to 0, then corresponding to this 
value th^e is a plane through Oz^ and if the locus of F{r^ 0, ^) = 
be traced on this plane, and such curves be drawn upon all planes 
corresponding to values of 4> irom — oo to -f oo , the surface which 
contains all mese curves will be the locus of the equation. 

Curves. 

13. Curves in space may be considered as the limits of polygons 
whose mdes are indefinitely small, and the peculiarity of such curves 
Is, that the plane which contains two consecutive sides of the 
polygon of which the curve is the limit, does not generally contain 
the next side ; so that the plane in which the curvature is taking 
place at any point changes as the point changes. 

This property is sufficiently represented by caUing such curves 
tortuous curves^ the old name of curves of double curvature was 
misleading, since there are not two curvatures.* 

Equations of Curves. 

14. Through every curve there can be drawn an infinite 
number of surfaces, the intersections of any two of which will 
include every point of the curve. At the same time we must 
observe that two surfaces, each of which contains a given curve, 
may not be sufficient to determine the position of the curve de- 
finitely, because they may intersect in other points which are not 
connected with the given curve. 

Thus, if we take the case of a circle, it is true that it lies 
entirely in the intersection of a certain sphere and cylinder, but the 
sphere and cylinder are not sufficient to determine the circle 
without ambiguity, because they also intersect in another circle. 
It is possible, however, in this case to find two surfaces which do 
define the circle completely, as, for example, a plane and either a 
sphere or cylinder. 

16. If i> (aj, y, «) = and -ijr (x, y, «) = be equations of two 
surfaces, these surfaces, by their intersection, determine a certain 

* Thomson and TaiVs Natoral Philosophy, Vol. I. Part i. Art. 7. 
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curve, and if another eauation x (^i yj «) = ^ be derived from these 
equations by any algeoraical process, this third equation will be 
satisfied by every point in the curve determined by the intersection 
of the first two surfaces, and we may employ this equation and 
either of the first two to obtain properties of the curve, although 
the new equations which we employ may, and generally would, 
represent surfaces which Intersect in other points than those of the 
curve originally proposed. 
For example, the equations 

««/a« + yVJ« + 2i'/c*=l and «« + y« + «« = 5» 

represent two surfaces, the first of which is called an ellipsoid, the second 
is a sphere, now, (^Tiding the second equation by 5", and, subtracting the first 
from it, we obtain the equation 

which, if a > ft > c, represents two planes and shews that the curre of intersection 
is composed of two cirdesi which are the intersection of Lhe sphere and the 
two planes. 

When we eliminate x from the two general equations of the 
curve, the result being of the form /(y, z) = 0, the curve on the 
plane yz, whose coordmates satisfy this equation, is the projection 
of the given curve by lines parallel to Ox^ the given curve being 
one of the guiding curves mentioned in Art. 8. 

16. It is often convenient in practice to consider a curve as the 
intersection of two cylindrical surfaces, whose generating lines are 
parallel to two of the coordinate axes. In this way of considering 
curves, the equations of the surfaces are of the ^rm ^ (a;, z) = 0, 
^(y,«)=0. 

As a simple example of this method the straight line joining the points 
It, N in the figure on page 2 is determined by the two plane surfaces whose 
equations are 

x/a + a/c = 1 and y/b + t/e = 1. 



n. 

(1) Trace the sur&oes represented by the equations 

(i) a;» + y*-<M:. (ii) z'^ox + fty. (iii) «*+y* + «« = 2a« + 2Jy+ 2«. 

(it) «* + y* = a«. (t) xi^^i^y. (vi) sey^a%. 

(Til) cy =. «• (a» - «•) (Tiii) (« + y )• = c (a - x), 

(2) Describe the three surfaces 

(i) rsa sin^, (ii) r = a CO80, and (iii) 40 <= 2v f v sin4^ 



CHAPTER III. 

PEO/BCnONS OF LINES AND AREAS. DIRECTION-COSINES AND 
DIRECTION-RATIOS. 

17. Dbf. The geometrical projection of a straight line of 
limited length upon any other straight line given in position is 
the distance intercepted between the feet of the perpendiculars 
let fall from the extremities of the limited line upon the straight 
line on which it is to be projected. 

18. The geometrical projection of a straight line of limited 
length on a given straight line is equal to the given length multiplied 
hy the cosine of the acute angle contained between the lines. 

Let PQ be the line of limited length, AB the indefinite line 
upon which it is to be projected. 

Let QBNhe a plane through Q perpendicular to AB meeting 
it in NjFB parallel to AB meeting QBN in B. 




Therefore PB being parallel to -45 is perpendicular to the 
plane QBN^ and therefore to BN and QB^ and QN is perpen- 
dicular to -4B; hence, if PM be drawn perpendicular to AB^ UN 
is the prmection of PQj and QPB is the acute angle contained 
between PQ and AB^ and since PBNM is a rectangle, 
MN^PB^PQiio%QPB. 

If PQ intersect -45, the proposition is obviously true. 

19. Def. The algebraical projection of a line PQ upon an 
indefinite line AB given in position is the projection estimated in 
a given direction, as AB. 

If a be the angle throBgh which PQ may be supposed to have 
revolved from PB, drawn in the positive direction AB^ the alge- 
braical projection o( PQ = PQ cos a. 

c 



10 DIRECTION-COSINES. 

When N lies in the opposite direction with reference to if, a is 
obtase, and PQ cos a is negative. i 

The algebraical projection of a limited straight line upon a line I 
given in position measures the distance traversed in the direction of 
the latter line in passing from one extremity of the former to the | 
other. 

This consideration shews that, if all the sides of a closed polygon taken in , 
order be projected on any straight line given in position, the sum of the 
algebraical projections of these sides vill be zero; since, in passing round the 
perimeter of the polygon from any point, the whole distance advanced in any 
direction is zero. 

Hence, the algebraical projection of any side AB of & closed polygon is the 
sum of the algebraical projections of the remaining sides commencing from A 
end terminating in B, 

Note, In future, when the term projection is used with reference to straight 
lines, the algebraical projection is to be understood. 

20. Let PQ be any line, Pi/, MN, NQ three straight lines 
drawn in any given directions so as to terminate in Q, and ?, m^ n 
the cosines of the angles which PQ makes with these directions. 




Then PQ will be the sum of the projections of Pif, MN^ and NQ 
on PQ ; therefore PQ=-l. PM-^ m.MN-\- n . NQ. 

Direction'^ Cosines. 

21. The direction of a straight line in space is determined when 
the angles which it makes with the coordinate axes are known. 

Def. When the coordinate axes are perpendicular, the cosines 
of the inclinations to the three axes are called direction-cosines. 

22. To find the relation between the direction-cosines of a straight 
line. 

If ?, m, n be the direction-cosines of PQ, and PM^ MN^ NQ be 
parallel to the coordinate axes, 

PM^PQ.l, MN^PQ.m, NQ^PQ.n. 
Join PN^ then, since QN is perpendicular to NM^ ifP, and 
therefore to the plane PMN^ PNQ is a right angle ; 

henQePQ'--PN'-^NQ'^PM*^MN' + NQr; 
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which is the relation required. Hence the three angles of inclina- 
tion cannot all be aasunied arbitrarily. 

23. To find the angle between two straight lines in terms of their 
direction-cosines. 

Let PQy P'Q be two straight lines whose direction-cosines are 
(Z, wi, n) and (?, wi', n) respectively. 




Let PMy MNj NQ be drawn parallel to the axes, connecting 
any two points P, Q, and PP\ QQ perpendicular to P'^, and 
let e be the angle between PQ and P'Q. 

Then P'Q, the projection of PQ on P'Q', will be equal to 
the sum of thi projections of PJ/, MN^ NQ on P*Q\ namely, 
P'M\ M'N\ N'Q'; 

therefore PQ cos = PM. U + MN .m'-hNQ. w', 

and since PM=> PQJ^ MN=^ PQ.niy NQ = PQ.w, 

.'. cos 5 = Zf + mm + nn' ; 

hence, sin'tf = (P + w* + «") (P + tw'* + «'•) - (?r + mm' + nn')* 

= (mn' - m'ny + (nf - n'/)« + (7m' - fm)'. 

Aliter. Since the angle ^ between the two given lines is equal 
to the angle between two lines OjS, OR parallel to them through 
the origin, let R and R be at unit distance from 0, their coordinates 
will be Z, w, n and ?, m', n', therefore since 20jB sin^^= JJi?, 
assuming the formula for the distance between two points given 
in Art. 39, 

4 sin'i^ = (Z - 0' + (^ - wi? + (« - ^T = 2-2 (Zf + mm' + nn'), 

.•. cos = 11' + mm' + nn'. 

When ^ = itr, U 4 mm' + nn' = 0, the condition that the two straight lineii 
may be at right angles. The student should obtain this condition without 
assuming the general case. 



1 2 DIRECTION-COSINES. 

24. To Jind the direction-cosines of a straight line perpendicular 
to two straight lines whose direction*cosines are given. 

Let ly nij n, and l\ m\ n be the given direction-cosiDes, and 
X, /A, V the required cosines of the perpendicular ; then, from the 
condition of perpendicularity, 

Z\ + «w/i + ni'=0, and rx + w> + nV = 0, 

whence {In - ?n) X + {mn* — m'n) fi^O^ 

and, by symmetry, — -, r = -j, r, = 7—7 — y = ± -^--5 , Art. 23, 

^ J J ' ' tnn - win nl-nl Im — im sin ^ ' ' 

if be the angle between the lines. 

25. 2b ^n/i the direetion-coiinea of ttoo ttraiffht lines which lie in the plans 
containing two straight lines, whose direetion^osines are given, and bisect the 
angles between them. 

liCt AP, AQ be the two given lines, whose direction-cosines are /, m, n 
and ^, m', n'. 

Take AP = AQ-r, join PQ and bisect it in R, AR is one of the bisecting 
lines, let its direction-cosines be X, /i, v, and if 26 be the angle between AP 
BLndAQ,AR--rcoie. 

If AP, AQ, and ^72 be projected upon the axis Ox, the projection of 
12 will bisect that of PQ; /. 2r cos6^.X = /r-i-/V, whence \, and similarly 
fi and V can be found, being known by the equation cos 20 « if + mm' + iin', 
Art. 23. 

Produce QA to Q so that AQ^r, and bisect PQ' in JR', AR is the other 
bisector, and since the direction-cosines of AQ are -f, -m', -«' and 
v^/i'sSr sin^, if X', ft!, • be the direction-cosines of AR; :. 2r sin^.X 
= /r + (- /') r, and similarly for ^' and »'. 

26. 7b ^n(/ the angle between the two straight lines whose direction-cosines 
ore given by two homogeneous equations of the Jirei and second degrees respec- 
tively. 

Let the given equations be 

ar+6m' + cn* + 2a'm» + 26'n/4 2c7me0, and a/ 4 /3m + 711 « 0. 

That there are two lines may be seen by eliminating n from the two 
equations, whereby we obtain the equation giving two values of / : m, 

7" (fl/« + bm* + 2c'/m) - 27 (0/ + /3m) (b'l + a'm) + c (0/ + /3m/ - 0, 

or f;/' + 2tr7m-f um'sO, 

where t? « a7* - 2^70 + ca", 

it' 3 c'7* - (a'a + Vp) 7 + cap, 

tt=<?/3*-2a'/37 + 57*. 

Now, let /|, mp 111, and /,, m^ n, be the direction-cosines of the two straight 
lines, then, /| : m^ and /, : m% being roots of the equation, 

/j^ „ ^\^% „ Am, 4 /,m^ ^ ( (Ixm^ ^ l^^)* - Alil^m^m{ \k 
u" V ° -2u/ "l 4(tt^-ao) J' 

Now, it can be shewn, by collecting the coefficients of the different powers 
of 7, that 

w'*-uv^ 7* {Aa^ + J5/3* + CV + 2^/37 + 2^70 -f 2C'fl/3), 
where A -a'* -be and A' * ao' - b'e', 
and similar expressions. 



0. 



DIREOTION-RATIOS. 18 

We have, therefore, from symmetry, 

":S7"~T~"V 2^P ° 2/3P " 2^~' 
where P* is written for the symmetrical expression Aa* +...+ 2-4'/37 4... . 
Therefore, if be the angle between the lines, 

cos^ sin<^ 

tt + 1? + tp *" 2P (a" + /3* + 7*)* ' 
Cob. The conditions that two such equations may represent two perpen- 
dicular or two parallel directions are 

u + » + tr = 0, and P = 0, respectively. 
The condition of perpendicularity may be written 

(a + 6 + c)(a« + /3» + 7^-/(«i/3,7) = 0, 

if f(h »»» «) = be the equation of the second degree. The condition of 
parallelism may be expressed by the determinant 

a, c', y, a 
d, 6. a', p 

a, /3, 7» 

Direction'Ratios. 

27. Def. If the coordinate axes be not perpendicular to each 
other the direction of a line PQ is fully determined, when the 
ratios of PM, MN, NQ to PQ are given, PM, MN, NQ being 
parallel to the axes. These ratios are called dxrection-ratws. 

28. To find the relation between the direction-ratios of a straight 

Izfie 

in the figure on page 11, let the angles yOz^ zOx^ xOy be 
\, /tA, V, and let a, /3, 7 be the angles between PQ and the axes, 
?, r/i, n the direction-ratios of PQ. 

Projecting the line PQ and the bent line PMNQ terminated in 
the same points on Ox, 

PQ cosa = PM^ MN cos v + NQ cos/*, 

.". cosa = Z + wi co3v + ncos/A;| 

similarly cos/9 =7 cos v + m + n cos\, \ 

and COS7 = I cos/Lt + m cos\ + w. ' 

Also, projecting PMNQ on PQ, 

Pif cosa + MN cos/9 + -JiTQ COS7 = PQ, 
/. / cosa + m cos/9 + n C0S7 = 1, 
^., 1 = r + m' + n' + 2mn cosX + 2nZ cos/i + 2?«i cos v, 
which is the relation required. 
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PROJECTIONS. 
Projection of a Straight Line on a Plane. 



29. Def. The orthogonal projection of a line of limited length 
on a plane is the line intercepted between the perpendicalars drawn 
from the extremities of the limited line upon the plane. 

30. The orthogonal projection of a line upon a plane is the length j 
of the line multiplied hy the cosine of the angle of inclination of 
the line to the plane. 




Let PQ be the given line, AB the plane, PM^ QN perpen- 
diculars upon the plane. 

Since PM^ QN are perpendicular to the plane -4B, PM is 
parallel to QN^ and the plane MPQN is perpendicular to the plane 
AB] join MN^ and draw PL parallel to ilN; 

:'.lPLQ^L MNQ = a right angle ; 

.-. MN^PL^PQ cos Q PL, 

therefore, since MN is the projection of PQ on AB, and /L QPL is 
the Inclination of PQ to the plane, the proposition is proved. 

Projection of a Plane Area upon a Plane. 

31. Def. The orthogonal projection of a closed plane area 
upon a fixed plane, is the area on that plane included within the 
line which is the locus of the feet of perpendiculars drawn from 
every point in the boundary of the plane area. 

32. The orthogonal projection of any plane area on a given plane 
18 the area multiplied by the cosine of the inclination of the plane of 
the area to the given plane. 

Let APB be any closed curve described upon a given plane, and 
APB the orthogonal projection upon any other fixed plane, which 
is the locus of the feet of the perpendiculars drawn to the second 
plane from every point of the curve APB. 
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The areas APB^ AFB may have inscribed in them any 
number of parallelograms, such as PQ, P'Q'i whose sides are in 
planes PMP\ QNQ drawn perpendicular to the line of intersection 
of the given planes, and parallel to that line, and these parallelo- 
grams are in the ratio of 1 : cosine of the inclination of the planes ; 
therefore the sums of the parallelograms are in the same ratio. 

Hence, proceeding to the limit when the breadths of these paral- 
lelograms are indefinitely diminished, the area of the projection of 
AI^= area of APB x cosine of the inclination of the planes. 

When the inclination of the plane area A to the plane on which 
it is projected is given by the angle d between the normals drawn 
in a dennite direction with respect to the two planes, the expression 
A coad is called the algebraical projection^ which will be negative 
if be an obtuse angle. 



33. To find lite area of the 'projection of a triangle upon thecO' 
ordinate planes^ the coordinates of the angular points being given. 

Let (a, J, c), (a, &', c), (a", i", c") be the angular points of the 
triangle, and let the projections of these points on the plane o{ yz 
be P, Qj B. Take a case in which b" > 6' > 6, and c" >c'>c^ and 
let the motion along the sides of the triangle in the order PQB be 
in the direction of the motion of the hands of a watch. Draw QU^ 
J? r parallel to Oy, meeting a line through P parallel to Oz in 17, 
Vj and join QV. 

Then aPQB = APVQ + zi5 F(2 - AB VP; 

.-. 2£^PQB ^QU. PV^ BV. PU^ {V - b) {c" - c) - (J" - b) {c' - c) 
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which may be written 

2J = 



J, c, 1 
l\ c', 1 
J", c", 1 



If PQR bad been the direction opposite to the motion of the 
hands of a watch, or Q on the other side of Pfi, 

a.PQR = AR VP- Afi VQ - APVQ, 

a.tii 2APQB = IiV.PU-QV.PV, 

or the above determinant with a negative sign. 



Similarly, 2 J, = 



and 2J,=: 



J, 1 
b', 1 
b",l 



34. If the facet of any closed polyhedron be projeeted on any plane^ the sum 
of the algebraical projections of the faces on any fixed plane will be zero. 

One side of the fixed plane being selected as that to which the Dormal 
is drawn, the angle between this normal and the normal, drawn outwards, 
at any point of the closed polyhedron, is quite definite; and the projection 
of any face will be positive or negative according as this angle is acute or 
obtuse. Now any straight line whatever (produced indefinitely both ways) 
will meet the polyhedron in 0, 2, 4, ... or some even number of points, 
since passing from outside to inside, or from inside to outside, necessitates 
crossing a face once. Draw a straight line parallel to the normal to the plane 
of projection meeting the polyhedron in points Pp P„ P,, ..., P^ and round 
it an indefinitely small cylinder whose transverse section is a, then the projec- 
tions of the sections of this cylinder made bv the faces of the polyhedron which 
it meets will be alternately + a and - a, and since the number of them is even, 
their sum will always be aero. This being true for every straight line perpen- 
dictdar to the plane of projection, will be true for the total projection of the 
polyhedron; and will also be true when the number of faces is indefinitely 
increased, and the areas of some, or all of them, diminished indefinitely ; that 
is, the sum of the algebraical projections of all the elements of a closed surface 
on any fixed plane is zero. 

36. To find the area of any plane surface in terms of the areas 
of the projections upon any rectangular coordinate planes. 

Let Z, m, ft be the direction-cosines of a normal to the plane on 
which the given area A lies, -4^, Ay^ A^ the areas of the projec- 
tions upon the coordinate planes of yz^ zxj xy. 

Then, since I is the cosine of the angle between Ox and the 
normal to the plane, which is the same as the angle betweea the 
plane of A ana the plane of yz^ A^=^Al^ 

and similarlj, A^ ~ Am^ and Aj^ == An ; 

.•.^"=il'(P + »u' + ft')=^,' + ^' + ^,». 
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36. To find the plane upon which the sum of the algebraical pro- 
jecHons of any number of given plane areas is a maximum. 

Let ^, A\ A",., be anj namDer of plane areas, 2, m, n, T, m\ n'... 
the direction-cosines of the normals to their planes, X, pt^ y those of 
the normal to a plane upon which they are projected; and let 
-4^, A^j A^ and A'^ A'^j A ...he the areas of the projections of the 
given areas upon the coordinate planes. 

Then since tK-\-mfJk + ny is the cosine of the an^le between the 
plane of Aj and the plane upon which it is projected, the projection 
of A IB j4(ZX + w/A + nF)=^,\ + -4j^ + -4,v; 

therefore the sum of the projections of all the areas upon the plane 
(X, fjky y) is \S [A J + A*S (^^) + vS (-4 J which is to be a maximum 
bj the variation of X, /*, v, subject to the condition X" + /*" + v* = 1 ; 

.-. S(^JrfX + 2(^Jd/i + S(^Jrfv = 0, and XJX4/w^/* + vc?v = 0, 
must be true for an infinite number of values of dk: d/Ai dv; 

■'• s(27) = s{2J = spj = v[{s {AJY+ {s {A,)Y + {s (A,)}'] ' 

which determine the direction of the plane of projection, in order 
that the sum of the projections of the areas may be a maximum. 



III. 

(1) Two straight lines are drawn in the planes of xy and ys, making aneles 
a, 7 with the axes of x, z respectively; the direction-cosines of the straight Une 
peq)endicu]ar to the two are proportional to tana, - 1, tan 7. 

(2) If two straight lines be inclined at an angle of 60°, and their direction- 
cosines be /, m, ft, ff tn\ n\ there will be a straisht line whose direction-cosines 
are l-t, m- m', and n - n\ and this straight line will be inclined at angles 
of W and 120° to the former straight lines. 

(3) If the angles which a straight line through the origin forms with the 
coordinate planes be an arithmetical progression, whose difference is 46°, the 
Hne must lie in one of the coordinate planes. 

If it form angles a, 2a, 3a with the coordinate axes, it must lie in one of the 
coordinate planes. 

(4) The angle between two faces of a regular tetrahedron is sec'*3. 

(6) Find the angle between the two straight lines, whose direction-cosines 
are given by /* -f m" = n' and / + m + n = 0. 

(6) Shew, by projecting upon the base, that the «urea of the surface of a 
right cone is wal, a being the radius of the base, and / the length of a 
slimt side. 

(7) Shew a priori that the rational equation connecting the direction-cosines 
of a straight line can only involve even powers of those quantities. 

(8) Three circles whose areas are in the ratio 3 : 4 : 6 lie in three perpen- 
dicukur planes, shew that the plane on which the sum of the projection is 
greatest is inclined at an angle 45° to the plane of one of the circles. 
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IV. 

(1) The sum of th6 acute aneles vhich any straight line makes with rect- 
angular coordinate axes can never oe less than { sec'^ (~ 3). 

(2) The direction-cosines of a straight line perpendicular to the two whose 
direction-cosines are proportional to /, m, n and m + n, n -f /» / + m, are propor- 
tional to fn-nfn-l,l-m, 

(3) The straight lines whose direction-cosines are given hy the equations 

o/ + 5m -f en = 0, a/* + /3m* + 7n' = 0, 
will be perpendicular, if a* (/J + 7) 4 i* (7 + a) + c* (a + /5) = 0, 
and parallel, if oV« + ^Vfi + f^/'i = 0. 

(4) The straight lines whose direction-cosines are given by the equations 

a/ + 5m + on B 0, a// + /5/m + 7/n = 0, 
will be perpendicular, if a/a + /3/5 + 7/c = 0, 
and parallel, if V(«fl) ± y/W) ± V(«7) = 0. 

(5) The direction-cosines of a line making equal angles with three straight 
lines whose direction-cosines are (/, m, «), (/', m', n% (/", m", n"), are propor- 
tional to 

m (»'- n") + m'(nf'-n) + m"(n - n'), 

/(m'-m") + /'(m''-m) + r(m-mO. 
If the given lines be mutually at right angles, the direction-cosines will be 
(/ + /' + ^)/V3, (m -f m' + m")/V3, (« + n' + n")/V3. 

(6) If the direction-cosines of two straight lines be given by the equations 

amn + 5n/ -1- elm » 0, a/ + /3m 4 711 =: 0, 
prove that the tangent of the angle between the lines will be 
{(a'4/3*47') (flV-^...- 25c^7-...)}i 
0/87 4 570 4 ca0 
CJ) Find the direction-cosines of the two straight lines which are equally 
inchned to the axis of s, and are perpendicular to each other and to the line 
which makes equal angles with the coordinate axes. 

(8) If a plane mirror be equally inclined to each of the three coordinate 
planes, and X, ^ v be the direction-cosines of a ray incident on it, shew that 
those of the reflected ray will be 

J(2/442ir-\), J(2ir + 2\-/4), and J(2X42/i-»), 

(9) If ^ be the small angle between two lines, whose direction-cosines are 
respectively /, m, n and / 4 dl, m 4 ^n, n 4 ^, prove that 

(W)« « (diy 4 (im)« 4 i^y. 

(10) Determine the plane and the area of the maximum projection of 
the hexagon formed by the six edges of a cube that do not meet a given 
diagonal. 

(11) If Af Bj C, D be four points in a plane. A', B\ C, ly their 
projections on any other plane, the volumes of the tetrahedrons ABCI/ 
A'b CD will be equal. 

(12) If /, m, n be the cosines of the angles which a straight line makes with 
three oblique coordinate axes, and X, /i, v be the angles between the axes, 

Z, 1, cosi', cos/A 

m, cosv, 1, cosX 

ti, cos/u, cosX, 1 

1, /, w, n 



0, 



CHAPTER IV. 



DIVISION OF LINES IN A GIVEN HATIO. 
DISTANCES OF POINTS. EQUATIONS OF A STBAIGHT LINE. 

37. To find the coordinates of a point which divides the straight 
line joining two given ^nts in a given ratio. 

Let the given points be P(a?, y, a), and F [x\ y\ »'), and let 
C(?, Vi K) divide PP in a riven ratio, so that PQ \ QP' :: V : \. 
If M^ N^ M' be the feet of the ordinates of P, Q, P' parallel to Oz^ 
and mQm parallel to MNM' meet MP in m, and M'F in m\ 
Pmim'FiiPQ: QF::\'^.\; 
.\ X(?-«) = V(«'-C), and (:«(\a + XV)/{X + V);' 
similarly for f and 17, 

When Q lies in PP produced in the direction of P', PQ and QF, beinj; 
measured in opposite directions, are affected with opposite signs and \ is 
negative. In lie manner, when Q is in PP produced in the direction of P, V 
is negatiye. In all cases, due regard heing paid to the signs of K and V, we have 

PQ/\' « QPA = PP/O^ + V). 
Distance between two. points. 

38. To find the distance between two points whose coordinates are 
given^ referred to rectangular axes. 

Let (a?, y, a), {x\ y\ z') be two points P, Q whose coordinates 
are given referred to a rectangalar system ; and let a parallelepiped 
be constructed whose diagonal is PQj and whose edges PJf, MN^ 
NQ are parallel to the coordinate axes Ox^ Og^ Oz ; and join PN. 
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Then, eince QN in perpendicular to the plane PMN. and there- 
fore to FN, Pi^^PlP^ QIP, but PIP ^ PiP -{- MIP ; 
.\PQ'^PM' + MiP + NQ\ 
PM is the difference of the algebraical distances of Q and P 
from the plane yOz^ and similarly for MN^ NQ\ 

.-. Pqr^{x'-xf^{y'^yr^[z'--z)\ 
If a, /9, 7 be the inclinations of PQ to the axes of coordinates, 
aj' - aj = PQ coso, y'—y = PQ cos/8, z' -z^ PQ COS7 ; 
/. I = co8*a + cos'/8 + cosV 
The double sign, which appears in the value of PQ, may be 
interpreted in a manner similar to that adopted in the case of the 
. radius vector in polar coordinates in Plane Geometry. 

If the angles a, /8, 7 define the direction of measurement of the 
distance PQ of Q from P, the opposite direction is defined by 
w + a, TT + /8, w + 7, and therefore these angles with an algebraical 
distance -PQ equally determine the position of the point Q with 
reference to P. 

The distance of (x', y', ^) from the origin is V(^'* + y^+ s^)* 

39. To find the distance between two points referred to oblique axes. 
Let X, /i, V be the angles between the axes, (a;, y^ z)^ {x\ y\ z*) 
two points P and Q, and let a, /3, 7 be the angles which PQ makes 
with the axes. 

Construct a parallelepiped whose diagonal is PQ, and whose 
edges PJf, JfAT, NQ are parallel to Ox^ Oy^ Oz. 

Now, the projections on PM of the line PQ<^ and of the bent line 
PMNQ terminated in the same points, are equal ; 

hence, PQ cosa = PM + JOT cos v + NQ cos/i, 1 
similarly, PQ cos/S = MN-\- NQ cosX + PM cos v, > (I). 

and PQ C0S7 = NQ + PM cos/a + MN cosX, J 
Also PQ is the projection of PMNQ on PQ\ 

.•• PQ - PM cosa + MN cos 13 + NQ COS7. (2). 

Therefore multiplying the equations (1) by PM^ MNj NQ we 
have by (2), PQr--PM''\'MIP^NQr'\-2MN.NQcos\^2NQ,PMcoEfjL 
+ 2PJIf. Jf^cosv, and PM is the difference of the distances of Q 
and Pfrom yOz^ measured parallel to Ox. and therefore ^x'^Xy 
and similarly MN^y'-y^ and NQ=^z^^z; .\P(^^[x'-xY 
+ (y'- y)'+ («'- «r + 2 (y'- y) («'- z) CO8X + 2 («'-«) («'-») cos/a 
+ 2 (aj' - 0?) iy' —y) cosv, whence PQ is determined as required. 
Cob. K Z, m, n be the direction-ratios of PQ, 

PM^l.PQ, MN^m.PQ, NQ^n.PQi 
.*. 1 = P + m* + n* + 2mn cosX + 2nZ cos/a + 2lm cosf, 
which is the equation connecting the direction-ratios of any line 
referred to oblique axes. 
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40. To find ihA distance hefween two pointa whose polar coordinates 
are given* 

Let (r, 0^ ^) and {r\ ff^ ^*) be the given points P and Q. 

Join OP^ OQ^ QPj and let a spherical 
surface, whose centre is and radius unity, 
intersect OP^ OQj and OZ in p, q^ and r. 

Then, rp^O^rq^ff and Z qrp = 0' — 0. 

P<^^ 0P'+ OQT- 20P.0Qcofipq 




= r* + r'* — 2rr' cospq. 

But C08|?J = cos^ cos^ 

+ sin^ sin qr cosprq 

Bz COB0 cosff + Bind Binff cos (0' — ^) ; 

/. P^^r' + r'"- 2rr' {oos^ cos ^ 

+ sin sin ff cos (^' — ^)}, 

whence the distance PQ is determined in terms of the polar coordi- 
nates of P and Q. 

41, The distance may be de-, 
termined without Spherical Trigo- 
nometry as follows : 

Draw PM, QN perpendicular 
to the plane of xy^ jom MN^ OM 
and (XV, and draw PR perpen- 
dicular to QN'j 

... PQF^QE' + PE' 

CS = r'cos^-rcos^, 
and MN'^OtP-^Oir 

^20M.0NcosM0N 

= r*8in*tf + r'«sin'^-2rr'sin5sin5'cos(i^'-<^); 
... Pg« = r^ + r''-2rr'{cos^cos^+sm^sin^cos(^'-^)}, 
which gives the required distance. 

The Straight Line. 

42. The general equations of the straight line which will be 
employed are of two forms: one form is symmetrical, and the 
equations are deduced from the consideration that the position of a 
straight line is completel]^ determined, when one point m the line is 
given, and the direction in which the straight line is drawn. The 
symmetry of this form gives great advantages, and in all questions 
of a general nature the general symmetrical equations will be 
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almost exclasively employed. The other form is ansymmetrical, 
and the equations are dedaced from the consideration that a straight 
line is the intersection of two planes, and is completely determined 
when the equations of the two planes are given. These equations 
in their simplest forms are the equations of planes parallel to two of 
the coordinate axes, and are the same as the equations of the 
projections of the straight line parallel to these axes upon two of 
the coordinate planes. It will be seen that, in cases in which the 
elimination of the constants is an essential part of the solution of a 
problem, the unsjrmmetrical equations may be used with advantage. 

43. To find the symmetrical equations of a straight line. 

Let j1 be a fixed point (a, &, c) of a straight line, P any other 

5oint {Xj y, «), and let Z, m, n the direction-cosines o(APj let AP=^ r. 
^hen the projection of AP on the axis of a; is a; - a, and it is also Ir, 
hence oj — a = &•, similarly, y — ft = wr, and z — c^nr. The equa- 
tions of the straight line are therefore 

{x^a)ll^{y^l)lm^{z^c)ln, or {x^a)lL^{y^h)IM^[z^c)IN, 
£, JIf, ^ being any quantities proportional to Z, m, n. 

It should be carefully remembered that, when the former 
equations are used, each meidber of the equations is equal to the 
distance r of the current point (a;, y, z) from the fixed point (a, ft, c). 
The equations of a straight line will be of the same form if the 
axes be oblique, the same interpretation being given to r, and Z, m, n 
being the direction-ratios. The projections employed in the above 
proof will then be the intercepts on the axes made by planes 
through A and P parallel to the coordinate planes. 

44. To find the non'symmetrical equations of a straight line. 

If a straight line PQ be projected by straight lines parallel to 
the axes Oy, Oxj whether rectangular or oblique, on the two 
coordinate planes zxj yz^ each projection will be a straight line, as 
pq^ p'q\ in these planes respectively. 
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Hence, tbe coordinates Xj z of any point (a?, y, z) in PQ being 
the same as those of the projection of the point in ^9, satisfy an 
equation of the form x ^pz + A, and the coordinates y, z similarly 
an equation of the form y^qz-k-k] and, consequently, the equations 
of the line may be written x =p2 + A, y = }« + i. 

45. On the number of independent constants employed in the 
equations of a straight line. 

It may be noticed that the latter system of equations involyes 
only four constants, whilst the symmetrical system involves six. . 

Of the three Z, 971, n, howeyer, we know that they are connected 
by the relation P + «i* + n*=l, Art. 22, or an equivalent relation, 
Art. 28, if the axes be oblique, which renders them equivalent to 
only two independent constants ; and, if we take X, if, N^ since 
they are only required to be proportional to Z, vn, n, one of these 
may be assumed arbitrarily, and they are still equivalent to two 
constants only. 

Also, of the three a, &, c, one may be assumed at pleasure : for 
since the straight line cannot be parallel to all the coordmate 
planes, let it not be parallel to that of yz ; then at whatever 
distance a from yz we take a parallel plane, the straight line will 
meet this plane, and we may take the point where they meet for 
the point (a, &, 0), that is, we may give to a any value we please, 
and the three a, &, c are consequently equivalent to two independent 
constants only. 

46. To find the equations of a straight line parallel to a 
coordinate plane. 

If a straight line be parallel to a coordinate plane, as that of y^;, 
every point in it will be at a constant distance from this plane, and 
we have the equation x=sA, therefore the equations will be of the 
form ar = A, y = ja + *. 

For the symmetrical form, since the line will be perpendicular to 
the axis of a?, 7=0, and therefore X = 0, and the eauations of the 
line assume the form (a? — a)/0 = (y ^ b)jM^ [z — c)/^, which form 
implies that x^a for every point in the line at a finite distance, 
since the members are not infinite for such values. 

47. To find the equations of a straight line parallel to one of the 
coordinate axes. 

If the straight line be parallel to one of the coordinate axes, it 
will be parallel to the two coordinate planes passing through that 
axis, and consequently any point in it will be at an invariable 
distance from each of these planes. Hence, if a straight line be 
parallel to the axis of 0, the aistances of any point in it from the 
planes yz^ xz will be constant, a fact expressed by the equations 
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x^hj y — ^9 which will, therefore^ be the equations of the line, and, 
as before, the symmetrical form is (a? — a)/0 « (y - ft)/0 = (« — c)IN. 

48. To find the angU between two straight lines whose equations 
are given. 

If the equations of a straight line be given in the form 
(aj - a)/Z = (y - h)JM^ [z - c)lN, 
then, if Z, m, n be its direction-cosines, 

Z^ m _n ±V(r' + fn' + n*) ±1 

If the equations be given in the form x^pz-^-h^ y^qz-^k^ 
since these may^ be written {x — h)lp = (y — k)lq = «/l, the direction- 
cosines of the line will be 

±p ±q ±1 

V(/ + 2" + l)' V(i>* + ?"+l)' V(i>" + 2-+l) 

in which the ambiguities have the same sign. 
Hence, if the equations of two straight lines be 

(aj-a)/i=(y- J)/Jf=(«-c)/JV; and (aj-a')/ZHy-y)/^'=(«- c')/JSr', 

the cosine of the angle between them will be 

LL'^MM' + NN' 



And, if the equations be 

a?=/« + A', y = j'« + *', 
the cosine of the angle between them will be 



Art. 23. 



V(i>'+j" + i)V(i>"+j" + i)" 



49. To find the conditions that two straight lines whose equations 
are given may he parallel. 

u the two straight lines in the last Article be parallel, they 
will have the same direction-cosines, and, since £, if, N and also 
L\ M\ N* are respectively proportional to these direction-cosines, 
HL = MfM* ^NJN' (1) will be the conditions of paraUelUm. 

These conditions follow directly from the consideration that 
parallel lines pass through the same point at infinity. 

They nay also be derived from the general valae of the cosine of the 
angle between them, which will then be unity ; 

/. (X* + Jf • + N*) (i" + Jf ^ 4 N^) - (LL + MM' + NNJ = 0, 
or (LM' - LM)^ + {MN' - M'Ny + (NL - N'Lf = 0, 
which is equivalent to the conditions (1). 
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With the unsymmetrical form, if the straight lines be parallel, 
their projections will also be parallel, .*. p ^p\ and q s j'. 

50. To find the oonditum that ttoo straight lines^ whose equations 
are given^ may he perpendicular. 

If the straight lines be perpendicular, the cosine of the angle 
between them will vanish, and the condition that this may be the 
case b LL' ■{• MM' ■{• NN' ^% or|?p' + jj' + l = 0, according to the 
systems of equations given. 

51. To find the condition that two straight lines^ whose equaiions 
are given^ may intersect. 

Let the equations of the two straight lines be 

{x^a)/L^{y^h)lM ^{z^c)IN ^B, 
and [x - ci)IL' = (y - h'W = (a - c)IN' - B\ 

Then, if the lines intersect, these equations must be simul- 
taneously satisfied by the coordinates of the point in which they 
intersect. 

Hence, a'^a-^- LE -- LB=^0^ 

c'-c + iV^'iZ'-iVB^O, 

and eliminating B and JB*, we obtain the required condition 

a'^a, L\ L 
6'-ft, M, M «0. 

With the equations in the unsymmetrical form the condition is 
found by elimmating oj, y, and «, to be (A - A}/(p'--i?)=(*'-*)/(2'- j). 

Straight line under given conditions. 

52. To find the equations of a straight line passing through a 
given point. 

If (a, ft, c) be the eiven point, these will be in the symmetrical 
form {x - a)/L « (y '^o)jM^ {z - c)lN\ in the unsymmetrical form 
x-a=^(« — c), y — & = 2(« — c). 

53. To find the equations of a straight line passing through two 
given points. 

Let (a, &, o) and (a, b\ d) be the two given points, the equations 
of the straight Ime are 

(X - aW -a) = {y- b)j{b' - J) - (<. - c)/(<j' - c). 
If one point be the origin, the equations are xfa —yjU ^zjc. 

£ 
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54. To find the equations of a straight line passing through r» 
given point and parallel to a given straight line. 

If the given point be (a,- J, c).and X, if, N be proportional to 
the direction-cosines of the given line, the required equations will be 

(dj - a)IL = (y - h)IM^ {z - c)/M 

65, To find the equations of a straight line poheing through a given point, 
and perpendicular to and intersecting a given straight line. 

Let (a, h, e) be the given point, and the equations of the ^ven straight line 
be {x - a')/l = (y - h)/m = (« - c')/n ; then (« - d)/L = (y - 6)/if = (s - c)/N will be 
the required equations of the straight line, where the ratios LiMiN are to 
be determined from the equations 

af-a, I, L 

b'-b, tn, M s 0. Arts. 50, 51. 

e' - c, «, N 



X/+Jfm + iVh = 0, 



66. To Jlnd the equations of a straight line passing through a given point 
and intersecting two given straight lines. 

Let (a, 6, c) be ' the given point, and let the equations of the two given 
straight lines be 

(«r - ayr = (y - 6')/Jlf' = (z - c')/A", and (x - fl^Vi"* (y - 5")/Jf "-=(« - e")/N" ; 
and let the equations of the straight line satisfying the required conditions be 
{X - a)/L = (y - 6)/3f = (s - c)/iV. 

By the conditions of intersection given in Art. 51 Z, M, N satisfy the 
equations ZF^ MQ + NR' = 0, LP" + MQ" + NR'^ 0, where P'. Q', J2', &c. 
are the first minors of the two corresponding determinants, whence the equationa 
of the straight line become 

x-a y -b z-c 

57. To find the equations of a straight line paseing through a given point, 
parallel to a given plane, and intersecting a given straight line. 

Let (a, 5, c) be the given point, /, m, n the direction-cosines of a normal to 
tbe plane, which will therefore be perpendicular to the straight line whose 
equations are required, and let the equations of the given straight line be 
(X - a')/l' = (y - 5')/m' « (« - &)/n'. 

The required equations will then be {x - a)/L = (y - b)/M^ {% - e)/Nt where 
ZiMiNaxe determined by the equations 

a* - o, /', L 
Ll-k^Mm + Nn^O, and 



b'-b, m', M 
c'-e, n\ N 



tO. 



68. To find the distance from a given point to a given straight line. 

Let [x — a)/Z— (y — ft)/m = (a — c)jn be the equations of the given 
straight line, b being the point (a, h^ c) ; and let A be the given 
point [x\ y\ »'), AP the perpendicular from A on the straight line j 
then the projections of BA on the axes of a?, y, « are respectively 
05* — a, y' — bj z' — c] and the projections of these on the given line 
are I (x - a), w (y' — J), n («' — c), but the sum of these projections 
is the projection of BA on the straight line, or 
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= (x' - a)« + (y' - i)* + {«' - c)* - {Z (a* - a) + Bi (y' - J) + « (»' - c)}*, 
giving the roqaired distance, which maj be written 
V[(n (y'-h)-miz'-e)Y-\- {l{z'-e)-n{x'-a)Y+ {m{x'-a)-l(i,'-b)}']. 

69. Tojind the equation of a circular cylinder, the equations of whoee axie 
and the radius of a circular section of which are given. 

The circular cylinder beine the locus of a point whose distance from the 
axis is constant and equal to the given radius r, if (x - a)/l » (y - b)/m » (s - c)/n 
be the equations of the axis, the equation of tlie surface will be, by the 
preceding article, (a: - a)* + (y - 6)* + (2 - c)* - {/ (x - a) + m (y - 6) + n (a - c)y » r". 

60. To find ike equation of a circular eone^ whose vertex, vertical angle, and 
the equtUions of whose axis are given. 

If F'be the vertex, P any point of the cone, PQ perpendicular on the axis, 
and 2a the vertical angle, V^^ VP* co8*a; therefore, if (a, 6, e) be the vertex, 
the equations of the axis being as before, the equation of the cone will be 
{/(«- a) + m(y- 6) + «(«-c)}«=cos"a{(ap-a)« + (y-6)« + («-«)«}. 

61. To shew that the shortest distance hetween two straight lines 
which do not intersect is perpendicular to both. 

Let AP^ BQ be the two straight Unesy and let a plane be drawn 
throagh BQ parallel to AP^ and BR be the orthogonal projection 
of AP upon this plane, B being the 
projection of A ; therefore AB will be 
perpendicular to both straight lines, for 
It meets two parallel lines -4P, BR^ to 
one of which, BR^ it is perpendicular, 
and it is also perpendicular to BQ^ since 
it is drawn perpendicular to the plane 
QBE. 

Let P, be any points In AP^ BQ, join PQ^ draw PR perpen- 
dicular to j5J2, and join QR\ then PQ is greater than PS, being 
opposite to the greater angle, and PR^AB] therefore -4B is less 
than PQj or the distance which is perpendicular to both straight 
lines is less than any other distance. 

62. To find the shortest distance bettoeen two straight lines whose 
equations are given. 

Let the equations of the two straight lines be 
(a;-. a)/l^ (tf'b)lm = {z^c)ln, and {x^ayt^{y^by7ri^[z^c')ln', 

and let X, /i, v be the direction-cosines of the straight line perpen- 
dicular to each, then by Art. 24 

X _ /i V 1_ 

mn — m'n ~" nf — nl "" hn — I'm " sini? ' 

d being the angle between the lines. 
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Now, if we suppose P, Q^ in the last figure, to be the points 
(a, i, c), (a', ft', c'), the projection of PQ on ABy which ia AB itself, 
will be X(a-a') + /A(ft — ft') + v(c-c'), hence 

(g - g') (mn^ - m^n) + (ft - ftp (nf - n7) + (c - c') (Ziw^ - fw) 



^P- 



{(wn' - m'ny + (nf - w7)» + (Im' - /'w)"}* 



Observe that the numerator is the determinant 
which vanishes when the two lines intersect. 



g-g',?, r 
ft — ft', niy m' 
c — c\ n, »' 



63. To find equations of the line on which lies the shortest disr 
tance between two straight lines whose equations are given. 

Taking the equations of the last article, if (f , 17, f ) be any point 
of the line considered, the equations of the line will be 





mn' - mn nl — n'l Ini — Xm * 


Hence, by Art. 51, since it meets each of the two given lines, 




f-g, 17-ft, f-c 




we have 


Z, m, n 

win'— m'fi, nV — vIly Im'-^Hm 

f-g', v-b\ r-c' 


=0, 


and 


r, m', n' 
Twn' — wi'w, wf - n'Z, Im - Z'm 


=0, 


and, since (f , 17, 


(;*) is any point on the line th( 


Bse are equations of 



the line. 

If ^ ffty n and /', tn\ n' be direction-cosines, since 
m (im' - /'m) - n (fi/' -»'/) = / (mm' + nn) - ^ (m* + n») = / (tf' + mm' + nn') - /', 
these equations may be written 

(/cos0-i*)(«-a) + (mcos^-m')(y-ft) + (nco80-«')(«-c)-O, 
(I'co&e -/)(«- a') + (m'cos^ - m ) (y - 6') + (n'cos^ - n ) (» - c') = 0, 
where is the angle between the {?iven lines. 

This form of the equations may be obtained directly by projections. Suppose, 
in the figure of pa^e 27, FQ perpendicular to QB, P the point (a, b, c), and 4$ 
any point («, y, z) in £A, Project PS on PA and QB, then 
P-4a/(a:-a) + m(y-6) + n(a-c), and Q5 = r(«-o) + m'(y-6) +»'(«- c), 
also QB=a PA coB0f which gives the first of the equations, and similarly 
for the second. 

64. A very simple form, in which the equations of two straight 
lines can be presented, will be obtained by taking the middle point 
of the shortest distance between them for the origin, the line in 
which it lies for one of the axes, suppose that of z^ and the two 
planes equally inclined to the two straight lines for those of zx^ zy. 

If 2a be the angle between the two straight lines, 2c the shortest 
distance between them, their equations will then become 
y = xtana, « = c, and y = -a;tana, a = -c. 
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V. 

(1) The straight line given hy the equations 

x+2y + 3z = 0, 3x 4- 2^ + s » 0, 
makes equal angles with the axes of x and z, and an angle 1 8ec~'3 with the 
axis of y. 

^•-1 v'-l c'-l 

(2) Prove that the equations r- = ^ — — = — - represent seven straight 

lines which aU pass through the same point. 

(3) Find the direction-cosines of the straight line determined hy equations 
Ix + my + ns s mx -fny-h/ssyuci/y-l- mz. 

(4) The angle hetween the two straight lines given hy the equations « » y 
and xy ■¥ yz ^' zx ^ 0, is sec'' 3. 

(6) Find the equations of the straight line passing through the points 
{h, e, a) (c, ttt b) and shew that it is perpendicular to the line passing through 
the origin and through the middle point of the line joining the two points, and 
also to each of the straight lines wnose equations are 
«»y«s, x/a-y/b^xz/c. 

(6) Find the shortest distance hetween the axis of z and the straight line 
(x - a)/l ■= (y - b)/m <= z/n, and find its equations. 

(7) Find the shortest distance hetween an edge of a ouhe and a diagonal 
which does not meet it. 

(8^ Prove that the equations of any straight line intersecting the two 
straignt lines y ■> mx, z^c; y^-mxy z--e\ may he written in the form 
fiM;-\'cos^ y-mX sind \s 
m sind COS0 c ' 

(9) The equations of two straight lines are y « x tana, s » c, and y » - « tan a, 
sa.c; shew that the distance between two points on these straight lines 
whose distances from the axis of z are a, b respectively is ^J{A4^■^€^^>t V:\.2ab cos 2a). 

(10) Interpret the equation («" + y* + «")(/* + m* + n*) = (iic + my + iw)», and 
give a geometrical illustration. 

(11) The locus of the middle points of all straight lines terminated by two 
fixed straight lines is a plane bisecting the shortest distance between the 
fixed straight lines. 



VL 

(1) Find the equations of the straight line which passes through the origin 
and intersects at right angles the straignt line whose equations are 

(m4»)a? + {n + /)y + (/+m)« = o, {m-n)x^{n-l)y^{l-m)z^a', 
and obtain the coordinates of the point of intersection. 

(2) The equations ;- = ^ — - => — - denote thirteen straight lines. 

•T + iy + is + i 
Shew that four are the four diagonals of a cube, and construct for the rest. 

(3) The straight lines determined by the equations 

/(6-c)yz-f m(c-a)2x-f n(a-6)j:ysO, and ^ + my + iiz»0 
are at right angles to each other. 
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(4) Shew that the equations (a + ms - ny)/l ^{Jbt^nx- h)/m -I- (e + fy - mx)/n 
are reducible to the form (x + n5 - mc)/l = (y + fc - na)/fn ^{z-\^ma- lb)/iu 

(5) The equations of a straight line are given in the form 

[a-ny-^^ fnl)/X = (6 - & + nx)/fi = {c-tnx-\- ly)/»t 
obtain them in the form 
{(/\ + m/4 + nv) X -|ic + vh]/l « {(/\+ m/i + ni») y- I'a + \c}/m = {{iK + m/t-l-nv)S' X&+^}/r». 

(6) ^PC, A'B'C are two straight lines, ^^ the shortest dbtance between 
them, C, C any two points on the two lines, such that CA* is perpendicular 
to ABC and CA to -4J?C; prove that AB.BC^AB.BC. 

(7) When a ray of light is reflected from a plane mirror, the shortest 
distance between the incident ray and any straight line on the mirror is equal 
to that between the reflected ray and the same straight line. 

(8) The cosine of the ande between the two straight lines whose equations 
are te + my + iw - 0, ox* + 5y" + ez* = 0, 

^(5 + c) 4 m^[e + g) + n*(o -t- ft) 



V{^t6 - e)* +...+ 2mV (a - 6) (a - c) +...} ' 

(9) If the straight lines, whose directions are determined by the equations 
a/* + 6m* + en* = or Al^ + Bm^ + On* = 0, combined with tf/ + vm + tcm » 0, form 
a harmonic pencil, prove that u* (6C+ cB) + c* (c-4 + a (7) + w* (oJB + 6-4) a 0. 

(10) The locus of the middle points of all straight lines of cbnstant length 
terminated by two fixed straight lines, is an ellipse whose centre bisects the 
shortest distance between the fixed lines, and whose axes are equally inclined 
to them. 

(11) If the axes of coordinates be inclined at angles a, /3, (y, shew that 
the equations of the four straight lines, each point of which is eqiudistant from 
the three coordinate planes, will be a:*/sin*a » y'/sin*/? = 2Vsin*7. 

(12) If a system of straight lines be represented by y = Xx + ^ « = X'x + /*', 
where X, ^ X', fi' are given functions of a single parameter, what will be the 
condition that any two consecutive lines of the system intersect P 



CHAPTER V. 

GENERAL BQtTATlON OF THE BlRarr DEGBBK EQtfATlON OP A PLANE. 

65. The locus of ike general equation of the first degree is a plane. 
The general equation of the nrst degree ia 

Let (a, 6, c), (a, b\ c') be any two points P, P* in the locua of 
this equation, so that 

Aa + Bb-^Cc + D^O and -4a' + J9J'+ Cb' + i? = 0. (1) 
The equations of the line jobing P, P' are 

(a? - a)/Z = (y "-&)/«! = («- c)/n « r, 
where {a'^a)ll^(V-'b)lm^{c' ^c)ln. (2). 

The straight Ime FP' meets the locus at every point for which 
^(a + ?r)+P(ft + mr)+(7(c + wr) + i? = 0, (3) 

but ^a+Pft+Cfc+Z> = 0and-4(a'-a) + P(y-ft) + (7(</-c) = 
by (1), .% Al-^-Bm-i- Cn — Ohj (2) ; hence (3) is true for all values 
of r ; that is the straight line joining any two points of the locus 
lies wholly in the locus which is therefore a plane. 

66. The student will readily deduce the following special positions of 
the plane. 

L If D 3 0, the plane passes through the origin. 

ii. If A ^ Of the plane is parallel to the axis of x, 

iiL If ^ and ^ » 0, the plane is parallel to the plane of xy. 

It. UAfB and D » 0, the plane is that of xy, 

y. If A, B and C^O, while 2) remains finite, the plane is at an infinite 
distance. For, the point in which the axis of x meets the plane is given hy 
the equations y^O, % = 0, ^x-i-DeO; hence, the distance from the origin 
being - D/A, u A he indefinitely diminished, while JD is finite, the plane cuts 
the axis of x at an infinite distance from the origin, and the same being true 
for each axis, it follows that the plane is at an infinite distance from the 
origin. 

67. It is important to observe that the existence of three 
arbitrary constants in the general equation of the first degree, viz. 
the three ratios A : B: C : D. shews that a plane may be made to 
satisfy three conditions, provided each condition is one which gives 
only one relation between -4, 5, 0, D. Thus, passing through a 
given point at a finite or infinite distance b such a condition, but 
being parallel to a given plane is equivalent to two such conditions. 
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EqticUton of a Plane. 



68. To find ike equation of a plane in the form Ix-^my-Vnz = jk?, 
in which p is the perpendicular from the origin upon the plane^ and 
Z, 972, n its direction-cosinee. 

A plane may be considered as the locns of a straight line which 
passes through a given point, and is perpendicular to a given 
straight line. 

Let OD^p be the perpendicular from the origin upon a plane, 




2, m, n its direction-cosines, {x^ y, z) any point P in the plane, then, 
by the definition, PD is perpendicular to Oi>, and OD is the sum 




69. Interpretationofiheea^eB9ionp--lx — my'^nz. 

The equation^ — 2a;- my — fiiSsO represents a plane, in which 
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which jp is the perpeadicular from the origin, and 7, m, n are its 
direction-cosines. 

Let ABC be this plane, and suppose OD^ QR to be drawn 
perpendicular to it, in the direction defined bj (Z, m, n), from 
the origin, and from the point Q (a;, y, «), and join RD^ which 
will be perpendicular to OD. Let QR^q^ and project Xy j/j z 
and q on 02), then p=^lx + my-\-nz + q] .\q^p—ix- my — nz. 

Hence, the expression p — lx-my — nz represents the per- 
pendicular drawn from {Xj y, z) upon the plane 

p- Ix^ my — n« = 0, 

estimated positive in the direction defined by (Z, m, n). 

70. To find the angle between two planes whose equations are 
given. 

Let Zra + % + JVi=:i), andZ'x + JI/'y + ^''« = 2>', 

be the given equations ; then L, Jf, N and Z/', 3f' , ^' are pro- 
portional respectively to the direction-cosines of the normals ; but 
the angle between two planes is equal to the angle between their 
normals, hence the cosine of the angle between the planes is 

V (2/" + if + JV^*) V(i'* + J/'* + -N^'*) ' 
The conditions of parallelism and perpendicularity are therefore 
respectively Z/Z' = MJM' = N/N', and LL' 4- MM' + NN' = 0. 

The student may also deduce the conditions of parallelism from 
the consideration that parallel planes intersect in a straight line at 
infinity, or directly from the parallelism of the normals. 

71. To determine the perpendicular from a point (/, g^ h) upon a 
plane whose equation is Ax + -By + Cz + D=sO. 

If we compare the equation Ax + By+Cz + D = with the 
equation of the plane in the form lx'\-my-\-nz —p = ; then 

llA=^mlB^nlG=pl-D^±[A^-\-jP+ CTS 

where, if the ambiguous sign be so taken that p shall be an 
absolute length, Z, m, n will be completely determined. 

The perpendicular from (/, g^ h) upon the plane, estimated 
positive when drawn in the direction defined by these cosines, is 

,. , Af+Bg-^ Ch-hl) 

p-lf-mg-nh^ ^^^J^^^^,^ , 

the sign being chosen which is the same as that of D, 

72. To find the distance from a given point to a given plane^ 
measured in any given direction. 

Let the equation of the plane be -4xf 5y + Gz? + i) = 0, and let 
(/, ^, h) be the given point, (Z, 7n, n) the given direction, Z, wi, n 
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beiDff direction-cosiDes for rectangular axes, and direction-ratios 
for oblique. 

The equations of a line drawn throuffh (yj g^ h) in the given 
direction are (x'-f)ll^{y--g)lm={Z''h)]n = rj and where this 
straight line meets the plane, 

.*. the required distance is "^.j p 7= — . 

73. To find the equation of a plane in the form xja + yjb + z/c=^l. 
The general equation of a plane is Jx + 5y + Cfe + D = 0, and, 

if a, bj c be parts of the axes of a;, y, z intercepted between the 
origin and tbe plane, the plane cuts the axis of x in the point 
(a, 0, 0); .-. -4a + Z> = 0, similarly, JSiH-i> = and (7c + D = 0, 
hence, the equation of the plane is xja + y/J + zjc = 1. 

74. The following direct inTestigation of this form of the equation is worth 
noticing. 

Let OA o <i, OB -h, 0(7= c be the intercepts on the axes of x, y, z by the 
plane ABC, and let PA, PB, PC, PO be drawn from the point P(«, y, «) 
m the plane. 




])raw PM parallel to xO, meeting yOz in M, Since the pyramids POBC, 
A OB Care on the same base, 

Yo\POBC:^o\OABC:iPM:AO:ix:ai 

:. x!a^yo\POBC/so\OABC\ similarly, y/ft = vol POG4/volO^^C, 

and z/c = yo\POABho\OABC, 

and vol POBC^ vol POCA + vol POAB = vol OABC-, 

.-. x/a^y/h^z/c^l. 

The student is recommended to investigate this equation by the employment 
of a figure in which P lies in another compartment, as sify% of the coordinate 
planes, taking care to interpret the geometrical into algebraical distances. 
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75. If g be the perpendicular from a point Q {x^ y, z) on the plane ABC 
estimated in the direction ofp, the perpendicular from O on the plane^ 

q/p » Yol QABC/^o\ OABC^ 1 - or/a - y/5 - %/c. 

76. To find the equation of the plane in the form z ^px + jy + o. 

Consider the plane as a surface generated by a straight line 
'wbich moves subject to the conditions that it always intersects one 
given straight line and is parallel to another. 

Let the equations of the line which it intersects be 

«=/?d: + c, y = 0; (1) 

and those of the line to which it is parallel z^qy^ SC3=0, the 
equations of the moving line will therefore be of the form 

« = ?y + /8, a = a; (2) 

and, since the two lines, whose equations are (1) and (2), intersect, 
/8 =jpa + c ; therefore, for every point in the plane, « — jy =2>aj + c ; 
that is, the equation of the plane is z ^px + ^y + c. 

In this form of the equation, c is the intercept on the axis of z 
cut off bj the plane, p, q are the tangents of the angles made 
respectively with the axes of x and y by the traces on the planes 
of zx^ yzj if the coordinates be rectangular ; and the ratios of the 
sines of the angles made with the axes in those planes, if the 
coordinates be oblique. 

77. To find the polar equation of a plane. 

Let c, a, be the polar coordinates of the foot of the per« 
pendicular from the origin on the plane ; r, 9, <^ those of any point 
in the plane, then if y^ be the angle between the lines joining these 
points to the origin, c^r cos^, 

and cos^ = cos^ cosa + sin 9 sina cos (0 - ^8), Art. 40, 

whence cjr =» cos ^ cos a + sin ^ sin a cos (0 — ^8), 

the most convenient form of the equation of a plane when referred 
to polar coordinates. 

Planes under Particular Conditions. 

78. Equation of a plane passing through a given point. 

Let a, bj c be the coordinates of the given point, and the equation 
of the plane Ax + J?y + Ci + 2> = 0, then since (a, 6, c) is a point 
in this plane, -4a + 56 + Cc -f 2> = 0, or, eliminating 2>, 

A{x-a) + B[tf-b)A- (7{«-c)=:0 

is the general equation of a plane passing through the point 

(a, J, c). 
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79. JEquation of a plant pasting through a point determined by the inter- 
section of three given planes. 

If the point be given by the equations of three planes, 

11 = 0, t7 = 0, w = 0, (1) 

passing through it and not intersecting in one straight line, then Xu-^M^o+^uf =p 
will be the general equation of a plane passing tnrough that point, for it is 
satisfied by the values of x, y, z, which are given by the equations (1) taken 
simultaneously, and therefore passes through the intersection of these planes, 
which is the given point; and since this equation is of the first degree, and 
involves two arbitrary constants, namely, the ratios X, : /i : v, it is the general 
equation of a plane passing through the given point. 

If the three planes, ci > 0, t? = 0, ti; e- 0, intersect in a straight line, then these 
equations, and therefore the equation Xu-^ fiv + »w = 0, will be simultaneously 
satisfied for all points lying m that straight line. Hence, \u ^ fiv -t- vw ^ 
cannot be the general equation of a plane passing through a given point. The 
position of a point is not, in this case, completely determined by the given 
equations, but only the fact that it lies on a certain straight line. 

80. Eqiuitton of a plane passing through two given points. 
Let (a, &, c), [a\ b\ d) be the given points ; the equation of a 

plane passing through (a, 5, c) is 

^(aj-a)4 5(y-J)+O(;5-c) = 0. 

If this plane also pass through (a , h\ c ), we shall have 

^(a'-a) + 5(i'-J)+0(c'-c) = 0, 

which is the condition to which ^ : £ : (7 are subject ; or, the 
equation of the plane may be written 

X — a y — b z — c ^ 
a -a '^ -b c-c ' 
X, /A, V being subject to the condition X + ft + v = 0. 

It is easily seen that if the points be given by the two systems of planes, 
fitrO, 9aO, «7bO, and u^a, vb6, w^c, 
that the equation of the plane will be Xu ■¥ fiv •{• pw ^^ 0, subject to the condition 
Xa + f*6 + »c = 0. 

81. Equation of a plane passing through the line of intersection 
of two planes. 

If u = 0, v = be the equations of the two planes, the eauation 
Xu4/it;=0 will represent a plane passing through their line of 
intersection ; and since this equation involves one arbitrary constant 
(X : /li), it will be the general equation of a plane passing through 
the straight line which is given by the two planes. 

82. To find the equations of two planes which form an harmonic 
system with ttoo given planes. 

These two planes must pass through the line of intersection of 
the given planes, and divide the angles between them, so that the 
sines of the angles made by each with the given planes shall be in 
the same ratio. 
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liCt u » 0, v = be the equations of the given planes, and let 
Py tr he multipliers, such that pu and av are reduced to the form 
p — lx" my --nz'j in this form they are the perpendiculars from 
\xj y^ z) on the given planes. Hence, it is evident that pu : ±<tv 
are each numerically equal to the given ratio. 

The forms of the equations are therefore w- A:t>=0 and u+A:t?=0. 

83. Equation of a plane passing through three given points. 
Let the three given points be (a, i, c), (a, i', c'), and (a", i", c") ; 

the equation of a plane passing through the first of these points 
is of the form 

\(a;-a) + /A(y-ft) + v(«-c) = 0; 

and since it passes through the other points, 

X (a- a) + /A [V - J) + V (c' - c) =0, 

X(a"-a)+/i(J"-i)+v(c"-c)=0; 

x—a^y — hy z-^c 
.•. the equation is a - a, J' — J, c' — c = 0. 
a"_a, J"-J, d'^c 

If one of the points as {a\ V\ c) pass to infinity in the direction 
(Z, w, n), a" — a, &c. may be replaced by Z, &c« 

The following method has the advantage of interpreting the 
coefficients geometrically. 

84. Let the equation of the plane passing through the three 
points be Za; + my -^nz^p] and let A be the area of the triangle 
formed by joining the three points ; -4^, -4^, -4^, the projections 
on the coordinate planes, and since A^^IA^ &c., the equation 
may be written 

xA^ + yA^ + zA^ ^pA = 37, (1) 

where Fis the volume of the pyramid whose base is the triangle A 
and vertex the origin. 

Substituting the coordinates of the points in the general equation 
of a plane, and eliminating the constants, 

^7 y> «) I 

a, ft, c, 1 
a', 6', c', 1 

^" "L" >." t 

a J J c J 1 



(2) 



vhich by w^. 33 may be written 
2A^x + 2A^!f + 2j,z •■ 



b, c 
b\ c' 
b'\ c" 



= 67 by (1). 
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The e<juation becomeB nugatory if >i = or the three points lie in a straight 
line. This also appears from the vanishing of the minors in (2), for, if ^x a 0, 

or (h - b') (c' - c") - (f - b") (c - c') - 0, 



b-b' 



|^„ similarly, 



which are the conditions that the three points lie in a straight line. 

85. To find the volume of ike tetrahedron^ the coordinates of the 
angular points of which are given. 

Referring to Art. 71, if (a'", V", c") be any fourth point, p the 
perpendicular from it upon the plane of the triangle, 

p'=p^U"^mh'"^nd"^, 

.-. p'A ^pA - a"'^. - V"A„ - d"A, 

a, ft, c. 



67' = 



a', J', 

a , ^ , c , 1 



S7 



where V* is the volume required. 

86. To find the equation of a plane passing through a given point 
and parallel to a given plane* 

If (a, ft, c) be the given point, and 2, m, n the direction-cosines 
of a normal to the given plane, the equation of the proposed plane 
will be Z (aj - a) + m (y — ft) + n (« — c) = 0. 

87. To find the equation of a plane which passes through two 
given points and is parallel to a given straight line. 

The last condition maj be looked upon as giving a third point 
at an infinite distance, as in Art. 83, or as stating that the normal 
to the plane is perpendicular to the given line ; m either way the 
third equation of Art. 83 is replaced by \l + iim + vn = 0, and the 
equation of the plane is 



oj — a, a' — a, I 
Jf'-bj b' ~ bj m 



= 0. 



z-'C^ c - Cy n 

This equation will be identical if (a' — a)/Z = (ft' — b)[m = (c'- c)/n, 
which are the conditions that the given straight line may be 
parallel to the line joining the two given points. Every plane 
passing through the two points will necessarily be parallel to the 
given straight line. The required equation will then be the equation 
of any plane passing through the two given points. 

88. To find the equation of a plane passing trough a given point 
andparallel to two given straight lines. 

The last conditions are equivalent to statements, either that 
the plane passes through two points at an infinite distance in the 



the equation of the plane is 
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directions (Z, m^ n) and (f, m'j n\ or that the normal to the plane is 
perpendicular to those two directions; the second and third equations 
of Art, 83 are replaced by XZ + /aiw + I'/i = 0, \l' + fim' h- Kn' = 0, and 

x—Qj z, r 

y-hj nij m' =0. 

— c, n, n' 
If Z/Z* = «i/m' -= w/w', this equation will be satisfied for all values 
of Xj tf^ z'y toat is, if the eiven straight lines be parallel, there will 
be an infinite number of planes satisfying the given conditions, the 
direction of the normal to the required plane being indeterminate. 

89. To find the equation of a plane which contains one given 
straight linCj and is parallel to another^ not in the same plane. 

This proposition is that of the last article in another form, for 
let the equations of the given straight lines be 
(x-a)/Z=(y-6)/w=(«-c)/n, and (a:-a)/Z'=(y-6')/w'=(«-c')/«'; 
the plane which contains the first line passes through the point 
(a, &, c), also its normal is perpendicular to each of the lines, and 
the equation is 

{x - a) (mn' - mn) + (y - i) {nV - n'l) + (« - c) {Im' - Z'w) = 0. 

The equation of the plane containing the second and parallel to 
the first is 

{x - a') {mn' - vin) + (y - b') (wf ^ n'l) -f (2 - c') {Im' - Tm) = 0. 

The shortest distance of the lines is the difierence of the 
perpendiculars from the origin, estimated in one direction, giving 
the same result as in Art. 62. 

90. To find th4 equation 0/ a plane equidietant from ttoo given itrai^hi 
lineSf not in the same plane. 

Let the equations of the two given straight lines be 
(«-a)//=(y-6)/w = («-c)/n = r, (1) and (x-ayi: = (y-bym={z-cyn'=r\(2) 
(^i» tfv 'i) ^ point in (1), (x^, g^ z^) a poibt in (2), (f, n, I) the middle point of 
the line joining («,. y„ « J and (ar„ y„ «,). 

Then, 2£ = «j + arg = fl + c'+ ir + tr^ , 
21 =s y^ + y, = 6 + &' + mr + mV, 
2S = 8, + Zg = c + </ + nr + nV; 
and eliminating r and r', we obtain, for the locus of (£, ni £)> the equation 
(2f -«-«')(»»»'- m'«) + (2»i- 6- &')(fir-n7) + (23:- c -</)(/»»' -/m) = 0. (3) 

The plane represented by this equation bisects all lines joining any point 
of (1) to any point of (2), and therefore bisects the shortest distance between 
them ; and since the direction-cosines of the normal to (3) are proportional to 
mn*-m'n, nl'-n% hn'-Vm^ the normal is parallel to the shortest distance 
between the lines, Art. 63. Hence this plane bisects at right angles the 
shortest distance between the lines, which is clear from the geometry. 

91. To determine the conditions necessary and sufficient in order 
that the general homogeneous equation of the second degree may 
represent two real or imaginary planes. 

Let the general equation be written 

w, = aa? 4 5/ 4 cz? + 2a yz + 2Vzz + 2c xy « 0. 
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If a be finite, the eqaatioD is equivalent to 
(ax + c'y + b'zy = (c'* - ah) y' + 2 {b'c - aa') yz + (J'« - ac) z\ (I) 

But, if the equation represent two planes, x must be capable of 
being expressed as a linear function of v and z^ and this can only 
happen when the second side of the above equation is a square, 
and therefore of the form {'py + qzf^ and the two planes will have 
equations oojH- c'yH- 6'« = ±(2?y+ j«); every point of the line of 
intersection of the two planes will therefore satisfy (Kc+cy+6'« = 
and py H- j« = 0. 

By solving with respect to y and «, if h and c be finite, we 
obtain similar results, hence, for every point in the line of inter- 
section, aa; + cy+ J';5 = 0, 

ex + iy 4- dz = 0, (2) 

Hx + a y H- c« = ; 
therefore, by eliminating a;, y, and Zy 

a, c', V 
c\ J, a =0, 
b\ a\ 
or H[u^ = oJc 4- 2a 6'c - aa^ - W - cc^ = 0, (3) 

this is the condition for real or imaginary planes ; it might also be I 
obtained from the consideration that the right side of equation (1) 
must be a complete square, viz. 

( J V - aaj = (c" - ah) (i" - ca\ 

or a [ahc + 2a'b'd - ad'' - bb'^ - cc'^) = 0, 

which, since a is finite, gives the same result. 

The symmetrical form of H{u^ shews that the result would 
have been obtained in this way whether a, 5, or c were finite. 

If none of them be finite, it is easily seen that a , b\ or c must 
be zero, and the equation will still hold. 

It would be correct to say that (3) must hold however small 
a, 5, or c are, and therefore when any or all vanish. 

In order that the planes may be real, it is necessary that 
c** — a6, b'* — ac^ and, similarly, a'* — be shall not be negative. 

92. When the general equation of the second degree represents 
two planes^ to find the equations of their line of intersection in a 
symmetrical form. 

Any two of the equations (2) given in the last Article are 
equations of the line of intersection. If we eliminate z from the 
first two of these equations, and x from the last two, we obtain j 
the symmetrical equations of the line ! 

X {b'c' - aa') =y (cV - bb') ^z(a'b' - cc'). 
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93. Four planes have a common line of intersection^ to prove that 
he pencil formed by their intersection by any plane has a constant 
inharmonic ratio. 

Take any two planes, and let tbeir line of intersection meet the 
Pbnr planes in ^, ^, 0, i>, and let them meet the common line in 
O, (7. The anharmonic ratios of the pencils formed are therefore 
eqaal, each being [ABODI^ hence the ratio is constant for all planes. 

94. Four vlanes have a common line of intersection^ to prove that 
the range of the four points of intersection with all cross lines wiU 
have tne same anharmonic ratio. 

For a plane through any cross line forms, by its intersection with 
the four planesi a pencil of constant anharmonic ratio. 



VII. 

(1) The equation of a plane passing through the origin, and containing the 
straight line (x - a)/l -[y - h)/m « (a - e)/n is x (hn - em) ^y{el - an) + z {am - hl)-0. 

Hence, find the equations of the straight line passing through the origin, 
and intersecting two given straight lines ; and examine the case in which the 
straight lines are paralleL 

(2) Find the equation of the plane passing through the points (a, 6, e), 
(5, e, a), (c, a, 6), and shew that the planes, each of which passes through two 
of the points and is perpendicular to the former plane, intersect it in the sides 
of an equilateral triangle. 

(3) The equation of a plane passing through the origin, and containing the 
straight line wnose equations are ^ + 2y + 3s 4 4 » 2x -(- 3y 4- 42 f 1 » 3x + 4y + s 1 2, 
isx + y-2s = 0. 

(4) The equations of three planes are dr + 2y - 3s « 1, 2a; - 8y -I- 6s « 3, and 
7 z - y - s s 2. Shew that the equation of a plane, equally inclined to the three 
axes, and passing through their common point, is« + y-l-S"6. 

(5) Shew that the locus of a point dividing the distance between any two 
points on the two straight lines (x - a)/l = (y - h)/m ^{z- e)/n and (x - a')/^ » 
(y - b')/m* B (s - c^)/n', in the ratio V : \, is the plane whose equation is 

{mn' - m'li) {x - (X/i + \a')/(K + V)} + &c. » 0. 

(6) "Employ Art 37 to shew that the equation Ax -^By^ Cz = D represents 
a plane, according to Euclid's definition. 

(7) The edges of a parallelepiped meeting in a point A are a, 5, c, and a 
plane is drawn cutting off parts a', b', € from these edges ; prove that the plane 
will cut tha diagonal AB in a point ^, such that AB= {a/c^ f h/b' + c/d) AB", 

(8) The equation of a plane passing through two straight lines 

{x - a)/«'- (y - b)/b' « (« - c)/d, {x - o'Va = (y - b')/b = (s - c')/fi, 
is {b<f - b'e) X + [ca' - da) y + (aft' - a'b) z » 0. 
Give a geometrical interpretation of the equations. 

(9) Shew that the three planes 

Ix-^my^nz-O^ (m + n)x + (n + Oy + (^+»») « = 0, ar + y + « = 0, 
intersect in one straight line x/{m - n) «> y/(« - /) = t/(/ - m). 

a 
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(10) Shew that if the straight lines 

ar/a « y/yS = s/^, zjaa » y/6)3 « «/c7, «// = y/m » «/n, 
lie in one plane, then / (ft - c)la \m{c- a)/p ^tnia- 6)/7 = 0. 

(11) The equation of any plane containing the straight line 

(«-a)// = (y-6)/m»(«-c)/» is (x-a)\/Z + (y-6)/4/m + («-c)iyn = 0, 
\, ^ V heing connected by the equation X + ^ + v = 0. Hence find the equa 
tion of a plane containing one given straight line and parallel to another. 

(12) The equations of two lines are 

a; = y + 2a = 6 (« - a) and ar + a = 2y = -12«. 
Find the two planes, each containing one line and parallel to the other, an< 
tbence shew that the shortest distance of the lines is 2a. 

(13) The angular points of a tetrahedron are (1, 2, 3), (2, 3, 4), (3, 4, 1), anc 
(4, 1,2); find the equations of its faces, and shew that two of the dihedral anglei 
are right angles, two supplementary and one 60^. Also, that the perpendiculari 
from the angular points on the opposite faces are 4/v6, 4/^6, 2 V^, 2 ^2. 

(14) Find the coordinates of the centre of perpendiculars of the triangle 
which the coordinate planes cut from the plane x/a ^y/h -f i/c = 1. 



vin. 

(1) The equation of a plane passing through the origin and containing the 
straight line (a + mas - ny)/l = (fi-k^nx- Tz)/m -isf-^ly- fnx)/n 

is (r + m* + w") (o« + /3y + 7«) = (fc + w/3 + «7)(ir + my + n«). | 

(2) Find the equation of the plane passing through the two parallel line^ 
(x - a)/l = (y - h)/m = (« - e)/n ; {x - a')/l = (y - h')/m * (« - e)/n j and explain thd 
result when (a - a )// = (6 - l/)/m = (c - c')/rt. 

(3) Shew that the line represented by the equations 
(o + m« - ny)/(m - n) = (6 + iix - &)/(» - = (c + /y - mx)/{l - m), 

is at an infinite distance in the plane x (m - ») + y (» - /) + s (/ - m) s 0, unless 
2a -f in6 4- lie « 0, when it is indeterminate. 

(4) Shew that the plane containing the line y/6 + e/e = 1, x « 0, and parallel 
to the line x/a - z/e ^1, y s 0, is x/a - y/b - s/e -t- 1 » : and, if 2d be the shortest 
distance between the lines, shew that <^' » a"* + ^'^ + c*. 

(6) The equation of the planes which pass through the straight line 
x/l = y/m = t/tif and make an angle a with the plane tx + m'y •{- n'z = 0, is 
{f (ny - mz) + m' (& - nx) + n' {mx - ly)Y 

B cos"a (r + »»'• + «' •) {(fiy - mzY + (& - nx)' + (m« - /y)*}. 

What limitation is tbere to the value of a ? Shew that for the limiting 
values the two planes coincide. 

(6) Shew that the equation of the two planes inclined to the plane of xy at 
an angle a, and containing the line y = 0, jb cos/3 « x sin/S, is 

«• + {X* + y*) tan*/3 - 2zx tan^ = y« tan'a. 

(7) If A,A'i B, B" ; C, C are fixed points in any three fixed straight 
lines passing through a point, the intersections of the planes ABC, A'BC; 
A[BC, ABC'i AB'C, ABC-, and ABC, ABC are four straight lines 
lying in a plane dividing each of the fixed lines harmonically. 
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(8) Prove that the planes, bisecting the angles between those whose equa- 
tions are (6-c) x + (e-a) y + (a-6) as=0 and (6fc-2a) x + {e\a-2h) y + (a+6- 20) z= 0, 
will cut the plane of tx in lines making angles of 15° with Uie axes of x and z 
Tespectiyelvy if a, 6, c be in arithmetic progression. 

(9) In mi, n, ; Z21 '''tt ^> ^s* ^t< ^> ^^ ^^ direction-cosines of three planes 
at right angles to one another, and j9|, p,, /?, are the perpendiculars from the 
origin upon these planes ; prove that the locus of a point equally distant from 
these three planes is the line 

h^ki-^i mi + in, + m3 ~ ni-i-n^ + n^ 

riO) A straight line moves parallel to a fixed plane, and intersects two 
fixea straight lines not in the same plane; prove tnat the locus of a point, 
i vrhich divides the part intercepted in a constant ratio, is a straight line. 

(11) The equations {ax + c'y + b't)/x ^ (c'x ^^ hy + i;^z)/y = {b'x ■\' a'y -^ ez)/z re- 
present, in general, three straight lines mutually at right angles ; but, if 
a - b'e'/a' = 6 - e'a'/l/ -c- a1//</f they represent a plane and a straight line per- 
pendicular to that plane. 

(12) Prove that all straight lines which intersect the three y-sslyXsO; 
e-xal, ysO; «-ysl, s » 0, lie on the surface whose equation is 

«* + y* + «^-2y8-2M:-2ay-l; 
also that the two which intersect y-t = -x as well are inclined at an angle 
whose cosine is f . 



CHAPTER Vr. 



QUADBIPLANAB AKD TETRAHEDBAL CX)OBDlKATEa. 

95. We now proceed to describe other systems of coordiDates, 
which are employed in cases in which it is an object to express the 
relations between lines, planes, surfaces and curves by means of 
equations which are homogeneous in form, on account of the 
facilities which such forms present in the application of theorems of 
higher algebra. 

Four*Plane or Quadriplanar System. 

96. In the qnadrlplanar coordinate system, four planes are fixed 
upon as planes of reference, which form, by their intersections, a 
pyramid or tetrahedron ABGD. The position of a pomt is de- 
termined in this system by the algebraicsd distances x^ y, z^ w from 
the four planes respectively opposite to the vertices A^ JB^ 0, Z>, 
these distances being all absolute distances when the point is within 
the tetrahedron. I 




Hence, for a point in the compartment between the plane ACD 
and the other three produced, y will be negative and a?, 0, w 
positive ; between BA 0, CAD^ and DAB^ produced through -4, 
X will be positive and y, «, w all negative. 

If a be positive, x^a will be the equation of a plane parallel to 
BCD^ at a distance a from it, on the side towards A] x« — a that 
of a plane on the opposite side at the same distance. 
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97. In thiB system of coordinates the following pecaliarity must 
be observed, viz., that any three of the coordinates Xy y, «, w are 
sufficient to determine the position of the point, since, when Xy y^ z 
are given, three planes are determined parallel to the faces opposite 
to A J By G which intersect in the point, and so determine its position 
completely. 

Hence, when a?, ^, z are given, to ought to be known from the 
geometry of the figure, and we proceed to determine the relation 
between the coordinates in this system. 

Belation of Coordinates in the Four^Plane System. 

98. Let V be the volume of the tetrahedron contained by the 
four fixed planes, A^ B^ (7, D the areas of the triangular faces. 

If the point P, whose coordinates are a?, y, «?, w^ be joined by 
straight lines to the angular points of the tetrahedron, four pyra- 
mids will be formed, whose vertices will be at P, and whose oases 
will be the faces of the tetrahedron. 

The algebraical sum of these four pyramids will make up the 
volume of the tetrahedron ; therefore, remembering that the volume 
of a pyramid is one-third of the base x the altitude, 

Ax^-By^^Cz^Dw^^V^Ap^^Bq^^Cr^^Ds^, 

Pol ?oi ^Q^ *o ^©*i°g *^® perpendiculars from the angular points on the 
opposite faces, whence, when any three of the coordinates of a point 
are given, the fourth may be found. 

The object of the introduction of a fourth coordinate, in this 
system, is the same as that for which trilinear coordinates are em- 
ployed in Plane Geometiy, viz. to obtain equations homogeneous 
with reference to the coordinates, and thus to arrive at symmetrical 
results. 

By means of the equation given above, any equation which does 
not appear in a homogeneous form can be reduced to such a form 
immediately. 

Thus the equation cc = a of a plane may be reduced to the 
homogeneous form x =a (xjp^ -f yjq^ + zjr^ + tt^/aj. 

Tetrahedral Coordinates. 

99. It Is evident that the relation between the coordinates given 
in the last Article would be much simplified if we were to select as 
coordinates x/p^^ ylq^^ zjr^^ w/s^. 

Such a system of coordinates is called a system of tetrahedral 
coordinateSy each coordinate being the ratio of the pyramid, whose 
base is a face of thc' tetrahedron and vertex the point considered, 
to the volume of the fundamental tetrahedron, sign being of course 
always regarded. 

If {xj yy Zy w) represent a point in this system, 

a: + y + « + tr=l, 
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and any given equation involving four-plane coordinates may be 
transformed into the corresponding equation in tetrahedral co<* 
ordinates by writing p^x^ qjf^ r^z^ sju) for a?, y, «, w. 

Since both these systems are never employed in the same dis- 
cussions, it is unecessary to adopt a different notation for the 
coordinates. 

100. It may be shewn, as in Art. 37, that the four-plane 
coordinates of a point which divides the line joining two points 
(a?, y, «, w) and (x\ y', z\ w) in the ratio /a : X are {\x + /Aaj')/(X4 m)i 
&c. ; and the same result will be true, if the coordinates be 
tetrahedral. 

101. To find the distance of tioo given points in tetrahedral 
coordinates. 

Let {xj y, «, w) and {x\ y', z\ to') be two given points P, Q. 
The square of the distance between them is easily seen to be of the 
second degree in terms of a; - a', y - y', « — «', tr — to. 

But aj+y + « + M7 = l=:x'+y' + «' + «?'; 

.-. (« -a?') + (y-y') + («-«') + (w-tt7') = 0; 

.-. (a-a7 = -{a:-aj')(y-y')-— » 
and similarlv for iy — y')*^ &o. 

Hence, the square of the distance can be expressed in terms of 
the six products (a? — a;') {y — y')^ &c. 

Let 7 be the coeflScient of {x - x') (y - y'), and let us applv the 
expression to find the distance AB] now the coordinates of ^ and 
£ are 1, 0, 0, 0, and 0, 1, 0, 0, hence eveiy product but one 
vanishes, /• AB* = — 7) and 

- P(2» = ^5'(a;- a?') (y-y') +-4C«(aj- a?') («-«') +-. . 

102. Hence we may obtaia the equation of a sphere, the coordinates of 
vhose centre are/, g^ h, k, and whose radius is r» 

-r--a*(y-^)(«-A) + 6«(«-A)(»-/) + ^(*-/)(y-^) 

a, b, e being the sides of ABC opposite to A, B, C; a\ h\ c' the edges BA> 
BB^ DC respectively opposite to a, 6, c. 

The Straight Line. 

103. To find the equations of a straight line in four-plane 
coordinates. 

If (/, gj A, k) be a fixed point in a straight line, (a;, y, Zy w) any 
other point, B the distance net ween them, X, /a, k, p the cosines of 
the angles between the straight line and the normals to the cor- 
responding factes of the tetrahedron, x -/=s XJ?, &c. 

Therefore the equations of the straight line are 
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where, Bince two equations are sufficient to determine the line, there 
must be a relation between X, ft, v, /}. 

Now (a? -/)/;?, + (y - g)/q, + (« - h)jr^ + (u^ - A)/^„ = 0, 

••. the relation is \/p^ + jj^/q^ + v/r,, + pjs^ = 0. 

Another relation, not homogeneous, may be obtained from the 
value of JZ, in Art. 101, changed to four-plane coordinates. 

a» ft* c' a" , ft'« c'* 

— /akH kXH X/A + Xp+ — /i*p + — vp=-l. 

?o^o ^oi^a Mo i^o«o ?o«o '•o^o 

In this form of the equations, X, /i, v, p may be called the 
direction-cosines of the line. 

In tetrahedral coordinates the corresponding equations are, for 
the straight line (a;-/)/X = (y -^9)//as=(« — A)/v = (i^ -A)/p = -B/cr, 
with the conditions X + /a + v + /3 = 0, 

and aVv + ftVX + c'X/x + a'*Xp + JPfip + c'V/} = - cr*, 
^Pj^j f^^J^i ^J^i P^J^ being the direction-cosines. 

104. The general equations of the straight line may be written 
in tetrahedral coordinates 

{X ^fijL = (y - g)/M^ {z - h)IN^ [w - A)/5, 

where X, if, -S7^ B satisfy the equation Z + JIf + N-\- JJ = ; and it 
may be observed that, if two equations {x-'f)IL—{y-g)]M={Z'-k)IN. 
be given, the fourth member may be derived from it. 

If the straight line pass through one of the angular points, as ^, (1, 0, 0, 0) 
(x - l)/i - y/M . z/N^ to/R, 

If it join the middle poinU of AB, CD, viz. (i, i, 0, 0) and (0, 0, i, i), 
(^-iV-i'Cy-iV-i^VJ-M'/ii orx^y and«=«>. 

106. To find the angle between ttoo etraight iines tckoee equatums are given 
in tetrahedral coordinates. 

Let the equations be {x -f)/\ =...= It/tr, and (x -/'VV =...= JB7</. 

Take two straight lines parallel to these, passing through D and meeting 
ABCmP.P'. 

The equation of DP is x/\ = y/^i = «/«' = (a; - 1)/^ = 22/<r, and the coordinates 
of P are - X//>, - fi/p, - *//», 0, and DP = - »//», and similarly for f and DF ; 

.'.-PP^-i^{,i/P'fi1p'){v/p-^'lp')^v{f^/p-v^/p'){yp--\'^^^^ 

4 2 cos PDP',af//pp', whence, substituting the values of <r* and <r^ (Art. 103), 
we obtain ± 2flr<r' cos PBP* « a" iju/ + /iV) +. ..+ o" ( V + X» +. .. . 

106. As an example of the use of this formula, we will find the angle 
between AD and BCy whose lengths are a' and a. For AD^ y = and as = 0, 
and for BC^ xsO, ctbO, and the values of \ fi, ..., X\ /a', ... may be taken 
respectively, 1, 0, 0, - 1 and 0, 1, - 1, 0, .•. 9*^cl^ and o'* = a*, and, if ^ be the 
acute angle between those lines, 2aa' cos^ -= (J* + 6'*) «^ (c* + c"). 

107. The condition of perpendicularity of two straight lines given in tetra- 
hedral coordinates (x -/)/i = &c. and (x -jyL' = &c., 

is «• {MN' + M'N) +...+ €^ (LR' + i'J2) +...= 0. 
It may be seen, as an example, that, if the lines joining the middle points 
of a, a' and b, b' be perpendicular, c and c' will be equal. 
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The Plane. 

108. The general equation of the first degree represents a plane. 
Let -4a: 4- ^y 4- Ca + Dw = 6 be any equation of the first degree, 
If arbitrary points (/, g^ A, A), (f^ g\ h\ A',) be taken, which 

satisfy the equation, the coordinates of any point P in the line join- 
ing them are proportional to 

V+A*/, Xy + Aigr', ..., 
and since Af + Bg + Ch-\^ JDk =0, 

Af+Bg'-^CV + JDk'^Oi 
.'. A (X/+ mT) + B{\g + fjLg') +...= ; 
therefore the coordinates of P will satisfy the equation, and the 
whole straight line joining any two arbitrary points will lie in the 
locus of the equation, whidi is therefore a plane. 

109. Geometrical interpretation of the constants in the equation of 
a plane Xaj + /iy+ v«+/)W7 = 0. 

Let E be the point in which the plane EFO cuts AB^ its four- 
plane coordinates oemg a?', y\ 0, ; .•• \x -f fiy* = 0. 




Draw -Efe, Aa perpendicular to BCD^ .•. EejAa^EBjAB^ or 
x'lp^^EBjABi and similarly y'lq^ = EAjBA^AEjAB\ also, if ;?, 




^/V^ + y?/l?a + W'*© + W^o = ^' ^ tetrahedral coordinates the equa- 
tion IS px^-qy + rZ'\-sio = 0. 

110. To find the equation of a plane at an infinite distance. 

If the plane be at an infinite distance, p=^q = r = 8y and the 
equation in tetrahedral coordinates becomes a;-|-y + 2 + u' = 0. 

111. To find the conditions of parallelism of two planes^ whose 
equations are given. 
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Let the equations of the two planes be 

Xx + fiy + vz-^pw^O and \'x + ^'y + vz -f pw = 0, 
, aese planes intersect in the plane at an in&nite distaneei whose 
r quation isa; + y + ie + t^»0, using tetrahedral coordinates. 
• From the three equations we deduce 

(\-p)x + {p, -f>)y+(v-f>)« = 0, 

(V-p>+(M'-p')y+(»''-P>=o, 

^hich are satisfied by an infinite number of values *of the ratios 
e : y : z^ they must therefore be identical equations ; it follows that 
the equations of condition may be written 



>^j /*i 



= 0. 



1, 1, 1, 1 

They also follow immediately from ^ — y = j — j =r . . . . 

112. To find the length of the perpendicular from a gioen point 
upon a plane given infour^lane or tetrahedral coordinates. 

Let the equation of the plane with four-plane coordinates be 
\x + fiy'\'vz + pw = 0f 
and let {x\ y\ z\ w') be the given point. 

Suppose the whole system to be referred to rectangular Cartesian 
coordinate axes, and let the equations of the four planes of reference 
be /jf 4- TWjiy + Wjf =^p ?,f + wi.iy + w,f =^, &c., then the equation 
of the given plane will become 

(X/j + Ai/, + v/, + p/J f 4- ..•= Xpj + fip^ + Kp, + pp^^ 
hence, by Art. 71| the perpendicular required will be 

[\x + fjLy' + vz' -f pw)la- (1), 

where a" = (\l^ + fil^ + vl^ + pQ^ +... 

= X' (/^' + Wj' 4 Wj') +...+ 2\fi (ZjZ, + »j,m, -f n,w,) -f ... 
= X* + /^' + i^ + p' - 2X/* cos (AB) "... (2), 

(AB) being written for the dihedral angle between the faces of the 
tetrahedron opposite to A and B. 

Cob. If Pf q, r, $ he the perpendiculars from A, B, C, D on the given 
plane, /» being the perpendicular from (p,, 0, 0, 0), the expression (1) will give 
p = \pj^9 ^»-/x^^<r, &C., (3), whence the constants are interpreted as in 
Art 109, and ibe left side of the equation of the plane in either of the forms 
given at the end of that article represents the length of the perpendicular 
from any point (x, y, z, w). 

113. The method which we have adopted In the last Article shews that the 
quadric function X' + aI'*+...- 2Xyti cos(^^) -... is reducible by transformation 
to three squares, the condition of which is that the discriminant vanishes, or that 

-1, cos{AB), cos{AC\ coB{AD) 
co9(AB), -1, cos(-BC), cos(^2>) 
cos (-4 C), cos (5 (7), -1, cos (Ci>) 
coB(AD), cot^BD), cos(CZ)), -1 
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Also, since each of the three squares is positive, there is only one system o 
▼alues which reduces the function to zero, viz. that which belongs to a plani 
at an infinite distance, for which p^q = r^$, whence, by (3) Art. 112, Cor. 

That the discriminant vanishes, maybe shewn independently by projecting art] 
three of the faces of the tetrahedron on the fourth, and obtaining the determinan 
from the four equations similar to ^ • ^ cos {AB)- C co% {AC)- D cos(^2>]^0 

1 14. Tojind the anffU between two planee whoee eqiMtioM are given. 
Let the equations of the planes be 

Xx-^fiy-k-tfZ-i-pw^O, and Vx + fi'y + •''« + p'w = 0, 
using the same method as in Art. 112, if be the angle between the planea 
w* cos^ = (Xij f /*/, + v/, + pl^ (V/j + /t7, + •/, + ///J +. .. 



IX. 

(1) Shew that for every point in a plane through the edge ^^ bisecting 
the angle between the planes CAB, DAB, 

s - 10 B 0, if the angle be the internal angle, 
%-^w^O, external 

(2) Shew that for every point in a plane drawn through the vertex A 
parallel to the opposite face, By-^ d^ Dw a ; or, with tetrahedral coor- 
dinates, y + z + u^ s 0. 

(3) If ^0 be drawp perpendicular to the opposite face BCD, then for any 
point in A 0, Byjti COD » CijC^DOB = Dw/^BOC= AO-x. 

(4) Every point in a plane through CD parallel to AB satisfies the 
equation, in tetrahedral coordinates, x + y-0, 

(5) A point is determined in tetrahedral coordinates by the equations | 
ix B my ^nt = rw; what plane is represented by the equation my « tiz, and what 
straight line by the equations my^nt^rw? < 

(6) At any point in the straight line joining the first points of trisection ofi 
AB and CD, the tetrahedral coordinates satisfy 4? ~ 2y, %- 2w. 

n) Shew that the coordinates (tetrahedral) of the centre of gravity of the 
funaamental tetrahedron are given by x = y « z » w. 

(8) The three straight lines joining the middle points of opposite edges of 
a tetrahedron meet in its centre of gravity. 



X. 

(1) A plane cuts each of the six edges of a tetrahedron; another point is 
taken in each edge, so as to cut it harmonically; prove that the six planes 
through these latter points and the opposite edges of the tetrahedron intersect 
in one point 

(2) If the equations of a point O be *// = y/m = z/n « w/r, and A O, BO, CO, 
DO be joined and produced to A*, B', C, Df, such that O bisects the lines 
AA', &c., the tetrahedral coordinates of the point A will satisfy the equations 
2u-A/ - m - n - r) - y/m « z/n ■ tiv^r - 2/(/ 4 m + n + r), and similarly for ^, C, D'. 
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(3) The line joininfc the centres of the two spheres which touch the faces of 
the tetrahedron ABCD opposite to ^^ ^ respectively, and the other faces pro- 
duced, will Intersect the edge CD in a point P, such that 

CP : PD :: i^ACB : i^ADB, 
and the edge AB (produced) in a point Q, such that AQiBQw^ CAD : A CBD. 

(4) If two opposite edges of a tetrahedron he trisected, and the points of 
trisection be ioined by two lines In either order, shew that the line which 
bisects these lines will also bisect two other opposite edges. 

(5) /, f are the lengths of two of the lines joining the middle points of 
opposite edges of a tetrahedron, u) the angle between these lines, a, a' those 
edges of the tetrahedron which are not met by either of the lines, 

4//' cos« = a*-a'*. 

(6) A point O is taken within a tetrahedron ABCD, so as to be the centre 
of gravity of equal masses placed at the feet of the perpendiculars let fall from 
O on the faces ; prove that the distances of O from the several faces are pro- 
portional respectively to those faces. 

(7) Shew that the reciprocals of the radii of the spheres which can be drawn 
to touch the four faces of a tetrahedron are the positive values of the ezpres- 
jsion ±pi^ ± 9«'* ± r^ ± V*> /?•» Qn *"•! «o being the perpendiculars from the angular 
points upon the opposite faces. 

(8) Lines are drawn from the angular points of a tetrahedron, through 
the centre of the sphere circumscribing the tetrahedron, to meet the opposite 
faces ; prove that the sum of their reciprocals is three times the reciprocal of 

' the radius of the sphere. 

(9) The inscribed sphere of a tetrahedron ABCD touches the faces in A\ 
B', C\ Di prove that AA\ BB', CC\ DD will meet in a point, if 

cos \a cos}a s cos J5 cos^jS = cos^c cos}7; 
where a, a; 5, /3; c, 7 are pairs of dihedral angles at opposite edges. 

(10) Prove that the direction-cosines of the normal to a plane, whose 
equation \s px ^ qy ^ rz ^ bu> -Q in tetrahedral coordinates, are 

p/p^ - cos [AB) q/q* - co8(^ C) r/u - cos (AD) m/h, H'c 
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FOUB-POINT COORDINATB SYSTEM. 



115. In the Four-Plane Coordinate System^ the position of a 
point is ^iven by its algebraical distances from four fundamental 
planes, given in position, which do not pass through one point, so 
that they form the plane faces of a tetrahedron of finite volume. 

The position of a plane is given by a relation between the four- 
plane coordinateS| which exists for every point which lies in that 
plane. 

In the Four-Point Coordinate System^ the position of a plane is 
given by its distances from four fundamental points, given in 
position, which do not all lie in one plane, so that they form the 
angular points of a tetrahedron of finite volume. 

These distances are called Point Coordinates of the plane. 

An infinite number of planes can be drawn through any given 
point, and it can be shewn that the point coordinates of each of 
these planes satisfy a linear equation ; this equation determines the 
position of the point, and is called the equation of the point. 

116. When the position cf a point relative to fixed points is 
known^ to find its distance from a plane whose distances from the 
fixed points are given. 

Let Zf, M be two points, and let a point O be taken in the 
straight line joining them, such that \.LO = fiMG. 

Let LL\ jMM\ 00' be parallel lines, drawn in a given 
direction, meeting a given plane AB in X', 0\ M\ then it is 
evident that 

(ii'- 00']ILG^{GG'^MM')IMO, 




^— N 



I 

I 
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and \.{LL - GG') = fi.{OG' ^MM')i 

••. X.iZ' + Ai.JOf' = (X+/i) GG\ (1) 

If N be any other point, and H be taken in GN bo that 
(\ + fi) Gn=^ V . NH, and if HH\ NN' be drawn parallel to LL\ 

I thenv.iViV^' + (X + /i*) GG' = (X + /i + v)5fl'; 

I .\\.LL' + fA.MM''{-vNN'^[\-¥fi + y)EH\ (2) ' 

I If there be four fundamental points Z, il/, ^, £, and K be 
!taken in fflJ, such that (X + a*+ v) HK^p.RK, and fifi', ^^' be 
(irawn parallel to LL' meeting the plane AB in R^ K\ then 

p.i?i?4(X + Ai + v)irff' = (X + A*+v + /a)iiriir'; 

.-. X.ZL' + fA.MM' + V. JWV^' + p . 5fi' = (X + Ai + V + p) jr£". (3) 

Thus, the position of the point K relative to four fundamental 

Eoints is given by the quantities X, /u, v, p, and it may be denoted 
y (X, /jkj V, p) ; and the distance of the point thus determined from 
[a plane, estimated in any direction, is known by (3) in terms of the 
distances of the four fundamental points estimated in the same 
direction. The equations (1) and (2) determine the same thing for 
!two and three fundamental points respectively. 

117. If the formula for the position of the centre of gravity of any number 
of particles be assumed, the results of the preceding article will be obtained at 
once, by considering masses proportional to X, fi, v, p placed at the fundamental 
points, the point JK, Art. 114, being the centre of gravity of these particles, 
where the masses may be supposed negative if necessary. 

118. To find the equation of a point in four^point coordinates. 
If the four points lie in a plane, then, by the construction of 

Art. 116, it is obvious that the point JT, being in the line HR^ will 
lie in the same plane with the four points. This accounts for the 
restriction with respect to the fundamental points, that they shall 
not lie in one plane, because the equation obtained would then 
always denote a point in the same plane, and could not be the 
general equation of a point in space. 

If A^ B^ (7, D be any four points which do not He in a plane, 
p^ ;, r, 8 the perpendicular distances of a plane from these points, 
estimated in the same direction, (A, /Li, v, p) a point P, with reference 
to these fundamental points, and t the perpendicular from P upon 
the plane, we shall have, by (3), Art. 116, 

Xp 4 /*? + IT -f /)« = (X + /i + y + f>) ^, 

and « = for every plane passing through P, 

/. Xp -f ftj + vr + p« 5= 0. 

Hence, upon the same principle, upon which, in the four-plane 
coordinates, a?, y, z^ w being the coordinates of any point, 
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is the equation of that plaue, in which a series of points lie, whose 
coordinates satisfy the equation ; so, pj q^ r, s being the coordinates 
of a plane in the four-point system of coordinates, Xj9+/ti;fvr+p«=0 
is the equation of that point, through which all planes pass whose 
coordinates satisfy the equation. 

119. To interpret the eonetants in the equation of a point. 

Let the equation of the point P be Xp + fiq^vr + pe^O; the four-poiot 
coordinates oi BCD Bxep%, 0, 0, 0, hence, the perpendicular on BCD from P 
is, by Art. 118, \p^(k + ^ + v + /»), therefore V(^ + ft + f + />) is the correspond- 
ing tetrahedral coordinate of P for the same fundamental tetrahedron ; so that 
\, /I, V, p are proportional to the tetrahedral coordinates of the point whose 
equation is given, which may therefore be written as in Art. 109, 
2p 4 y^ + tr + tr« » 0. 

In this form the first member of the equation is the perpendicular from the 
point given by the equation, also denoted by {z, y, s, w), upon the plane whose 
four-point coordinates are p, q, r, «• 

120. To find the equation of a point which divides the straight 
linejoining two points^ whose equations are given^ in a given ratio. 

Let the equations of the two points P, F be 

arp + yj 4 «r + ii7« = 0, and x*p 4- yq + z'r 4 ws = 0, 

and let Q be a point in PP ^ such that PQ : QP \\ mil\ for every 
plane passing through Q the perpendiculars from P, P' are in the 
same ratio, and observing these perpendiculars are drawn in opposite 
directions if Q be between P ana P', we have the equation required 

llxp + gqi-zri- ws) 4 w {xp 4 y'q 4 z'r 4 to's) = 0. 

121. To find the equation of a point at an infinite distance. 

Let the equation of a point be \p + fiq + vr -{- ps ^0^ the per- 
pendicular distance from this point on any plane (/?, ;, r, s) is 
{\p 4 /Ltj 4 vr 4 p3)/{\ 4 A* 4 V 4 p). If this pomt be at an infinite 
distance, we must have the condition X4/*4v4p = 0, which 
expresses that, if [xy y, is, w) be the point in tetrahedral coordinates, 
x + y-\- z-^-w^Oj or that the point lies in the plane at an infinite 
distance, Art. 110. 

122. The signs of the constants in the equation of a point in 
the general form \p + fiq-\-vr-\-ps = 0, in order that the point may 
lie in the different portions of space cut off by the indefinite planes 
which form the faces of the fundamental tetrahedron, can be 
obtained by considering that X/<r, /i/cr, v/<r, /)/<r are the tetrahedral 
coordinates of the point, if<r = X4/*4v4p. 

123. To find the distance between two points, whose four-point coordinates 
are given. 

The distance between two points P, P', whose equations are Xp^pq^-t^^^ps^O, 
and X o + /tt'j + »»> + ^'« = 0, can be found from Art. 101, by considering that 
A/<r, ^/<r, »/<r, p/ir, and X'>', p'/o', ^/v\ p/or\ are tetrahedral coordinates of two 
poinu J .-. Pr* m X ((X7<r' - X/«^) (p/<^ - p/^') A B'l 
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124. To shew that the itraight lineM joining the middle pointe of opposite 
edgei of a tetrahedron intersect and bisect each other. 

The eauation of the middle point of AB is /» + 9 » (Art. 120), and of the 
middle pomt of CD is r + < « 0; therefore the equation of the middle point of 
the line joining these isj»-f^ + r-i-saO» which for the same reason bisects the 
lines joining the middle points of the other opposite edges. 

125. The student is recommended to examine carefully the processes 
employed in the following applications of point-coordinates. 

Let X/^ + ic^-f-^T-ffXaObethe equation of any point E, and let planes be 




drawn through this point and each of the edges ; and let {ah) denote the point 
in which the plane MCD meets AB, and similarly for the other edges. 

The point E lies in the straight line joining (a5), for which \p-^ fiq^O, and 
{cd), for which vr-^pe^^ 0, since its equation is of the form 

L {\p + ^y) + Jf {yr + /w) = 0. 

Since for (a*), Xp-^fiq^ QA 

{ad), \p^p8 = 0j 

{be), /ly +1^ = 0,1 

{cd), vr + ^=Oj 

the straight lines joining these pairs of points meet BD in a point (b'd*) whose 
equation \b fiq = pe, and the equation of {bd) is jnq^ pe-O; therefore b'd^, bd 
divide BD harmonically. 

Similarly, the lines joinmg {ab), {ac) and {bd), {cd) intersect BC in (ftV), 
for which fiq-ffr; and the straight line {ab), {ed) meets the plane passing 
through A and the points {b'c'), {od') in the point whose equation is 
2Xp + 2/4 J - IT - /)« = 0, 

since this equation may be written 2\p -1- (a^ - <^r) + {fiq - pe) » 0. 
Again, the equation 2\p + fi^ -i- t « 0, being of the form 

lp^Mi-\^ y{\p + /ij + yr -I- ^) = 0, 
represents a point in the plane ADE, and, being of the form 

Z {Xp + fiq) + JM'(Xp 4 t) = 0, 
the point lies on the line joining (ab), {ac), and is obviously in the plane ABC, 
Let the straight lines AE, BE meet the opposite faces in A', B\ the equa- 
tions of these points are /xj' + it + ^ = 0, and Xp + vr + f)« = 0, and therefore 
AB intersects AB in the point \p-fiq^ 0, the same point in which {ac) (be), 
{ad)(bd),meeiAB, 
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126. To find the inclinations of a plane, wkoie eoordinatee are given, to the 
faces of the Jundamental tetrahedron, 

help, qt r, i be the coordinates of a plane, \, fi, p, p the cosines of the angles 
between the direction in which the coordinates are measured, and the perpen- 
diculars from A, B, C, D on the opposite faces, and let Aa^p^ be tne per- 
pendicular from A on BCD, 




The tetrahedral coordinates of a are 0, co^{AB)pJq^, cos (A C)pjr^, 
co%(AD) pJb^ ; Uie equation of the point a is therefore 

q co%{AB)pJq9 + r coB{AC) pjr^^ 8 cob{AD)pJ8^'0, 
and, the coefficients being tetrahedral coordinates, the first member is the 
perpendicular from a on the plane (jd, a, r, *), Art. 112, and therefore =j» -Po^ 
.-. X = p/vo - cos {AB) q/q^ - cos (A C) r/r^ - cos (AD) e/s^ ; similar values may be 
obtained for fi, y, p, 

127. To find the relation Mween the four-point coordinates of a plane. 

The tetrahedral coordinates of P, the foot of the perpendicular from A on 
the plane {p,q, r, s) are {Po-p^)/p»f -pNq.^ "W^' "Pf^'o? therefore, from 
the equation of the point F, we obtain \p/p\ -f fiq/q^ + »r/r^ 4 ps/s^ = 1. Hence, 
substituting the values of X, /i, v, p found above, we obtain the relation between 
the coordinates p^p* + 27y«" + f*/r^ + »"A,* - 2 co%{AB)pq/p^^',,.= 1. See (2) 
and (3), Art. 112. 

128. If the plane be at an infinite distance the left side of the above 
equation will vanish, the only system of values for which this will be the case 
being paq^r^s. Art. 113. 

Since the coordinates are equal and of infinite magnitude, the expression 
for X in Art. 126 gives 

= 1/p, - cos {AB)/qo - cos(-4 C)/r^ - con( A D)/s^ 
or = A-B cos(A B)-C cos(-4 C) - D cos {AD), 
We have also from Art 127 the linear relation X/p^ + fi/q^ t »/r^ + p/so-0, 

129. The equation which connects the four-point coordinates of a plane is 
of the second aegree, whereas the corresponding equation for four-plane or 
tetrahedral coordinates is of the first degree. 

The reason of this equation being of the second degree should be explained. 

If three four-point coordinates of a plane be given, suppose p, q, r, this 
plane must touch three spheres whose radii are p, q, r, centres A, B, C; and, 
if we suppose the most general ease, there will be ei^ht such planes, two for 
'which the three spheres Be on the same side, in which cases p, q, r will be of 
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he same sign, and six for which one of the spheres lies on the opposite side to 
he other two, in which cases two of the coordinates p^ g, r will be of opposite 
ign to the third. 

Whether ;i, ^^ r be of the same sign, or j» be of opposite sign to q and r, 
here are two positions of the touching plane; that is, there are two values of 
1^ viz. the perpendiculars in these two positions ; the equation must, therefore, 
[|e of the second degree in s, and similarly for p^ q, and r. 

Hence, although, when liiree tetrahedral coozdinates are given, the fourth 
b fully determined by the equation of condition, this is not the case in four- 
point coordinates. 

1 30. Tojind tht eoordinatM of a plane which paue$ through the inter$ectton$ 
ffttoo planes whose coordinates are given. 

Let (p^, i, I*, i) ( p", y", r", »") be the planes TJ' and 17", and let (p, y, r, «) 
le the plane F" passing through their line of intersection, The perpendiculars 
Irom the fundamental point A on the three planes all lie in a plane, and the 
lelation between these three may be found from the trilinear coordinates cor- 
tesponding to an eyanescent fundamental triangle, whose angles are the angles 
between the planes, or the supplement of those angles; hence 

j»sin(l7", Cr")=ysin(ir", F) +/' sin ( IT', F); 

.-. p = ^ + TOp", where r±2/m cos(I/'', l7'0 + m*-l, 

and similarly for 7, r, t. 

131. If 2^ + Mq + i^r + J2s = be an equation inTolvin^ one variable % in 
the first degree, it may be considered as the equation of a line, since it may be 
put into the form ti + ^v = 0, and by varying t we may obtain every point in the 
line joining the points u = 0, a 0. 

132. If Xp + Mq^ vNr + J2s = be an equation involving two variables <, t' 
m the first degree, it may be considered as the equation of a plane, since it 
may be put in the form u^tv-^fw = 0, and by varying t, H we may obtain 
every pomt in the plane passing through the three points u » 0, v a 0, and u; » 0, 



XI. 

(1) The equation of the centre of gravity of the face ABC\^ /> + 5^ + r « 0. 
Hence, shew that tne lines joining the vertices with the centres of gravity 

of the opposite faces meet in a poinL 

(2) The equation of the centre of the circle circumscribing the triangle 
^^Cis/isin2^ +^sin2^ + r sin2C»0. , 

(3) The coordinates of the plane passing through the centres of gravity of 
the fieices ^CD, ADB, and ABC, are given by the equations 

-Ip^q^r^s^ipu 

(4) If P be any point in BD, Q, R points in AC, such that 

AQ: QCiiDPiFBi: CRzBA, 
then PQ and PR will intersect the lines joining the middle points of BC, AD, 
and AB, CD respectively, and divide them in the same ratio as ^C 

(5) If through the middle points of the edges BC, CD, DB straight lines 
be drawn parallel respectively to the opposite ed^es, these straight lines will 
meet in a point ; and the line joining this point with A will pass through tho 
centre of gravity of the pyramid. 
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(6) The equation of the centre of gravity of the surface of the tetrahedro 
is (^ + -B + C + i>) ( ji + y + r + «) = -4/> + -B J + O + D*. 

(7) Shew that the equations of the centres of the eight spheres which touc 
the &ces or the faces produced of the fundamental tetrahedron are included i 

Ap±Bq±Or±D9mO. 



XIL 

(1) The points B, C, D are joined to the centres of grayity of the opposit 
faces', and the joining lines produced to points h, e, d, so that B, 5, &c., ar 
equidistant from the corresponding faces, prove that the coordinates of th 
plane bed are given hy the eouation - 2p = ^a r » «, and that this plane divide 
the edges AB, AC, AD in tne ratio 1 : 2. 

^2) If points be taken in the lines joining B, C, Dio the centres of gravit 
of tbe opposite faces, dividing them in the ratio mm, the plane containin; 
these points will divide the edges AB, AC, AD m the ratio m : 2m -t- 3fi. 

(3) If through any point P straight lines AP, BP, CP. DP be drawi 
meeting the opposite faces in a, h, e, d, the straight lines AB, ab will intersect 
and their point of intersection and the point in which Cd meets AB wil 
divide AB harmonically. 

(4) The straight lines joining D to the intersection of AB, ab, and ^ to thi 
intersection of DB, db, will intersect in a poiAt lying on Be. 

(5) The centre O of the inscribed sphere lies on the line joining G, Hth 
centres of gravity of the volume and of the sur&ce of the tetrahedron ; alst 
shew that OQ^ZQE. 

(6) Shew that the cosine of the angle between two planes whose coor 
dinates are giveni SAp'p"/p^ +...- (p'j" +/>V) ^^[AB)/p^qt -... • 
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Tangential Equations of Surfaces and Torses. 

133. If Pj q^ r, s be the coordbates of a plane referred to a 
four-point system, to find what is represented by the general equa- 
tion J^(p, y, r,«) = 0, we observe that there are generally an 
infinite number of planes, the coordinates of each of which satisfy 
the equation, and that these planes envelope a surface of which 
the equation is called the tangential equation, from the circumstance 
that each plane of the system is a tangent plane to the surface, and 
surface may be called the envelope locus of the equation. 

As in a quadriplanar or tetrahedral system, if we take three 
points on the locus of (a?, y, 2, to) = 0, the plane containing these 
three points will ultimately be a tangent plane to the locus, if the 
three points become ultimately coincident, so, if we take three 
planes touching the envelope locus of F{pj q^ r, «) = 0, the point 
in which these three planes intersect will be ultimately the pomt of 
contact of these planes when they become coincident. 

Thus, »=/is the tangential equation of a sphere whose centre 
is the fundamental point A. 

In the case of the linear equation Xj? + /*^ + vr + /»* = 0, the 
envelope degenerates into a point, through which all the planes 
pass which correspond to the various solutions of the equation. 

134. Again, if we take two surfaces represented in the tetra- 
hedral system by (aj, y, «, w) = 0, and 0, (a;, y, «, to) = 0, the 
coordinates of every point in their curve of intersection will satisfy 
both equations, and the two equations will determine the position 
of this curve ; so if i?'(^, j, r, «) = 0, and -F, (y, g, r.s) = represent 
two surfaces in the four-point system, the coorainates of every 
plane which touches both surfaces satisfy the two equations, and the 
series of planes so determined have for their envelope a particular 
kind of surface, called a Developable Surface^ or, according to 
Cayley, a Torsej which touches the two envelope loci of the 
equations, the reason of the term developable being as follows : 

If we take three consecutive planes P, Q, -B, each of which 
touches the two loci 8. 5^, of the equations F{pj q^ r, s) = 0, 
^1 (ft 8) «•> «) = 0> will be intersected by P and J8 in two straight 
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lines (P, Q) and (Q, -B), and in the limit the portion of Q inter- 
cepted between these lines will ultimately be a portion of the 
envelope of the planes; similar portions of P ana B will, with 
the former, constitute three elements of the envelope, each of which 
will touch both 8 and 8^ ; and this envelope is called a developable 
surface, because the three elements can be developed into one plane 
by turning them about the lines (P, Q), {Qj M); and the same 
is true for all the elements. 

According to this interpretation, the developable surface touching' 
two spheres, />=y, q^ff^ is a system of two cones, of which one 
wUl be imaginary if the spheres intersect. 

135. It may appear, from what has been said, that, since two 
equations, as well as one, in the four-point system determine a 
surface, the case of this system is not analogous to that of the three 
or four-plane system. But the two kinds of surfaces in the point 
system are really as distinct from one another as the surface and 
curve in the plane system. 

For, as in the four-plane system one equation represents the^ 
limitation that the current point must remain on a surface, and 
the second equation confines the motion on that surface to positions 
such that it also remains on a second surface ; so in the four-point ; 
system one equation limits the motion of a plane to positions in 
which it touches a surface, and the second equation allows the plane 
to touch that surface only in such a manner that it also touches 
a second surface. 

Stated in this way the analogy is complete, the point moving 
in the direction of a line, the plane turning round a line, to gain 
the consecutive position. 

136. As a simple example of the use of the tangential equation of a surface, ' 
we wUl consider the properties of the Poles qf Similitude of four spheres ; the I 
poles of similitude of two spheres being the vertices of the two cones which I 
envelope both spheres, points from which the lengths of the tangents to the 
spheres are proportional to their radii. 

These poles of similitude are called internal or external poles, according as 
they lie on the line joining the centres, or on this line produced. 

137. To find the relative positione of the intemal or external polee of eimili^ 
tude of four epheree. 

Let the centres of the spheres be taken for the fundamental points A, B, C, 
and D, and let their radii be ri, r,, r,, ri. 

The tangential equations of the spheres are jp = r,, y = r,, r = rz,$^ ri. 

The external and internal poles of similitude of the spheres {A) and (B) have 
equations p/ri + q/r^ = 0. 

i. The external poles of {AB), (AC), and {A JO) lie in a plane whose coor- 
dinates are connected by the equations plr^-qlr^-rlr^elr^ which evidently 
contains also the external poles of (BC\ {CD) and (DB). 

ii. The coordinates of the plane containing the external poles of (AB) and 
(A C) and the internal pole of (AD) satisfy the equations p/ri = g/r^ = r/r^ = - ^/r^, 
and the same plane evidently contains the external pole of (BC) and the internal 
poles of (jBD) and (C2>). 
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iii. The coordinates of the plane containing the external pole of (AB) and 
the internal poles of (A C) and {AD) satisfy the equations 

and this plane evidently contains the external pole of {CD) and the internal 
poles of (^C) and (^D). 

Hence one plane contains the six external poles, four planes contain each 
three external and three internal poles, and three contain each two external and 
four internal poles. 

The poles of similitude lie in eight planes, which are called planes of simili- 
tude, each of which passss through six poles of similitude situated three and three 
'in four straight lines. 
< Thus for the six external poles 

!»/*•, = ^/r, = r/r, = */r4, and q/r^-r/n^p/r^-r/r^-{p/r^-q/r^-0\ 
therefore the external pole of {BC) lies in the line joining those of (AB) and 
(AC). 

Similarly it lies in the lines joining those of {DB) and (DC). 

Hence, the six external poles lie in the sides of a plane quadrilateral, as in 
the figure. 




Dual Interpretations of Equations, 

138. By what has preceded, we see that all homogeneous 
equations and systems of two equations in four variables a, j3^ 7, S, 
admit of a dual interpretation, according as we conceive the four 
variables to be tetrahedral or four-point coordinates. 

Thus Xa + /A/8+i^+ pS=0 is the equation, in these two methods 
of viewing it, of a plane or of a point. 

So if a, /S, 7, £ be tetrahedral coordinates, the equation 
JP(a, ^, 7, 5) = gives a surface on which every point lies, whose 
tetrahedral coordinates satisfy the equation, while if they be point 
coordinates, the equation gives a surface touched by every plane 
whose coordinates satisfy the equation. 

Two such equations may in like manner be interpreted to define 
(1) a curve, which is the intersection of the two surfaces represented 
by the separate equations; or (2) a torse enveloped by all planes 
which touch both surfaces represented by the separate equations. 

Thus, the dual results given by the method of xleciprocal 
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PolarBy which will be seen to apply to three as well as to two 
dimensions, may be obtained by giving this dual interpretation to 
all our equations. 

We cannot, however, in a volume of moderate compass pretend 
to include all the dual results to which our equations might give 
rise, but must con&ne ourselves to a development of the methods 
most generally useful. 

Boothtan Coordinates. 

139. There is another system of coordinates which bears the same relation 
Co four-point coordinates as the Cartesian to the tetrahedral system; these 
coordinates have been called Boothian from Dr. Booth, who first published the 
method in Dublin.* 

We have seen that the equation of a plane in one form is ax-{'fy-\-t>f»-lf 
where a, fi, 7 are the reciprocals of the intercepts on the coordinate axes ; if 
this plane pass through a point P, (/, g, h), then of + /^ + 7A » 1 is an equation 
between a, 8, and <y, which will be true for all planes passing through P. a, /3, 
ry are callea Boothian coordinates of a plane, and any equation of the first degree 
in a, /3, <Y expresses that the plane passes through a certain fixed point, and may 
be considered the equation of that point. 

Any equation whatever between a, ^, 7 will express that the plane touches a 
certain fixed surface, and may be considered the equation of that surfiice. 

Thus, we know that the equation of a sphere is a:* -f y* + s* = r", and that the 
distance of the plane Ix + my-¥nz-r from the origin is r; the plane therefore 
touches the sphere, and if the equation of the plane be written £u; -i- /3y + 7s = 1, 
then we have o* + /3* + ^v* « (^ + m* + n*) r"* = r , which is the Boothian equation 
of the sphere and is of tne same form as the Cartesian. 

140. Cartesian coordinatesare a partictdar ease of tetrahedral, and Boothian 
of four-point coordinates. 

If we imagine the plane ABC of the tetrahedron of reference to move off to 
infinity, and make the corresponding changes in our equations, any equation 
between x, y, s, w will become one between ^, ii, S ordinary Cartesian coordi- 
nates, and any equation between p, 9, r, s will become one between a, /9, 7 
Boothian coordinates of a plane. 

Thus take the equation j9x -1- ^ + rs + «t0 « 0, where («, j^, s, to) are tetrahedral 
coordinates of any point, and (p, q, r, s) four-point coordinates of any plane 
through {x, y, 2, w). If tiie plane meet DA, DB, JDC ia a, b,e, and ^, n, I be 
the Cartesian coordinates of {x, y, z, w) referred to the planes meeting in D, 
then X = B/DAf y = n/DB, « « ^DC, w = 1 - ^/DA - v/DB - l/DC, whence the 
equation becomes (» -p) i/DA + (« -cDn/DB + (s-ryi/DC^ s ; but p/s*»Aa/Da^ 
hence {s-p)/s.DA = \/I)a^a, and the equation of the plane becomes 
o^ + /Sn + 7 J = 1. 

141. Any equation in which {x, y, s, to) are involved will generally have the 
coefficients of the different terms functions of D^, BC, ,,. edges of the tetrahe- 
dron of reference, so that although for any finite point (^, v, I) we have, when 
^PC moves off to infinity, x^O, y - 0, s s 0, to = 1, yet we shall get a limiting 
equation between f, n, I when we have made the substitutions above and take 
DA, DB, DC, ... all infinite. So, for any equation in p, ^, r, s, the coordinates 
of a plane at a finite distance from D, although in the limit s/p, s/q, i/r are all 
equal and zero, yet by making 

p^s(\-a.DA), q^s{\'p.DB), r=:8{l-r^.DC), 

* Both Chasles and PlQcker seem to have conceived the idea previously. Briot aiwl 
Bouquet, Gtom, AncU, p. 888. 
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we shall obtain a finite resulting equation in a, p, ^. But such transformation 
is very seldom of much adyantage. It is, howeyer, frequently conyenient to 
render Cartesian or Boothian equations homogeneous by multiplying such terms 
as require it by to, «^', ... or by i^ 3*, ...^ these being at some subsequent stage 
put equal to unity. 



xin. 

(1) State some properties of the loci of the following equations, whether 
''9 Pf ^9 ^ ^6 regarded as tetrahedral or four-point coordinates. 

i. lap = mr^i. ii. (o + /3)" = 1173. iii. if/o + #n//3 + n/7 + r/3 = 0. 

(2) If u = be the equation of a surface of the second degree, r = that of 
a plane, referred to tetrahedral coordinates, tf^Auia the equation of a surface 
touching the surface t« = along the section made by v ^ 0. 

Qiye the interpretation when the tetrahedral are replaced by four-point 
coordinates. 

(3) Proye that if the fundamental points be in the angles of a regular 
tetrahedron, the tangential equations of the spheres circumscribing and inscribed 
in the tetrahedron will be respectively 

and jr + ty +/15 + jp + »y + »r = 0. 

(4) Shew that in the same case the envelope locus of the equation 

will touch each of the edges of the fundamental tetrahedron. 

(5) In the last problem, find the two tangent planes parallel to one of the 
faces of the tetrahedroui and shew that their distances from tiiat face will be 
ia('JS± lyV^i a being the length of an edge. 

(6) If two Surfaces given by tetrahedral coordinates intersect in two 
plane curves, what is the corresponding property of the torse in the dual 
interpretation P 

(7) Prove that the Boothian equation of a sphere passing through the 
origin of rectangular axes is of the form 

o« + /S* + 7" = (r* - fa - in)3 - nr^y, 
/, m, n being the direction-cosines of the radius r drawn through the origin. 

(8) Two spheres of radii r, «, pass through the origin, and have their centres 
on the axes of z and y respectively; shew that the torse or developable 
surface enveloping both is a cone whose vertex has the Boothian equation 
o-/3 = r"»-»-'. 
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142. The investigation of the properties of a surface represented 
by a given equation is often rendered more convenient by referring 
it to a different system of coordinate axes, in the choice of which 
we must be guided by the nature of the investigation proposed. 

We proceed to obtain the working formula by which such a 
transformation may be effected. 

143. To change the origin of coordinates from one point to 
another J mthout aUering the direction of the axes. 

Let [f^ g^ h) be the new origin referred to the primary system. 
If (a;, y, z)^ {x'j y\ z*) represent the position of the same point P 
referred to the first ana second systems respectively, since the 
algebraical distance of the plane of jfz* from that of w is fy 
and Xy oi are the algebraical distances of P from the planes of 
yz ana y'«', we have a; = oj' •\'f and similarly y =y' + ^, « = «' + A ; 
or, suppressing the accents, the transformation is effected by 
writing a;+/, y+^, « + A, for a:, y, z. 

144. Since the formulae thus obtained involve three arbitrary 
constants, we can generally by this transformation make the 
coefficients of three terms in the resultm^ equation vanish, but, 
since the coefficients of the terms of highest dimensions are 
unaltered, none of the three terms, so eliminated, can be of the 
same dimensions as the degree of the equation. Thus, in an 
eauation of the second degree, we can generally destroy the terms 
of one dimension in a:, y, i? ; in an equation of the third degree 
three of the terms of two dimensions, and so on with equations 
of higher degrees. If, however, the terms, whose coefficients we 
desire to destroy, differ by more than one dimension from the 
deeree of the equation, the equations for determinmgy, y, h in 
order to effect this result will rise to second, third, or higher 
degrees. For, if Fi^^ y, 2;) bQ be an equation of the n^ degree, 
the transformed equation will be F^x-^-f y+g^ is + A)=0, and 
the terms of the [n~r)^ degree in the expansion can be represented 
in the form 

I f d d d\^„,j, ,, 

J^^^iV'df'^yda^'dh) ^(/>^^*)» 
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be coefficients of any term in which will involve J^(/, g^ A) 
ifferentiated n — r times with respect to the qaantities /, (7, A ; 
ence the resulting equation for destroying any such term will be 
f the r^ degree. If three terms are to be destroyed, it is necessair 
bat the three corresponding equations should be consistent; it 
uay happen that thesd equations are not independent, in which 
ase if two terms are made to disappear the third term wiU disappear 
It the same time, and we shall be able to get rid of a fourth term. 

145. To transform from one system of coordinates to another 
ystem having the same origin^ both systems being rectangular. 

Let Oxj Oy, Oz be the first system, Ox\ Oy\ Oz the second ; 
et a^, J> , Cj ; a„ J,, c, ; a„ 6,, c, be the direction*cosines of Ox^ Oy\ 
Oz\ referred to Ox^ Oy^ Oz ; and x^y^z\ a', y\ z* coordinates of 
he same point in the two systems. 

Then the algebraic distance of the point from the plane of 
)iz \^ X] but, projecting the broken line x'-\-y*-\-z\ this same 
iistance is a^x* + aj/' + a,«'. Hence 

and similarly, y = b^x* + bj/' + b^z\ I (1) 

z^c^x' -k-cj/ -^^ CJi\) 
the formulie required. 

The nine constants introduced in these results are connected 
by six equations of condition, expressing that the two systems of 
coordinates are rectangular, for since Ox^ Oy^ Oz are each two at 
right angles, we have the system of equations 



Oy'y Oz' being aU 



and bj reagon of Ox\ Oy\ Oz' being also at right angles, the 
system 

(5) 

The number of disposable constants in this transformation is 
therefore only three. 

The relations (A\ (B) subsisting among the nine constants 
involved in these formulsB may be replaced by 



a.* + a,' + «,'=!, 1 



(^') 



"A + ^A + ^A^Oi J 
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if we consider Ox^ Oy\ Oz* the primary system of axes, in 
which case the direction-cosines of Ox^ Oy^ Oz will be a„ a,, a^ \ 
hy J„ ij ; c„ c„ c . The equations (-4') and (5'), obtained from 
the same facts as the equations (A) and (B)^ are of course deducible 
from them. Either system may be obtained from the identity 
^' + y' + «' = a?'' + y'' + «'S by substituting for Xy y, z their equivalents 
given in equations (1), or similarly for x\ y\ z\ 

146. The relations between these constants may also be ex^ 
pressed in the following convenient form* 

From the equations aa^ + bfi^ + c,c, = 0, a^a, + &,&, + c,Cj = 0, we 
obtain aj/{6,c, - J,c,) = J/c,a,- cfi^ = cj[a,b^ - a,6,), 

each member of these equations is therefore equal to 



by equations (-4), (JS). 

In a similar manner, we obtain 

By using the equations (A')^ (B') in a similar manner, we obtain 

which shews that the ambiguities in the three systems of equations, 
here obtained, must be taken all of the same sign. 

Any two of these three systems of equations may be taken as 
completely expressing the relations between the nine constants ; 
the third system being deducible from the other two, as well as the 
equations (A), (5), (A') and (5'). 

147. The equation &,c, — J,c, = ± a^ may be shewn by projections 
as follows. 

Let P, Q be points in Oy', Oz' at unit distance from 0, the 
coordinates of P and Q are a„ 6„ c^nd a,, Jg, c^. Then, by Art. 33, 
twice the area of the projection OP Q' of the triangle OFQ on the 
plane of yz is 

= ±(J,c,-*aC,), 



0, 


0, 


1 


*., 


c.. 


1 


K. 


c« 


1 



± as OP'Q is in the direction Oyz or 0;?y, that is of the motion of 
the hands of a watch, or in the contrary direction, also 2A0P(2=1, 
.*. 2A0P^ = ±aj, i as /LxOx is acute or obtuse. 
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I 148. To Jind the equations of the straight lines which bisect the angles 
hetwMn two straight lines given by the equations 

Ix^my-^nz^O and fl«* + 6/ + cz* = 0. 

Choosing the axea, so that the plane of a^y' shall contain the given lines, 
the axes of x^ and t/ heing two bisectors, the equations of the given lines wUl 
be 2S' = 0, and W-/tV = 0. (1) 

The formuhe of transformation give 

« = ««' + ay + &', ya/SdZ + ZSy + ww', « = 7«' + 7y+n«'; 

kence, by (1), the second given equation becomes 

a (02:' + ay )• + 6 (/3a:' + /3'yO" + c (7*' + 7y )" « 0, 

identical with W - fi'i/* = ; /. aaat + hfifi^ + C77' = ; and since the bisectors 
arc at right angles, aa + /S)? + 77' = 0, /. aa'/ib - c) ■ ^)8'/(c - a) - 77'/(a - b). (2) 
From these equations a variety of forms may be obtained for the equations 
of the bisecting lines; thus, if we require the forms Ayz + Bzx^ Cxy-0, and 
Ix + my + ftz a 0, since the first equation must reduce to the form x'y ^ 0, when 
«' = 0, we have the relations A^i^ Bf^a 4 Cay3 = 0, and Api + -B7 a -h Ca'^ = 5 

.•; AiBiC^aa* (/SV - Pi) : /3/3' (7a' - 7'a) : 77' {ap - a /3) 

= (6-c)/:(c-fl)m:(a-*)ji by (2) and Art, 146. 

hence, the equations of the bisecting lines may be written, 

(6-c)^4: + (<j-a)m/y + (fl-6)fi/B = 0, and 2r -i- my + ns « 0. 

149. The method given above solves the problem directly by transformation 
of coordinates, but the result may be obtained indirectly by considering the 
directions of the bisecting lines as those of the axes of a Hne-hyperbola. Thus 
r'^f' + y' + s'isa maximum subject to the conditions lx^,..^b and ax'-f...^ a, 
whence we obtain the equations (a - at*) x/l^(a-br) y/m = (a - cr') z/n, and 
{b -c)l/x^{c- a) m/y + (a - 6) n/t s 0, whether a be finite or zero. 

150. Euler^s formulcB for transforming from one system of rect^ 
nngular coordinates to another having the same origin. 

There being in the formulas already obtained for this purpose 

I nine constants connected by six invariable relations, it must be 

possible to obtain formulae to effect this transformation which shall 

I mvolve only three constants. The three chosen by Euler for 

i this purpose are (1) the angle which the intersection of the planes 

of xg and x'y' makes with the axis of x^ (2) the angle made 

by the same straight line with the axis of x'^ (3) the angle between 

the planes of xy and xg\ 

Let Ox^ Oy^ Oz be the original ; Ox\ Oy\ Oz* the transformed 
axes of coordinates ; Oa?, the intersection of the planes of xy^ x'y' ; 
xOx^^4>'i ^'Ox^^'^^ zOz'^0^ which is the same as the angle 
between the planes of a:y, x'y'. 

The transformations may be effected by successive transforma- 
tions, each in one plane — 

i. through an angle ^, in the plane of xy^ from Ox^ Oy to Oa?j, Oy^ ; 

ii. through an angle 0^ in the plane of y^g, from Oy^^ Oz to Oy^^ Oz ; 

iii. through an angle ^^ in the plane of y^Xj, from Oa?,, Oy, to Ox'^ Oy. 



/ 
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The formulsB for these transformations are, oslug the same suffix 
for any one of the coordinates as for the corresponding asis, 

aj = a?j cos^~ y, sin0,) 

y = a?j sin ^ + y, cos 0,1 

Vx^Vt^^O-^ sintf,) 
« = y, sin ^ + «' costfj 

ar, = a?' cos-^ — y ' sin -^j) 

y, = a;' sin ^ + y ' cos ijfr, j 
from which we obtain, bj successive substitutions, 
a;Ba;'(cos0cos^ — sin^siu'^ cos^ 

— y' (cos0 sin^ + sin0 cos^ cos 5) + «' sin^ sin^, 
y «a;' (sin^ cos^ + cos^ sin^ cos0) 

- y' (sin sin^ — COS0 cos^ cosd) — «' cos^ sin^, 
z^t! sin^ sind +y' cos^ sin ^ + «' cosd. 

These formulte might be established without successive trans- 
formation by Spherical Trigonometry, but this is left for the 
exercise of the student 

151. These formula are too complicated and unsymmetrical 
to be generally employed; a modification of them, however, is 
useful m determining the nature of any proposed plane section 
of a surface. We may in that case, by using the first two trans* 
formations, make the plane of x^^ coincide with the proposed 
plane section, and then, making ti = 0, obtain the equation of the 
section in that plane. 

The formulae in this case are easily obtained independently, viz. 
a; = a;'cos0 — y cos0 sin^, y = a;'sin0 + y' cosd cos0, is»y'sin^, 
and by efi^ecting these substitutions we may obtain the equation of 
the plane section of the surface. 
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If the e^aation of the plane be lx-{-my + nz^O^ and the curve 
of iDtersection with the surface /(x, y, «) = be required, we shall 
have co8^ = w/\/(?+«i'+n*), and 8m^/(— ?) = co8^/»i, and the 
equation of the curve of intersection will be 

/(arcos^— ycos^sin^, a;sin^ + 9cosdcos0, y sin0)»O. 

152. As an example of this method, we will examine the position of a 
plane passing through the origin, when its intersection with the surface 
a jr* + 5y* + o^ = 1 is a circle. 

Let the intersection of the plane with the plane of xy make an angle with 
Ox, and let be its inclination to the plane of xy. 

The equation of the section will be 

a (x CO80 -y oosO n.n<t>f + 6 (a; 8in0 -i- y cos9 coB(pf + q^ sin'^- 1, 
if this be a circle, the coefficient of xy»0, and those of x* and y* will be equal 
and positiTe; .'. (a-b) cos sin 20 = 0, and 

a cos'0 -}■ b am\/> = (a sin^^ -f h cos'0) cos'^ + c sm*9 > 0, 
we shall therefore obtain the following systems of solutions if a, 5, c be 
unequal : 

i. COB0 =» 0, a coB^ + b sin'0 = c> 0, or cos'0/(( - c) = sin"0/(tf - a). 
iL a 0, a a 5 cos'^ 4 e sinV > 0, or co8*0/(<? - a) «= sin"6/(a - 6). 
iii. 0ei7r, 6sacos'^4 6sin'd>0, or co8V/(c-5) = sin*0(6-a). 

If a,b,che of the same sign and in order of magnitude, iii will be the only 
admissible solution, and the cutting plane must pass through the axis 
corresponding to the mean coefficient. 

If a and b be positiye, c negative, 6 > a, ii will be the only solution. 

If a be positive, b and e negative, there will be no plane circular section 
through the origin. 

153. Transformation from, one system of coordinates to another 
• having the same origin^ both systems being oblique. 

Let Ox^ Oy^ Os and Ox\ Oy\ Oz' be the two STstems ; On^ 
' On\ Ofi' the normals respectively to yz^ zx^ and xy^ and let nx 
denote the angle nOx^ and so for the others. Then the algebraical 
distance of a point whose coordinates in the two systems are 
respectively x^ y, z and x^ y\ z' from the plane oi.yz^ is x cosn;e, 
and is also x* cosnx' +y' cosw^ + z* cos7ti^\ 

/. (B cosna? = a?' cos^w;' + y' cos wy' + z' cosna', 
and similarly for y and z. 

154. Transformation from any one system of axes to any other. 
If we wish in any of the above transformations of the directions 

of the axes also to remove the origin, we may first remove the 
origin to the point (y, g^ h)j retaining the directions of the axes. 

, This will give x = x^ +/, y^y^ + g^ z=^z^ + h^ ar^, y^, «, being the 

I coordinates of a point {xj y^ z) referred to the system of axes 
through the new origin parallel to the primary system. Kow 

. changing the direction by transformations of the form 

i x^ = a^x' + a J/' + a,2', &c., 

I we see that the most general transformation possible is obtained by 
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formulae of the form 

z =h + CjX' + c,y' + Cg«'. 

155. To shew that the degree of an equation cannot be changi 
hy transformation of coordinates. 

We can now prove the important proposition, that the degree < 
an equation cannot be altered by any transformation of coordinatec 
the degree of an equation meaning the greatest number which ca 
be obtained by adding the indices of the coordinates involved in an 
term. For let -4afyV be a terra in an equation of the n^ degrei 
such that p + q + r^n: this will be a type of all the terms of th 
ffi^ degree involved in the equation, any one of which may I 
obtained by assigning to Ay p^ q^ r suitable values, ^ow on an 
transformation this term becomes 

A (/+ a,x' + ay + a/y (g + b^x'+ hjf'-k- h/)" (h + c,a:'+ cy -f c^z') 
and no term in this product rises beyond the degree j9 + q + r or 'i 
Hence the degree of an equation cannot be raised by transformatio 
of coordinates ; nor can it be depressed, for if by any transformatio 
the degree be depressed, then on re-transformation the degree ( 
the equation so depressed would be raised to its original valu< 
which we have seen to be impossible. 

156. Relations between coefficients of a ternary quadric befot 
and after transformation of coordinates. 

We notice here that in the case of quadric functions, relation 
between the coefficients in the original and transformed function 
may be obtained without the use of the formulse of transformatior 

The method of obtaining these relations depends upon tb 
consideration that, if a quadric be the product of two linear facton 
it will still be so after any transformation of coordinates has beei 
effected. 

The square of the distance of any point (a;, y, z) from the origi] 
being a3* + y' + 5?*, if the axes be rectangular, this expression will b 
unaltered in form when a change is made from one set of rectangula 
axes to another having the same origin. 

Let u=ax*'^by* + cz* + 2ayz-{-2b'ex + 2cxy be any temar 
quadric, and let h be supposed so chosen that h^x^+y^-^z*)-] 
snail be the product of two linear functions; the condition tha 
this shall be the case is, Art. 91, 

(A - a) (A - b) (h -c) -a'* (A- a) « i" (A - b) -c'« (A - c) - 2a'JV=0 
shewing that there are generally three such values of A. 

Suppose now that, on transformation to another system o 
rectangular axes, u becomes 

v=jxx^ + /8y' + 7^' + 2a'yz + 2ffzx + 2y'xyj 
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then A (a^ + y' + js*) — V will for the same values of h be the 
product of two linear factors ; 

.-. (A-a)(A-/3)(A-7) 

The two cubics' being satisfied by the same values of A, we may 
equate the coefficients and obtain three relations 

^ a + J+c = a + )8-f 7, 

Jc + ca + aJ-a"-J"-c'* = i87 + 7a + ai8-a''-/8"-7'', 

I ahc - aa^ - W - cc" + 2a'J V = aPy - aa'* - )8/3'' - 77" + 2a')8y, 

■these three functions of the coefficients, a-fft + c, &c, are called 
^invariants of the quadric, being equal to the same functions of 
, the corresponding coefficients of the transformed quadric. 

157. In the more general case of transformation from any 
system of axes to any other, the square of the distance of (x, y^ z) 
from the origin being 

a;' + y' + «' + 2y« cos \ + 2:505 cos yn + 2xy cos v, 

it is easily seen that the two cubics which determine h will be 
of the form 

(A-a)(A-J)(A-c)-(Aco8X-a')'(A-a)-... 

+ 2 (A cosX - o!) (A cos/* - V) (A cos v - d) - 0, 

and the corresponding invariants are the ratios of the coefficients to 
the coefficient of A'. 

158. To transform from rectangular to polar coordinates. 

In the cases in which polar coordinates are required to be 
used, we may first transform the axes so that the axis of 2; is 
parallel to the line from which d is measured, and the plane of 

• zx parallel to the plane Arom which ^ is measured. If when 
referred to these axes the coordinates of ^ the pole be /, g^ A, the 
formulas expressing the rectangular in. terms of the polar co- 

. ordinates will be 

a;=/+r sin^cos^, y = ^ + r sin^sin^, i5 = A + rcos^. 

159. To transform from a four-plane to a three-plane coordinate system. 
This is effected by the substitution of p- Ix-my^m for x, and by similar 

* substitutions for y, z, to. 

If the three planes terminating in 2> be taken for the three-plane system, 
y and I, m, n be the sines of the angles which the edges DA, D£, DC make 
. with the planes DBC^ DC Ay DAB respectively^ we shall have to write 

Ix, my, nz for x^ y, «, and «o (1 - Ix/p^ - myfq^ - nz/r^ for v) to effect the 

transformation. 
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16D. To transform from one four-point coordinate system to another. 

If the equations of the fundamental points of the second system, referred to 
the first, be \p ^' fiq -i- »r ■¥ ps ^ 0, &c., and p, q, r, s; p', q', /, <', be the 
coordinates of any plane in the two systems, 

^'=:(\/> + ^j + iT + />«)/(X + /4 + i» + />), &c. Art. 116, 
from which equations the formulae required for transformation can be deduced. 



XIV. 

(1 ) If lim^if Lm^^t h^i^H ^ ^^® direction-cosines of a s^tem of rectangular 
axes, and if a//i+6/m,-fc/n^=0, and fl/i+6/m,+c/n,aO, then will a/^+6/i}i,+c/fts«0y 
and a:b :e :: IJLJt^ : mim^m^ : n^nj%^ 

(2) If fl/i' + 6mi« + cni* = ai,* + 6m2* + cn,* = fly + Jm,« + cn8* = 0, 
shew that l^ - in,* : l^ - m2 : V - m^ : : m^ - ni : m* - n% i m," - »i8*» 
and that l^ (m^, + m^^ + ^ {mjft^ + m^n,) + /, (m,«, + m,ni) « 0. 

(3) Transform the equation ys + sx + xy a a*, referred to rectangular axes, 
to an equation referred to another system, one of which makes equal angles 
with the original axes. 

(4^ Shew that, by the same transformation as in the last problem, the 
equation a:*-f^ + s* + y£-i-»r4aryaa'is reduced to the form 4a:* + y* + ji^ s 2a'. 

(5) Proye both analytically and geometricfedly that, if the three straight 
lines, each of which is perpendicular to two of three other straight lines, be 
perpendicular to each otner, the other three straight lines will be at right angles 
to each other. 

(6) The straight lines bisecting the angles between the straight lines given 
by the equations Ix + my + ns » 0, ox* + ^hxy + c^s 0, lie in the two planes 

^•{alw-6(n« + r)} + a:y{a(m* + n«)-c(n« + r)}-y*{i?/fn-6(m« + n«)} = 0. 

(7) The equations of the straight lines bisecting the angles between the 
straight lines glTen by the equations h + my + ns » 0, aa? -f dy* + cz* « 0, may be 
put into the form £r -I- my + ns » 0, and 

W{-^(6-c) + m»(c-a) + n«(a-5)l 
+ my{ r{6-c)-m"(c-o) + n'{a-6)} 
+ «V { ^(6-c) + m*(c-a)-n*(a-5)} = 0. 

(8) The straight lines bisecting the angles between the two lines given by 
the equations 2a; -f my + its - 0, aa* + fty' + ci^ 4- 2o'y2 -f 2Vzx 4- 2e'j:y « 0, lie on the 
cone a*(c'n - h'm) +... ■!-...+ yz [e'm - h'n + (c - 6) I) +...+... = 0. 

(9) If ««• + 6y" + «■ become ap + pt? 4 rf^ by any transformation of 
coordinates, the positive and negative coefficients will be in like number in 
the two expressions. 

(10) Employ the method of Art. 156 to reduce the equation ' 

«• + y* + Jy« ^-tx^c^t to the form «• 4 }y* - J«* = a** 

(11) Shew, by transfoilnation of four-point coordinates, that the centre of 
mvity of a tetrahedron is also the centre of gravity of the tetrahedron formed 
by joining the centres of gravity of the faces. 

(12^ Shew, by the same method, that the centre of gravity of the surface of 
a tetranedron is the centre of the sphere inscribed in the tetrahedron formed 
by joining the centres of gravity of the faces. 



CHAPTER X. 



ON dEBTAIN SUBFAOES OF THE SECOND DEGBEE. 

161. Before proceeding to discuss the general equation of the 
lecond degree, we think it advisable for the student to render 
limself familiar with some of the prorperties of the surfaces which 
ire represented bj the ^neral equation. We shall therefore 
ntroduce him to the equations of these surfaces in their simplest 
forms, in which the axes of coordinates being in the direction of 
lines symmetrically situated with regard to these surfaces, the 
nature and properties of the surfaces will be more easily deduced. 
We hope that by following this plan we shall assist the student 
to understand more clearly the methods adopted in the general 
equations. 

For this purpose we shall give geometrical definitions of the 
surfaces, and deduce equations from those definitions ; and we shall 
shew vice versd how from these equations the geometrical construction 
of those surfaces can be deduced. 

The Sphere. 

162. To find the equation of a n>herei 

Def. a sphere is the locus of a point, whose distance from 
a fixed point is constant. The fixed point is the centre and the 
constant distance the radius of the sphere. 

Let (a, by c) be the centre of the sphere, d the radius, (a?, y^ a) 
any point on the sphere ; .*. (a? — a)' + (y — J)' + (« - c)* = d^* 

This equation may be written in the general form 

«' + y' + «' + ^a? + %+C« + 2) = 0, 
the equation required. 

163. Since the general equation of the sphere contains four 
arbitrary constants, the sphere may be made to satisfy four specific 
conditions. 

It may be seen from geometrical considerations that, when four 
conditions are given, there may be only one sphere, or a limited 
number, or an infinite number of spheres, which satisf^^ the 
equations ; at the same time the four conditions must be consistent 
with the nature of a sphere, and if this be the case, and the 

L 
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conditions be independent, there must be a limited number oi 
spheres satisfying those conditions. For example, if four points b 
given through which a sphere is to pass, no three points can lie ii 
one straight line ; and if four points lie in one plane, they must alac 
lie in a circle, otherwise no sphere could pass through them, and l 
such a condition be satisfied, an infinite number of spheres can b< 
constructed, each of which will contain the circle in which the foui 
points lie ; if the four points do not lie in a plane, so that the foui 
conditions to be satisfied are independent, the sphere will b< 
completely determined. 

Again, if four planes be given, each of which is to be touchec 
by the sphere, no three of these must have one line of interseo 
tion, and the four cannot pass through one point, except under i 
condition, and in that case an infinite number of spheres can hi 
drawn, touching the four planes. In other cases, eight spheres can 
be drawn satisfying the conditions. 

Equation of a sphere under specific conditions* 

164. To find the equationofa sphere passing through a given point. 
Let (a, i, c) be the given point, ana the equation of the sphere 

iB'+y' + «' + -4aj + £^y+ Ci + 2> = 0; 

.'. a' + J' + c' + ^a + £i+(7c + 2> = 0; 

.'. aj*+y» + «' + ^(a:-a) + -B(y- J)+ C(«-c) = a' + J» + c' 

is the equation required. 

If the given point be the origin, the equation will become 

and the sphere may be made to satisfy three more conditions. 

165. To find the equation of a tphere which passes through two given points 
in the axis of s. 

Let Ci, c, be the diBtances of the given points from O; when 4; = and y-0, 
the equation must become (z - Cj) (z - e,) » ; therefore the equation of the sphere 
is «« + y« + («-cJ(J!-O + -4x + JBy = 0. 

If the sphere touch the axis of 2, c, s c, = 7, 

.". «» + y« + 8» + -4x + 5y-27« + 7"»0. 

166. To find the equations of spheres which touch the three coordinate axes. 
Let the equation of any sphere touching the three axes be 

Since it touches the axis of x, let a be the distance from the origin ; therefore 
when g = and z » 0, x* -1- 2Ax + D - 0, the roots of which are each equal to t a ; 
.-. A-^a and D^a\ 
Similarly, y' + 2Sy4a' is a complete square; 

.'. B-^-a-f so also Cb'^o^ 
and the equations of the spheres which satisfy the given conditions are 
a:* + y* -f «• + 2ax + 2ay + 2az + a* = 0, which are eight in number for any given 
value of a, corresi)onding to the different compartments of the coordinate 
planes. 
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167. Tojind the equation of a aphwe touching the plane of xy in a given 
jtnt. 

Since the sphere meets the plane of xy only in the given point {a, b, 0], 
hen « = 0, the equation must reduce to (af-a)" + (y-6)* = 0; therefore the 
squired equation of the sphere is (a: - a)' + (y - 6)* + 2* + 2Cfc = 0. 

168. Interpretation of the expression 

n the equation of a sphere. 

Let the equation of the sphere be 

md {x\ y\ z) be any point Qy G the centre of the sphere, and let 
I straight line through Q intersect the sphere in the points P, P\ 
ind have for its equations (x — x)jl =^ (^y - y^lm =^ (z — z*)ln ^ r \ 
herefore at the points P and P' 

f r^, r, be the roots of this equation, 

therefore the left side of the equation for anj point (a-/, y\ z') is 
QP.QPyoT^QP.QF, 

according as Q is without or within the sphere. 

If Q be without the sphere it will be the square of a tangent 
drawn from Q to the sphere. 

If Q be within, it will be the square of the radius of the small 
circle on the sphere whose centre is Q. 

Dep. The product of the segments QPj QP' is called the 
power of the sphere with respect to Q. 

Cor. All tangents drawn from an external point to the sphere 
are equaL 

169. To find the equation of the radical plane of two spheres. 
Dep. The locus of points, with respect to which the powers of 

two spheres are equal, is a plane called the radical plane. 
Let the equations of the two spheres be 

(aj-a)* + (y-J)'+(«-c)'-d' = M = 0, 

I and(aj-a7 + (y-J7+(i5-c7-d'' = w' = 0. 

The equation of the radical plane Ib therefore u — u' => 0. 

170. To shew that the six radical planes of four spheres intersect in one 
point 

Let tfsO, w' = 0, t^'»0, vl" = be the equations of the four spheres in the 
above form. 

The equations of the six radical planes are given by m = «' = «" = u"\ which 
intersect in one point determined by these equations. 

Def. The point of intersection of the six radical planes is called the radical 
centre of the four spheres. 
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Cylindrical Surfaces, 

171. It has been seen that the locus of an equation F(x^ y)= (^ 
which involves only two of the cordinates, is a cylindrical surface 
of which the generating lines are parallel to the axis of thj 
omitted coordinate. We shall now shew how to obtain the equatioij 
of certain cylindrical surfaces in which the generating lines are ia i 
general direction. 

172. To find the equation of the cylindrical surface^ whosi 
generating lines are in a given direction and guiding curve a centra^ 
conic tranced on the plane of xy. 

Let the equations of the guiding conic be 

oa^' + jy = 1, and « = 0; (1) j 

and (Z, 971, n) the direction of the generating lines. 
Let the equations of any generating line be 

nx^lsf + a, and «y = 7ii« + )8. (2) j 

At the point of intersection of the generating line with the 
guiding curve, the values of a?, v, zin (1) and (2) being the samej 
we obtain as a general equation, after eliminating a;, y and Zj 
aoL* + h^ =s n' (3), and since this is true for all positions of the 
generating line, eliminating a, fi between (2) and (3), 

a (nx — hy + h (ny — mzy = n', 
is true for every point in the cylindrical surface, and is therefore 
its equation. 

Conical Surfaces. 

173, Def. a conical surfajce is a surface generated by a 
straight line which constantly passes through a given point, called 
the vertex, and is subject to some other condition. 

174. To find the equations of a conical surfacej whose vertex is 
the origin^ generated by a straight line^ of which a guiding curve is 
a central conic^ whose centre is in the axis of Zj and plane parallel to 
the plane of osy. 

Let the equations of the cuiding conic be aa^ + &y'=>l, and 
«=c n), those of a generating line in any position, ic=a«, y=/8«. (2) 

Eliminating a;, y, <;, the coordinates of the point in which the 
generating line meets the guiding curve, which therefore satisfy (1) 
and (2) simultaneously, we have aaV+ii8'{j*= 1 (3); and since 
this equation is true for every position of the generating line, 
eliminating a, /8 from (2) and (3), we obtain ax' + by* = z*lc\ which 
is the required equation of the surface. 
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175. To find the equation of the conical surfacej whose vertex ia 
^^y given pointy and of which the section hy the plane of xy is a 
central conic whose axes are on the axes of x and y. 

Let the coordinates of the vertex be /, g^ A, and the equations 
of the guiding conic be 2; = 0, and aa? + i^' =3 ] ; and let the 
equations of anj generating line be 

x-f^a(z-h\ and y-g-=-fi(z-h); (1) 

where this line meets the ellipse x =/— oA, y = g- fih] 

.'.a(/-ahy + h(ffz-Ayy = (z-ky; (2) 

eliminating a and from (1) and (2), we obtain for every point in 
the surface a (fz — hx)* + b (gz - Ay)' = (« - A)', which is the equation 
required. 

Cob. 1. If l^ m^ n he the direction-cosines of any generating 
line, a (fn — hl)^ + b (gn — Am)' = n\ 

Cor. 2. The equation of an oblique circular cone is 

(fz-hxy + (gz^hyy^a\z^hy, 

a being the radius of the circle in the plane of xy. 

176. To shew that there are two systems of circular sections of 
any oblique circular cone. 

When the circle which guides the motion of the generating line 
has equations z=^O^a?-{-y* = a*^ the cone will be perfectly general, 
if we take the vertex in the plane of zx^ and therefore j^Ojh for 
its coordinates. 

The equation of the cone will then be, as in the last Article, 

(/^_&c)» + Ay = a'(ij-A)'; 

this may be written in the form 

A»(a:»+y» + «"-a") = «{2/Aaj-(/»-A'-a")«-2Aa"}. 

Hence, if the conical surface be cut by either of the planes 

« = «, or2/Aa;-(/"-A»-a")«-2Aa* = )9, 

the points of intersection will satisfy an equation of the form 

0?" + y" + a" + 2u4a: + 2Bz + i) = 0, 

for all values of a and )8, and the sections will therefore be plane 
sections of a sphere. 

Therefore, there are two series of circular sections made by two 
systems of parallel planes. 

177. The trace of the cone on the plane of «a?, putting y = 0, 
has for its equation (/s- Aa;)*- a*(« — A)' = 0, being the two 
generating lines which lie in that plane ; and the equation of two 
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planes In opposite systems, giving circular sections, is 

(i5-a){2/*a?-Cr-A*-a')i'-2Aa*-/8}=0; 

adding these equations we have A* (a;* -f «* + Ax '\- Bz-V C) a= 0, 
which shews that the four points, in which these generating lines 
meet the two circular sections, lie In a circle ; hence the first system 
of planes makes the same angle with one generating line which the 
second system does with the other. 

The Spheroida. 

178. Def. a spheroid may be generated by the revolution of 
an ellipse about either axis. 

If the axis of revolution be the minor axis, the surface Is called 
an Oblate Sphiroid^ and If the major axis, a Prolate Spheroid. 

179. To find the equation of a spheroid. 

Let the centre be taken as origin, the axis of revolution that of z^ 
and let P be a point (a?, y, z) m the ellipse CPA^ which Is the 
position of the revolving ellipse, when Inclined at any angle to the 
plane ««, Oif= 0?, MN—y^ NP^Zy OA^^a, OG^c] 

.\ OIT'la'-^-NP'Ic'^ly or(a:*+y«)/a« + «7c'=l. 




This is the equation of an oblate or prolate spheroid according 
as c Is less or greater than a. 

The Ellipsoid. 

180. Def. An ellipsoid may be generated by the motion of a 
variable ellipse, which moves so that its plane Is always parallel to 
a fixed plane, and which changes its form so that Its vertices lie in 
two ellipses having a common axis traced on planes perpendicular 
to each other, and to the fixed plane. 



THE ELLIPSOID. 
3 81. To find the equation of an ellipsoid. 
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Let QENhQ a variable ellipse in any position, Q, R being its 
vertices lying in two ellipses AC^ BGy traced on perpendicular 
planes, taken for those of zx and yz ; the plane of acyj to which 
the variable ellipse is parallel, being the plane containing the semi- 
axes OA, OB. 

Let a, c, and b^ o, be the semi-axes oi AG and BG^ and (a;, y, z) 
any point P in QR^ and let PM be perpendicular to QN. 

Then, y^lRN^ + x^lQIPr^l. and, since Q is a point in the 
ellipse A C, QlPja' = 1 - z'/c', similarly RIP/b' = 1 - «>', 

which is the equation required. 

182. To construct the surface whose equation is 

Let the surface be cut by a plane whose equation is = 7 ; the 
projection of the curve of intersection on the plane of xy has the 
eauation a:ya'+y*/J*=l — 770*, therefore the curve is an ellipse 
whose semi-axes a, ^ are given by the equations 

a7a« = l-77c' = i8'/i'; 

hence the vertices lie in the two ellipses which are the traces of the 
surface on the planes of zx^ yz. 

Also, since a/a = )3/i, the variable ellipse remains always similar 
to a given ellipse, which is the trace on tne plane of ocy. 

The surface may therefore be generated by the motion of a 
variable ellipse, whose plane, &c., see Def. Art. 180. 

The Hyperholoid of one Sheet. 

183. Dep. The hyperbohid of one sheet may be generated by 
the motion of a variable ellipse, which moves so that its plane is 
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always parallel to a fitted plane, and which changes its form so 
that its vertices always lie in two hyperbolas traced on planes 
perpendicular to each other and to the fixed plane, these hyperbolas 
naying a common conjugate axis. 

184. To find the equation of a kyperboloid of one sheet. 

Let A Q^ BR be the hyperI>olas traced on the two perpendicular 
planes taken for the planes of zx^ ysi^ OG their common conjugate 
semi-axis being the direction of the axis of «. 




Let QPR be the variable ellipse in any position, P any point 
(a?, y, z) in it, QN^ RN its semi-^axes. Draw PM perpendicular 
to QN, then JCV=a;, PM^y, ON^a, and x'lQN^-^-y'lRN^^l, 
also, since Q, R are points in the hyperbolas, if OA = a, OB s= b. 
and 00=c, QN'ja'^zy+l^RN'lb^ .-. a;7a« + y7J« = «Vc«+ 1, 
or a?7a*+y7**~"W^*'*^j which is the equation of the hyperboloid 
of one sheet. 

185. To construct the surface which is the locus of the equation 
aj7a* + y7i"-«7c* = l. 

Let the surface be cut by a plane whose equation is £; &= 7, then 
the projection of the curve of intersection upon the plane of xy 
has tor its equation x*la* + y*lb* = 1 + t'/c*, which is the equation of 
an ellipse, whose semi-axes a, fi are given by the ec|uation8 
aVa* = 1 + 77c* = )3*/i*j therefore the vertices of the ellipse lie 
respectively on the nyperbolas which are the traces of the surface 
on the planes of zx^ yz. 

Also, since a/a=-^lb^ this ellipse is always similar to the ellipse 
which is the trace of the surface on the plane of xy. 
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Hence the locus may be generated by the motion of a variable 
ellipse which moves, &c. See Def. Art. 18.3. 

186. The locus may also be generated by the motion of a 
hyperbola, for, if the surface be cut by a plane parallel to the 
plane of yz^ whose equation is a; = a, the curve of intersection 
will be a hyperbola, the equation of whose projection on the 
plane of yz will be y*/** "" ^7^* = 1 — a^la^ ; let /8, 7 be the 
semi-axes of this projection. 

If a < a, /876'= 7*/c*= 1 — a7a*, hence the extremities of the trans- 
verse axis 2)3 will lie on the ellipse, which is the trace on the 
plane of xy. 

If a>a, I3'lb* = y*lc*-a*la*-lj hence the extremities of the 
transverse axis 27 will lie on the hyperbola, which is the trace on 
the plane of zx. 

187. Tofini the form of the surface at an infinite distance. 
If z be increased indefinitely, we have ultimately 

a^ja' -hy'l'b' = «7c* (1 + c'lz') = z^. 

Let this surface and the hyperboloid be cut by a straight line 
drawn parallel to Oz through a point {x\ y\ 0), and let z^^ x;„ be 
the corresponding values of Zy then 

a;7a« + y^jb* == z;'lc% and a^/a' + y^/i* = s,7c« + 1, 
••• W - V)/c' = 1, and 2?^ - £j, = c7(«, + ^,) ; 
if x\ or /, or both, and therefore z^ and «,, be indefinitely in- 
creased, «j — z^ will diminish indefinitely, and ultimately vanish ; 
.'. x^ja* + y^jb^ = z^jc^ is the equation of an asymptotic surface, wliich 
lies further from the plane of xy than the hyperboloid. 

This asymptotic surface is a cone, for, if it be cut b^ any plane 
whose equation is x/a = cos Oz/cj all the points of intersection 
will lie in the planes yjb — ±Andzlc. The surface is therefore 
capable of being generated by a straight line which passes through 
the origin, and is guided by the ellipse whose equations ara 
«7«* + yV^' = 1, and « = c 
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THE HYPERBOLOID OP TWO SHEETS. 



The figure shews the position of the conical asymptote relative 
to the hyperboloid. 

ABab is the principal elliptic section, A'Ra% A"Wc['V' the 
sections of the hyperboloid and cone made by a plane parallel to 
that principal section, at a distance OC=^c. 

The Hyperboloid of tvoo sheets. 

188. Def. The hyverhohid of tvoo sheets may be generated b^ 
the motion of a variaDie ellipse, which moves so that its plane is 
always parallel to a fixed plane, and which changes its rorm, so 
that its vertices lie always on two hyperbolas having a common 
transverse axis, traced upon two planes perpendicular to each other 
and to the fixed plane. 

189. To find the equation of the hyperboloid of two sheets. 

Let AQ^ AB be the hyperbolas traced on two perpendicular 
planes, taken for the planes of zx^ xy^ and having the common 
transverse semi-axis OA^ and let QPE be the variable ellipse in 
any position, whose axes are Qif, RM^ parallel to the plane oiyz. 
Take P any point (a;, y, z) in the ellipse, and draw PN perpen- 
dicular to RM. then uM^x^ MN^y^ and NP=^z*^ therefore, 
since P is in the eUipse, y'lRM^ + z^fQM^ = 1 ; 




7 



and if a, c and a, & be the semi-axes of the two hyperbolas AQ. 
AB, then Bif '/*' = ^^K " 1 « Q^^ 5 

.•.y/6' + «'/c' = a!7a»-l, or iB'/a'-y'/J'-«'/c' = l, 

which is the equation of the hyperboloid of two sheets. 

190. To construct the hcus of the surface whose equation is 

»'/a'-y'/J*-«7c'=l. 
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Let tbe snrface be cut by a plane wbose equation iBx^^a^ tbe 
equation of the projection of the curve of intersection on tbe plane 
of yz is y*/y + «7^ ~ ®7^' ~ h whicb, if a > a, is the equation of an 
ellipse whose semi-axes /3, y are given by the equations 

)8«/J' = a«/a'-l=77oS 
therefore the vertices of the ellipse lie in two hyperbolas, whose 
equations are a?'/*''"^'/*'"'^? ^^^ a?7^'""^V^'==^> which are the 
traces of the surface on the planes of xtf^ zx^ having a common 
transverse axis in the line Ox ; and since /Sjb = 7/0, this ellipse is 
always similar to a given ellipse, axes 2&, 2c. 

Hence the locus may be constructed by the motion of a 
variable ellipse which, &c. See Def. Art. 188. 

191. The locus may also be generated by the motion of a 
hyperbola; for, if the surface be cut by a plane parallel to the 



plane of a:^, whose equation is z^y^ the curve of intersection will 
DC a hyperbola, the equations of whose projection on the jilane 
of ay will be aj'/^' — y'/*' — ^ +77^'i wnich may be written 



be a hyperbola, the equations of whose projection on the jilane 
of ay will be aj'/a' — y'/*' — ^ +77^'i wnich may be written 
a?lci?'-y*ll?=^lj whose transverse and conjugate semi-axes will 



satisfy the equations a7a' = H-77<5' = i87i'. Hence the tranverse 
axis will have its extremities in the hyperbola, which is the trace 
on the plane of zx^ and the hyperbolic section will be similar to the 
trace on the plane of ay. 

192. To find the form of the hyperboloid of two sheets at an 
infinite distance. 

If X increase indefinitely, the equation x^la*=s^lb*'^g^lc^ + l 
shews that y, or z^ or both, will also be increased indefinitely, aud 
the equation becomes x*la^=yV + z^lc* ultimately. 

Let the hyperboloid, and the surface represented by this equa- 
tion, be cut by a straight line parallel to the axis of a;, drawn 
through the point (0, y , z')j and let a;^, a;, be the corresponding 




84 



THE ELLIPTIC PARABOLOID. 



valaes o( x; as in Art. 187, x^ — x^ diminishes indefinitely, and 
ultimately vanishes as ^^ or Zj or both, increase indefinitely; 
hence the hyperboloid of two sheets continually approximates to 
the form of the surface whose equation is a^/a'=sy7^* + ^7^i which 
is therefore called an asymptotic surface. 

Also, as before, this surface can be generated by straight lines 
drawn through the origin, guided by the ellipse whose equations 
arey'/i +«'^=l,a? = a. 

This asymptotic surface is therefore a cone on an elliptio 
base, and ues nearer to the plane of yz than the hyperboloid,j 



smce a;/<aj,', 



Its position relative to the hyperboloid is shewn in the figurej 
in whicn BC is the section made by a plane parallel to yz througU 
the extremity of the transverse axis, and i)Ej de are sections of 
the hyperboloid and conical asymptote, made by a plane parallel 
to yz. 

The Elliptic Pardbohid. 

193. Dep. The elliptic paraboloid may be generated by the 
motion of a given parabola, whose vertex lies in a parabola traced 
upon a fixed plane, to which its plane is always perpendicular, the 
axes of the two parabolas being parallel, and the concavities turned 
in the same direction. 



IS 



194. To find the equation of the elliptic paraboloid. 

Let xOy be the plane on which the fixed parabola OQ .^ 
traced, Ox the axis oi 0Q\ QR the axis of the moveable parabola 
QP^ P any point (a?, y, 9) in the parabola. 




Draw P^T perpendicular to QR^ and QU^ NMXo Ox, then since 
P is a point iu QP^ if Z, T be the latera recta of OQ and QPj 
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.-. t/'ll + z'ir^ 0U+ QN^ OM^x^ 
which Is the equation of the elliptic paraboloid. 

195. To construct the locus of the equation y^jl + «*/? = a:. 

Let the locus be cut by a plane, whose equation is y ^ ^, the 
projection of the curve of intersection upon the plane of zx has for 
its equation «' — Z' (a; — )8*//), which represents a parabola whose 
axis is parallel to the axis of a;, the coordinates of whose vertex arc 
yS'/^j ^1 ^; therefore the vertex of the parabolic section lies in the 
parabola whose equation i^y^^lx^ which is the trace on the plane 
of xy ; therefore the locus may be constructed by the motion of a 
parabola, whose vertex, &c. See Def. Art. 193. 

The Hyperbolic Paraboloid. 

196. Dep. The hyperbolic paraboloid may be generated by the 
motion of a parabola, whose vertex lies in a parabola traced upon 
a fixed plane, to which its plane is perpendicular, the axes of 
the two paranoias being parallel, and the concayltles turned in 
opposite erections. 

197. To find the equation of the hyperbolic paraboloid. 

Let xOy be the plane upon which the fixed parabola b drawn, 
Ox the direction of the axis of the parabola; let QR be the axis 
of the moveable parabola QP, parallel to Ox^ measured m the 
direction contrary to Ox. 




Draw PN perpendicular to QBj and QU^ NM to Ox\ then, if 
Pbe any point (J5, y, «) in QP^ OM^x^ MN^y^ and NF=z, 
Let Z, F be the latera recta of OQ, QP] 

therefore, Pi^ « r. ^J^, and QU^^l.OU^ 
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and QWIl - FN'/r ^OU^ QN^ OM^ 
•'• yV^ "" ^V^ = 03 is the equation of the hyperbolic paraboloid. 

198. To comtruU the locus of the equation M - «*/'' ~ ^* 

Let the locus of the equation be cut by the plane, whose 
equation is y = /8 ; the projection of the curve of intersection upoa 
the plane oizx has for its equation z^^T (^S'/Z— a;), which represents 
a parabola, whose axis is measured in the direction contrary to 
Or, and the algebraical distance of whose vertex from the plane 
yOz is ffjl] therefore the section by the plane y = iS is a parabola, 
whose latus rectum is 2^ and the coordinates of whose vertex ar^ 
fi^]{, /3, ; or, the vertex lies in a parabola traced upon the pland 
of osvj whose equation is^^lx. 

Hence the locus may oe generated by the motion of a parabola, 
whose vertex, &c. Hee Def. Art. 196. 

199. The locus may also be generated by the motion of an^ 
hyperbola ; for if it be cut by a plane parallel to that of yz on thc^ 
positive side, whose equation is a; = a, tne equation of the projectioi^ 
of the curve of intersection on the plane of yz will be y'/Z- «7^ = ^i 
whose transverse and conjugate semi-axes, /8, 7, will satisfy the; 
equations ff=^la and 7" == — !^a, the extremities of the transverse 
axis will lie in the trace on the plane of xy^ and the conjugate axis 
will be equal to the double ordinate of the trace on the plane of zx^ 
corresponding to as = — oc 

K it be cut by a plane parallel to yz on the negative side, the 
section will be an hyperbola whose transverse axis will be in the 
direction of Oz, 

If a = 0, the hyperbolas will degenerate into two straight lines, 
which is the intermediate form in uie transition. 

200. To find the form of the hyperbolic paraholoid at an infinite 
distance. 

If y. and z be indefinitely increased while x : z remains finite, 
yVZ=««(l + ric/0/r = «Vr ultimately; .\yl^l^±zl^jr, 
and if these planes and the hyperbolic paraboloid be cut by a 
straight line parallel to Oy, drawn through a point (a/, 0, z')^ y^, y, 
the corresponding values of y will be given by the equations 
y;A = ^/?/,andy.7i-i.-/Z=.a/; 
••; y."-yi" = ^')pry,-yj«Zaj'/(y,+y,). 
Therefore, if x' remain finite or small compared with y^ or y„ 
y,— y will diminish as z' increases, and will ultimately vanish; 
and the two planes, whose equations are y/VZ = ±is/Vf, will give 
the form of the surface at an infinite distance for finite values of x^ 
or for values of x which are small compared with y or z. 1 

These planes will not form an asymptotic surface, except for 
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points at which x yanishes compared with y or z, since y,— y, will 
not ultimatelj vanish in any otner case, and similarlj for z^ - z^. 




• The figure is intended to shew the position of the asymptotic 
I planes with reference to the hyperbolic paraboloid* 

Ox is parallel to the axis of the generating parabola, of which 
OB is one position in the plane of zx. 

PApj r'Ap* are opposite branches of a hyperbolic section 
perpendicular to Oac, the asymptotes of which ItCR\ rCr are 
sections of the asymptotic surface, AA^ the transverse axis being 
parallel to Oy. 

LL\ It are the traces on the plane of yz of both the paraboloid 
and its asymptotic surface. 

QB^ is a branch of a hyperbolic section on the negative side of 
Ojj, the two asymptotes of which 80' 8' y sO's are sections of the 
asymptotic surface, and the transverse axis BO' is parallel to Oz, 

201. To shew that the elliptic and hyperbolic paraboloid are 
particular cases of the ellipsoidj or one of the hyperbohids. 

Let aj*/a"±yVJ*±«Vc'^=sl be the equation of an ellipsoid or 
byperboloid, and let the origin be removed to the point (— a, 0, 0). 

The transformed equation is a?ld^ ± ifjV ± ^'/c* = 2a?/a. 

Let a, J, c become infinite, while i'/a, 
titles, and denote these by I and V. 



c^ja remain finite quan* 
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The equation may then be written x^la±t^jl±z^/V ^2x^ which 
has for its limit, when a is infinite^ ±y^ll±e*il »2a;, which is the 
equation of an elliptic or hyperbolic paraboloid. The assumption 
that VJa and c^ja remain finite is the same thing as assuming that 
the latera recta of the traces on the planes xu^ zx^ respectively, 
remain finite when the axes become innnite, and the corresponding 
ellipses or hjrperbolas become parabolas. 

It is obvious from the abovci that the elliptic paraboloid is a 
limiting case of either the ellipsoid or the nyperboloid of two 
sheets, and the hyperbolic paraboloid of the hyperboloid of one 
sheet. 

202. The surfaces of the second degree, which we have been 
discussing, have equations of the two forms, 

Aa?^Btf-\-Cz^^D, (1) 

and JBy'+Cfe» = ^a?; (2) 

and it will be shewn in a succeeding chapter that the equations of 
all surfaces of the second degree may by transformation of coordi- 
nates be reduced to one of these two forms. 

The first form of equation includes all surfaces which have a 
centre at a finite distance, and the second those which have a 
centre at an infinite distance. 

In the equation (1), if — aj, — y, — « be written respectively for 
a?, y, z^ the equation will not be altered ; therefore if (a;, y, z) 
be a point in the surface, (— a;, — y, — «) also will be a point in 
it, so that if POP' be any chord through the origin 0, the chord 
will be bisected in 0, and will be a centre of the surface. 

Also, for any values of y and 0, the values of x are equal and 
of opposite signs, therefore the plane of yz bisects the chords 
whicn are drawn perpendicular to it; and a plane which bisects 
the chords drawn perpendicular to it is callea a principal plane 
of the surface. 

Hence the planes a^, yz and zx are principal planes of the 
surface. 

It is evident that the planes of zx^ xy are principal planes of the 
surfaces whose equations are of the form (2). 

The sections made by the principal planes are called principal 
sections. 

That the surface represented by (2) may be considered to have 
a centre at an infinite distance may be shewn by considering this 
equation as the limiting form of (1) when the origin is transferred 
to a point (— a, 0, 0), a being determined by the equation A6f=^D. 
The equation (1) will then assume the form Aa^+By^-^- Cz^=-2Aaxj 
and this surface has a centre on the axis of a;, at distance a from 
the origin. 

Now, if we suppose A to vanish, while Aa remains finite, an 
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^uation of the form (2) is the result. But to satisfy theae 
conditions a must be infinitely great ; hence a surface represented 
by (2) has a centre at an infinite distance on the axis of Xy 
and also a third principal section, parallel to the pUue of ^m, 
at an infinite distance. 

203. Considering the peculiar importance of the properties 
of surfaces of the second degree, and their frequent occurrence 
in the solution of problems, and the establishment of theorems, 
in all departments of physical science, we hava adopted a special 
term derived from the term Gontc^ invented by Salmon for the 
locus of the equation of the second degree in Plane Geometry. 

Def. The locus of the general equation of the second degree 
is called a Conicoid.^ 

XV. 

(1) A straight line is drawn through a fixed point O, meeting a fixed 
plane in Q, and in this straight line is taken a point P such that OP.OQh 
eoual to a given quantity; shew that P lies on a sphere passing through 0, 
whose centre lies on the perpendicular from O upon the plane. 

(2) Investigate the equation of a sphere conceived tci be generated by Ujb 
motion of a variable circle, whose diameter is one of a KVfiteni of parallel chords 
of a given circle, to which the plane of the variable circle ia perpendicular. 

(3) Construct the sphere whose polar equation is r = a abd coa0<> 

(4^ A straight line moves with three fixed points A, B, € in the three 
coordinate planes; shew that any other fixed point P of the straight line will 
lie on an ellipsoid whose semi-axes are equal to PA, FB^ and BC. 

(5) Find the locus of a point whose distance from a giren point bearfi 
a constant ratio to its distance, (i) from a fixed plane, (ii) from a £xed straight 
line. 

(6) Find the locus of a point which is equidistant 'from two fixed linei 
which do not intersect. 

(7) The locus of a point, whose distance from a fixed plane is alvvaya equal 
to its distance from a fixed Une, is a cone. 

(8) Shew that the elliptic paraboloid may be generated by a variable 
ellipse, the extremities of whose axes lie on two parabolas having a common 
axis, and whose planes are at right angles to each other, 

(9) Shew that an hyperboloid of one or two sheets degenerates into a cone, 
when its axes become indefinitely small, preserving a fix^itc ratio to each other. 

(10) Three straight lines, mutually at right angles, are drawn from the 
origin to meet the ellipsoid aVa" + y'/^* + 2*/c* = 1, shew that, if their knglha 
be fi, r„ Tj, then r{* + r,"* + r{* = a"* + .6"* + c"". 

(11) The curve traced out on the surface y^/h + ^/c = j*^ by the ei.tremitieB 
of the latere recta of sections made by planes through the axiti of x^ lies on the 
cone y* + z" = ^a?, 

(12) The locus of the line of intersection of two planer at right angles to 
each other, each of which passes through one of two straight linea, inclined at 
an angle 2a, and whose shortest distance is 2c, is a hyperboloid of one ^heet, 
one of whose axes is 2c, and the others are as cos a : ait) a, 

♦ The reasons for not adopting the term Quadric, which is employed by Salmon an^ 
approved of by many writers, are given in the Preface. 
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XVI. 

(I) Find the equation of the sphere which stands on the cirele s = 
(« - a)* + (y - by o r*, and which touches the plane y = 0, . Shew that the area 
which it cuts off irom the plane of ys is «-(&*- a') ; why is this result in- 
dependent of r ? 

(2^ The surface generated hy a straight line, revolving ahout a fixed 
straignt line, with which it is supposed rigidly connected, will he a cone, oi 
a hyperholoid, according as the straight lines do or do not intersect. 

(3) The lopus of the middle points of all straight lines passing through 
a fixed point and terminated hy two fixed planes is a nyperbolio cylinder. 

(4) Shew that a line which always intersects two given lines, and is per- 
pendicular to one of them, generates a hyperbolic paraboloid. Interpret the 
result when the two given lines are at right angles to each other. 

(6) The ellipse, whose equations are ax* -i- fty*-* 1, and x s m», rotates aboul 
the axis of z, prove that it always lies on the surface 
6(«' + /)-(6-a)fwV = l. 

(6) Prove that the cones on the elliptic base «Va* + yVJ*=l, ^ = 0, whose 
vertices are on the hyperbola «V(a* - 6*) - «Vft*= 1, y «> 0, are right circular, 

(7) Of two equal circles, one is fixed and the other moves parallel to a 
given plane and intersects the former in two points ; prove that the locus oi 
the moving circle is two elliptip cylinders. 

(8) If ^, B, Che the extremities of the axes of an ellipsoid, and AC,BC 
the sections containing the least axis, find the equations of the two cones 
whose vertices are A, i. and bases BC, AC respectively ; shew that the cones 
have a common parabolic section, and if I be the latus-rectum of this parabola, 
and ^1, 4 those of the sections AC, BC^ then V* » l{* + V*- 

(9) Through a focus of the spheroid xVa' + (y* + s'Ve' » 1, a > 0, a plane is 
drawn parallel to the axis of s, and makinff an angle with the plane of s^ ; 
prove that the section of the surface «7(a* - X*) + (y" 4 «")/(c« - X*) = 1 will be 
parabolic, if cos'^ « (a' - X')/(<i' - e*), and shew that its latus rectum 

(10) A straight line is projected on a plane which always passes through a 
given straight mie, shew that the locus of the projection is a hyperholoid 
of pne sheet or a plane. 

(II) The equation of th0 surface generfited by the revolution of the line 
(^ -/)/^ " (y - 9)/^ = (» - *)/« ^^^^ the line x/A = y/B = %/C is 

(/+'^)'+(^ + Wp)«+(A + llf>)»c=^ + y« + gi, 

where f> (LI + m5 + nC) '^A{X''/)-^B{y-g)^ C(z-k). 

(12) Find the locus of a point through which three straight lines can be 
drawn mutually at right angles, and passing through the perimeter of a curve 
whose equations are s « 0, and ok* 4 &y* - 1. 

(13) The trace of an ellipsoid on thie plane of xy is AB; shew that a cone 
which has AB for a guidine curve intersects the ellipsoid in another plane 
curve, and that the plane of this curve intersects the plane of AB in the polar 
with respect to AB of the projection of the vertex on that plane. 

(14) The axis of the right circular cone, vertex at the origin, which passes 
through the three lines whose directions are (/j, mi, ti J, (/„ mj, rh)p {.hi ffhi "i) 



la normal to the plane 



X, y, z, 

lit mi, «!, 1 

Iff w,, llg, 1 

/j, Wa, W3, 1 



CHAPTER XL 

ON GENERATION BY STRAIGHT LINES. 

204. In the preceding chapter we have shewn how certain 
surfaces of the second degree may be generated by the motion 
of ellipses, hyperbolas and parabolas. In the case of the cylinder 
and cone we have investigated the equations by supposing them 
to be generated by the motion of a straight line subject to certain 
conditions. 

We shall in this chapter show that the hyperboloid of one 
sheet, and the hyperbolic paraboloid, as well as the cone and 
cylinder, are capable of being generated by the motion of a straight 
line. 

But, before giving the analytical representations of the mode 
of generation by straight lines^ a general geometrical discussion 
may be found useful. 

205. Since a surface of the second degree can be intersected 
by a straight line in two points only, unless it should turn out 
that the line lies entirely in the surface, as in the case of a cylinder^ 
it follows that no straight line can intersect a plane section of 
the snrfkce in more than two points, and that every plane section 
must therefore be a conic. 

Now, if a plane be drawn containing a tangent td the principal 
elliptic section of the hyperboloid of one sheet and perpendicular 
to its plane, the curve of mtersection with the surface will, in con- 
sequence of the flexure of the surface being in opposite directions, 
be a conic which crosses itself at the point of contact, and the only 
conic having this property is two intersecting straight lines. 

Hence, uirougn every point of the elliptic section two straight 
lines can be drawn which lie entirely in the surface, and by making 
the plane travel round the ellipse, such straight lines sweep round 
the whole surface, which can therefore be generated in two ways 
by the motion of a straight line. 

206. If we take any two positions of the plane through 
tangents P2;P'r to the principal elliptic section APP'A^ their 
ine of intersection, which will be perpendicular to the principal 
plane, will intersect the hyperboloid in two points only Q^ Q\ and 
the two pairs of generating lines will be PQ, PQ' and P'Q, P'Q\ 
since no straight line common to the plane PQQ and the surface 
can meet (^^ except in Q or Q. 
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Thus, the orthogonal projections of generating lines on this 
principal plane are tangents to the principal elliptic section; and 
similarly for the principal hyperbolic sections. 

Also, throneh every point such as Q, two straight lines can 
be drawn which lie entirely in the surface: and it is evident 
that generating lines of the same system^ such as FQ and P'^, 
do not intersect. 

If a plane be drawn in any direction containing a generatbg 
line PQ, the conic of intersection must be two straight lines ; 
hence, the plane will contain another generating line, and these 
two generating lines will be of opposite systems, since they must 
intersect at a finite or infinite distance. 

Since PQ ia parallel to a generating line of the opposite 

?stem, drawn through the other extremity of the diameter through 
', the same conical surface will be generated by lines drawn 
through the centre of the hyperboloid parallel to either system 
of generating lines, and will moreover be of the second degree. 

207. No straight line^ which does not belong to one of the two 
systems of generating lines^ lies on an hyperboloid. 

For, if posstble^ let a straight line (0) lie entirely on the 
hyperboloid, then smce each system generates the whole hyper- 
boloid, (C) must meet an infinite number of straight lines of each 
system ; let two of these (-4) and (B) of opposite systems intersect 
(G) in two diflerent points, in which case a plane can be drawn 
through them intersecting the surface in three straight lines; but 
the section of a surface of the second order by a plane must be 
a curve of the second degree, therefore no such line as (C) can 
exist. 
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208. We leave it to the stadent to shew that a hyperbolic 
paraboloid may be generated in a similar way, and that the 
generating lines are all parallel to one or other of two fixed 
planes. 

It will thus be seen that, since no three lines of a cone of the 
second degree can be parallel to the same plane, unless the cone 
split up into two planes, this forms a complete distinction between 
the two cases in which the generating lines of conicoids are real, 
viz. the hyperboloid of one sheet and the hyperbolic paraboloid. 

209. To find ike surface generated by a straight line which 
meets three fixed non-intersecting straight lines. 

Let these fixed straight lines be {A\ (E)^ i(^)y these lines 
obviously lie on the surface in question. 

Now consider any plane through (^); it will meet (B\ and 
((7) in points Q, if, and in these points only, and QB will 
meet (A) in some point P; so that PQB is the only straight 
line ot the system lying in the plane. Hence this plane meets 
the surface in two straight Imes FQB and (^), which form a 
group of the second degree. But the section of a surface by a 
plane is a curve of the same degree as that of the surface. The 
surface in question is, therefore, of the second degree. 

The equation of the locus may be found in a simple form by considering 
the three given lines as edges of a parallelepiped which do not meet and taking 
axes through its centre parallel to those edges, the equations of which become 
y = b,z^-Ci « = c,ar = -a; fl? = a, y = -ft; now z^e^a{t/-b), z-c^fiix + a) 
give planes containing the first two edges, and may be taken for the equations 
of the generating line, which intersects the third if e -i- 5a + ii)3 =: 0, 
/. c(« + a)(y-J) + ft(8 + c)(« + a) + a(y-6)(z-c) = 0, 
or ayzihzz-{'extf-{-abe=^Q. 

210. To find in what cases a straight line can be drawn through 
a given point of a conicoidy so as to lie entirely in the surface. 

Let the equation of the conicoid, supposed central, be 
ai:» + ^' + ca'=l, and let (/, g^ K) be the given point, Z, «i, n 
the direction cosines of the straight line supposed to satisfy the 
condition ; the coordinates of any other point at a distance r from 
(/) 9) ^) arey+ ?r, g + wir, A + wr ; hence the equation 

«(/+^»-)'+*(S' + 'wr)' + c(A + nr)'=:l, 
must be satisfied for all values of r; 

.-. aP + Jwi* + C7i' = 0, (1) 

afl 4 bgm^- chn = 0, (2) 

anda/* + 6/ + cA* = l. (3) 

(1) shews that one or two of the quantities a, 5, c must be negative ; 
let c be negative; then since, by (1), (2), and (3), 

[aV + bra') [aj ' + bg') - {afl + bgrn)' = (1 - ch') (- en') - c'AV, 
ab{gl-fmy + cn[^Oi (4) 
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benoe, unless a, ft, or c a 0, which are cases of cylindrical surfaces, 
ab must be positive, and therefore both a and b will be positive, 
since all three cannot be negative. 

Thus the central surface, on which a stridght line can lie 
entirely, must be the hyperboloid of one sheet. 

If the surface be non-central and its equation by^ + cz' =^ x^ the 
equation corresponding to (1) will be i9n'4on' = 0, which shews 
that the surface must be the hyperbolic paraboloid, since b and c 
must have opposite signs. 

In either case, for every position of the point (/*, ^, h) there are 
two straight lines which lie entirely on the surface. 

The hyperboloid of one sheet, and the hyperbolic paraboloid, can 
therefore be generated in two ways by the motion of a straight line. 

211. The equations (2) and (4) give the directions of the two 
straight lines through (/, ^, A), namely 

I m n 

±'s/{-cbla)g^c/h " ^^[-calb)f^cgh "" af^b^^ 

212. To find the angle between the generating linee tthieh erase at a given 
point. 

By applying the method of Art. 26 to equations (1) and (2) of Art 210, or 
by using the ratios I: mm giyen in the last article, it can be shewn that, if -^ 
be the angle between the generating lines of the hyperboloid jrVo'iyV^-sVc'-l 
which pass through a point at a distance r from the centre, 

2tfJc cot^ «;i (r» - rt" - &• + c"), 

where p is the perpendicular from the centre upon the (Slane containing the 
generating lines. 

Cor. If the generating lines be at right angles, the points lie in the 
intersection of the sphere r* = a* + ft" - c* with the hyperboloid. 

Analysis of Generating Lines* 

213. To find the generating lines of a hyperboloid of one sheet. 
The equation of the hyperboloid a?*/a'+y7**'"^V^*==l ™*y ^^ 

written in the form 

7?jc? +y*/6* = (cosa ± sina «/c)' + (slna T cosa «/c)", 

.-. a;/a = cos a ± sin a «/c and y/6 = sina T cosa «/c (1) 

satisfy the equation for all values of a; hence the two straight lines 
which, for a particular value of a, have these for their equations, 
lie entirely in the surface. 

By the variation of a we obtain two systems of straight lines, 
which lie entirely in the surface, and either of these systems 
generates the hyperboloid. These equations may also be written 
m the form 

{x — a cosa)/a sin a = (y — S sin a)/(- b cosa) = ± z/c^ 

from which equations it is manifest that straight lines drawn 
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parallel to them through the centre will lie upon the asymptotic 
cone. Hence also, no three generators of the hyperboloid can be 
parallel to the same plane. 

If z = OjX = a cos a, and y = & gin a ; therefore a is the eccentric 
angle of the point of intersection of the two straight lines (1) with 
the trace of the hyperboloid on the plane of ay. 

214. Any point of the hyperboloid may be represented by the 
coordinates a cos^ sec^, b sin ^ sec 0, c tan^, since these satisfy the 
equation for all values of and ^. 

If the points represented by these coordinates lie in the same 
generating line, and ^ must oe restricted in value ; to shew that 
either + <f>j or 0- <l> must be constant, it is only necessary to 
substitute the values of x, y, is in the equations of Art. 213 

{x/a — cosa)/ sin a = {yjb — sin a)/— cos a = ± «/c, 

where a is some constant angle. 

216. The projections of the generating lines upon the principal 
planes are tangents to the traces on those planes. 

For, the equations of the trace on the plane of zx^ and of the pro* 
jection of a generating line on the same plane being a^la'— tfji? ^ 1, 
and a^/a^s cos a ± sin a ie;/c, the values of z at their points of inter- 
section are given by the equation 1 — (co8a±sina«/c)' + «7^ = ^> 
which has eaual roots, the projection is therefore a tangent to the 
trace. Similarly for the trace on the plane of xy. See Art. 206. 

216. To shew from their equations that two generating lines of 
the same system do not intersect. 

The equations of two generating lines of the same system 

are a;/(iacosa±£;/csina, y/&»sina T£;/ccosa, 

and xja = cosa'± zjc sina, yjb = sin a' T zjc cosa ; 

if the two lines meet, we shall have at the points of intersection^ 

s= cosa — cosa' ± zjc (sin a - sin a'), 

and = 8ina- sina' ^^«/c(cosa — cosa'); 

.'. (cosa — cosa')* + (sin a — sin a')* = will be the condition (rf in- 
tersection, which cannot be satisfied unless a » a'. 

Similarly it may be shewn that the condition that the two 
generators of opposite systems defined by a, a' may intersect is 
cos* a — cos' a' + sin* a - sin* a' = 0, which is identically true. 

217. Tojlndthe loeus of the intersection of two generating linea of opposite 
systems, drawn through points in the principal elliptic section^ whose eccentric 
angles differ by a constant angle. 

Let /J + a, and /9 - a, be the eccentric angles of two points in the principal 
elliptic aectioni differing by a constant angle 2a. 
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The equations of the generating lines of opposite systems are 

a/a » cos QS -I- a) ± zjc sin (j3 + a), yjh » sin (^ + a) 7 s^e cos QS 4* a), 

and a/a = co8(j3-o)qFs/csin(/3-a), y/6 = sin (/3 - a) + s/e cos (/3 - a). 

At the points of intersection, by subtracting 

a sin/? sina + zjc sin)3 cosa, or 2/c s ± tan a, 

/. xfa = seco co8)3 and yjh = sec a sin/3 ifrhich giye «■/»• + yV5^* = 800*0. 

Therefore the locus required is the two elliptic sections, parallel to the 
plane of xy, which intersect the traces on the planes of &r, ys, at points whose 
eccentric angles are ± a. 

218. The generating lines can also be represented by taking 
for the parameter the eccentric angle of one of the principal 
hyperbolic sections instead of that of the elliptic section. Thus the 
equations of any generating lines may be written 

x\a = seca ± tana y/J, 
z\c = tana ± sec a y/ft. 

219. Another simple method is to take the equations in the 
form a?/a + «/c = X(l±y/6) and x/a- z/c^X^ [ITyjb) the double 
sign, both upper or both lower, corresponding to the two systems 
of generators. 

220. In this manner of considering generating lines there are 
two pencils of planes passing respectively through the lines 
a/a— «/c = 0, 1— y/J = 0, and a;/a+«/c = 0, l+y/6 = 0, and these 
pencils are homographic, since to each plane of one pencil cor- 
responds one and only one plane of the other, therefore : 

Every hyperhoUnd of one sheet is the locus of the intersection of 
corresponding planes of two homographic pencils of planes. 

221. If any four planes of one pencil be taken and also the 
corresponding four planes of the other, the two sets of four planes 
will have equal anharmonic ratios. For, if X^, X„ X„ X^ be the 
parameters of four planes of the first pencil, their anharmonic ratio 
wUl be (X,-Xj)(X,-Xp:(\-X,)(\-Xj, which will be un- 
altered if X'^ be written for X. 

222. The accompanying firare is meant to be a representation of the 
positions of sixteen generating lines of each system, corresponding to eccentric 
angles differing by \v. ABah is the principal elliptic section, ABah' and 
A"B^a*'b" are Uie parallel elliptic sections which intersect the conjugate axis of 
the hyperboloid at its extremities C\ C'\ the axes of which sections are in the 
ratio V^ : 1 to the axes of the principal sections. 

The generating lines through the extremities of the axes Aa, Bh intersect 
these two ellipses at points L', K\ and L", K", whose eccentric angles are {ir 
and }7, t.e. at the extremities of equi-conjugate diameters; and those through 
X, Kf the extremities of equi-conjugate diameters of the principal elliptic 
section pass through the extremities of the axes of the two ellipses. 

The two ellipses A'B'al and A"B"a" are the loci of the intersections of 
opposite systems of generating lines drawn through the extremities of conjugate 
diameters of the principal elliptic section. 



ANALYSIS OF GENERATINa LINES. 



97 



The figure serreB to represent that the intersections of generating lines of 
opposite systems drawn through points in the principal elliptic section, whose 
eccentric angles dijQTer by a constant angle, lie in an ellipse, the plane of which 
is parallel to the principal plane. As, for example, such pairs of generating 
lines as LB'i P'D, and BL\ PP'' 




223. To find the generating lines of a hyperbolic paraboloid. 
The equation of a hjrperbolic paraboloid, y*^6* — z'/c^ = 2x/a, ia 
satisfied for every point m the lines whose equations are 

y/6 ± zjc = 2a:/X and y/6 T z/c = X/a, (1) ^ 

whatever be the values of X; therefore giving X all values we 
obtain two series of straight lines, all of which lie entirely in the 
surface ; and these are the two systems of lines, which are recti^ 
linear generators of the paraboloid. The second of the equations 
(1) shews that the two systems of generators are parallel respectively 
to the two asymptotic planes whose equations are t/jb T zjc = 0. 
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224. To shew that generating lines of a hyperbolic paraboloid 
of the same system do not intersect^ and that those of opposite systems 
do intersect. 

Let the equations of two lines of the same system be 

ylb±slc==2xl\j ylb^zjc^Xfa^ 

and ylb±zlc — 2xl\\ ylbTzJc^X'/aj 

if the lines could intersect XssX', which is inadmissible, since the 
lines are supposed distinct. 

A^ain, changing the order of the signs in the second set of 
equations, the lines are of opposite systems ; if they intersect 

(X + V)/a= 2y/J= 2a;(X-' + X'^), 

(X-V)/a = T2«/c=-2a:(X"'-X'-'), 

the consistency of these equations proves that the lines of opposite 
systems intersect. 

225. To shew that the projections of the generating lines on the 
principal planes are tangents to the principal sections., 

The equations of the generating lines are 

ylb±zjc^2x(\ ylbTzld^X/aj 
and that of the projection on the plane otzx is ±2zlc=2xf\''\ja^ which 
meets the trace of the paraboloid on the same plane, viz. z^jif s^—^xja^ 
in two coincident points. 
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226. The figure on the preceding page is intended to represent the manner 
in which the hyperholic paraboloid is generated by straight hnes. 

HAK, H'A'K' are portions of the branches of a hyperbolic section made 
by a plane parallel to that of igz, catting Ox on the positiTe side ; JECB*, BCUf 
are the asjrmptotes of the section. 

FBF*^ QB'Gr are portions of the branches of a hyperbolic section parallel 
to yz on the negative side of Ox. 

A OA* and BOB are the traces. on the planes oixy and zx. 

The two sections are so chosen that the generating lines through B^ an 
extremity of the transverse axis of one section, pass through A^ A', the 
extremities of the transverse axis of the other. 

dO, d'Oe are the traces of the paraboloid on the plane ys, where the 
hyperbolic section (Regenerates into two straight lines. 



XVII. 

(1) Shew, by geometrical considerations, that the locus of intersection of 
two generating lines drawn through two points in the principal elliptic section 
of a hyperboloid of one sheet, whose eccentric angles di&r by a constant 
quantity, b two ellipses paralld to the principal plane, at equal distances from it. 

(2) Shew that there are two straight lines, and two only, which intersect 
four straight lines, no three of which are parallel to the same plane, and no two 
of which intersect. 

(3) The eccentric angles of the points in which the principal hyperbolic 
sections of a hyperboloid of one sheet are met by any generating line are com- 
plementary, and that of the point in which it meets the principal elliptic section 
18 equal to one of these. 

(4) Find at what points of the principal elliptic section of a hyperboloid the 
generating lines can be at right angles, and shew that the diameters parallel to 
the tangents at those points are equal to the length of the conjugate axis. 

(5) Prove that the points at a finite distance on a hyperbolic paraboloid, at 
which the venerating lines are at right angles to eacn other, lie in a plane 
perpendicular to the axis, 

(6) Prove that, if any straight line intersect three straight lines which are 
all parallel to the same plane without intersecting each other, the intersecting 
straight line will in all positions be parallel to another fixed plane. 

(7) The generating lines of the surface ys + sx + jry + o'^O, through the 
point (0, am, - a/m), are x (1 ± m) » am - y = :f {mz + a). 

(8) Where the planes x + y + s»±a meet the surface xy + ys + sx-t-a'eO, 
the generating lines of the surface are at right angles to each other. 

(9) If a right circular cone have three generators mutually at right angles, 
the secant of the vertical angle will be - 3. 

(10) If four generating lines intersect so as to form a quadrilateral, whose 
angiilar points taken in order are (^^^i), {^a</>,), (^«08)f (O^fp^, (see Art 214), 
prove that ^^ + ^, = ^2 + ^4> and 0i + ^3 = 0, + ^4. 

(U) A straight line moves so as to intersect each of the parabolas 
y* = ax, B = 0; z*s-&x, y^O; and to be always parallel to one of the planes 
yVa s ^fh ; shew that its locus is the paraboloid yVa - sV6 = x. 
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(12) Generating lines of the hyperboloid *•/«' + yV^' -«•/«*« 1 are drawn 
through points in the plane of xy, whose eccentric angles are a±A shew that 
their points of intersection are given by the equations 

dp : y : s : 1 a a cosa : 6 sina : + e sin^ : cos^, 

also that tha shortest distance d between two of the same system is given by 

4 sin'/3/«» = sin V«* + cosV*' + co8»)9/c*. 



xvm. 

(1) If three generating lines of the same system on a hyperboloid be 
mutually at right angles, the shortest distance between any two will lie on a 
generating line. 

(2) If two planes be drawn, passing respectiTely through two generating 
lines of the same system at the extremities of the major axis of the principal 
elliptic section, and intersecting in a third generating line, the traces of these 
planes on either of two fixed planes will be at right angles to each other. 

(3) If a ray of light be reflected between two plane mirrors, inclined at any 
finite angle, shew that all the reflected rays will lie on a hyperboloid of revolu- 
tion ; and find its position. 

(4) ««• + V + «;+«^ = Oisa hyperboloid of one sheet, shew that one 
system of generators is represented by any two of the equations i<i + ms - ity « 0, 
-Is-fmi-i-iiXBO, and /y-mx-fnc = 0. What is the other system? 

(6) The perpendiculars from the origin on the generating lines of the 
paraboloid x^/a* - //J* = 2z/c lie upon the cones {x/a ± y/h) (ax±by)-\^ 2«' = 0. 

(6) The perpendiculars from the origin upon the generating lines of the 
hyperboloid «•/« + y V*' - «V<^ = 1 lie upon the cone 

(&• + c*)" a^r* + (c* + «•) 6Vy = (a* - 5»)« cy«». 

(7) The angle between two planes, each passing through the centre, and 
through one of the generating lines at any point of a hyperboloid, is given by 
the equation 2r cot ^ = abc (/?■•- a"« - 6"« + c"*), r being the distance of the point, 
and p that of the plane containing the generating lines, from the centre of ti^e 
hyperboloid. 

(8) Jf 20 be one of the angles, between the perpendiculars from the centre 
on the venerating lines of a hyperboloid which pass through the point 
(a cos a, { sin a, 0), then will ^ 

c« (a' - 6«)« cot»« » a« (&• + O* cosec'a + ft* (c« + a*)« sec'a. 

(9) The tangent of the angle between the generating lines of the surface 
*V« - yVi = «i which pass through the point (/, gji\ is 

V(io6fft/Va4<y^/6) 
A + t(a-6) 

(10) Prove that if r be the distance of any point of the surface 
ys + S7 + 0^ -I- 2a* = 0, from the origin, the cosine of the angle between the two 
generating lines at that point will be (r* - 6a*)/(r* + 2a*), 
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(11) The cosine of the anele between the generating lines through the 
point {x, y, s) of the hyperboloid «Va + j^/b + «Vc = 1 is (X, + Xi)/(X, -» Xi), where 
\, \ are the roots of the equation 

«"/«(«+ ^)+yV*(*+M+«Vc(«+^)-o. 

(12) The straight line which is orthogonal to each of two non-intersecting 
generators of the hyperboloid jc* + ^ - s" « a*, becomes a generator of the 
opposite system when the two non-intersecting generators become consecutiye. 

(13} The generating lines of the hyperboloid ax*-¥ by* -i- »*« 1, at any point 
where it is met by the cone oV + l^y* + c"«*= 0, are both perpendicular to some 
other generating line. If the generators be themseWes at right angles, the 
point will lie on the sphere x* + 5^ -f s* ■ a'* + &~* -i- e'K Shew that these conditions 
cannot coexist unless a -f 6 -i- e = 0. 

(11) Shew that the shortest distances between generating lines of the same 
system drawn at the extremities of diameters of the principal elliptic section of 
a hyperboloid, axes 2a, 2b, 2c, lie on the surfaces whose equations are 

cjy/(«"+y")=±aiV(<^-6'). 

(15) Shew that, to an eye outside of a hyperboloid of one sheet, CTery 
generating line will appear to lie on another. 

If the eye be placed upon the surface of the hyperboloid whose equation is 
a«*+ ^4- Mi's 1, prove that the points, the generating lines through which 
appear to be perpendicular, will lie on a plane whose equation is 

(a + 6 +.c) {a/x + % + c^-l) = 2 (a*/x + 6Vy + «**»)» 
where (/, ^, h) is the position of the eye. 

(16^ If three generating lines of the same system be the edges of a 
parallelepiped, shew that the angular points of the pu'allelepiped which are 
not on the hyperboloid will lie on the hyperboloid «»// + y*/b* - syc" + 3-0. 



CHAPTER XIL 

8IMILAB ST7BFAGES. PLANE BEOTIONS OF 0ONICX}n}S. 
CYCLIC SECTIONS. 

227. We shall now consider the nature of the cnrYes in which 
a plane intersects central and non-central conicoids, and we shall 
at present consider these surfaces as given by equations in the 
simplest form, such as have been discussed in the tenth chapter. 

We shall examine the special cases in which the section 
made b^ a plane is circular, called a cyclic section, and the 

feneration of the central conicoids and of the elliptic paraboloid 
7 the motion of a variable circle, the plane of which is parallel 
to a given plane. 

Similar Surfaces. 

228. Def. Two surfaces are similar, say U and U\ wh^n for 
any point determined with regard to 27, and any two radii OP, 
OQy another point (7, and two radii O'P*, ffQ^ can be found 
for U\ such that z.POQ=-jlPVQ^ and 

aF'iagi: opiOq. 

229. From the definition it follows that if OA^ OB, OC be 
three arbitrary radii at rieht angles to one another in 27, three 
radii OA', OB, OC can be found also at ri^ht angles satisfying 
the above proportion, and if the direction cosines of radii OP and 
O'F referred to these as axes, in U and U' respectively, be equal, 
OPx O'F XI OA: OAl. 

The surfaces will be similarly situated when the lines OA, OB, 
00 Kre parallel to GA', OB, OG\ and in this case may 
always be chosen so that and O coincide, in which case the 
surfaces are said to be similarly situated with respect to ; this 
point will be the intersection of two lines PP\ QQ where P*, Q on 
one surface correspond to any two points P, Q on the other. 

230. The analytical expression is that, i£ /(x, y^ z) = be the 
equation of any surface, that of any similar and similarly situated 
surface will be 

/{\(a:-a),X(y-)8),\(«-7)} = 0, where OP^XOF. 

The number of conditions, which the coefficients of the equations 
of two surfaces of the n^ degree must satisfy is 

(n + l)(n + 2)(n + 3)/6-6, 
in order that they may be similar and similarly situated. 
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The terms of the highest degree in the two equations must he 
the same, except for a constant factor. 

Thus, in the case of the hyperboloids, they are similar if they 
have similar conical asymptotes. 

It will be seen that, according to the definition, hyperboloids of 
one and two sheets may be similar, as 

oaj* + Jy* — C2* = 1 

— ax^ — jy + ca* = 1, 

for imaginary radii of one drawn in the same direction as real radii 
of the other will be in the same ratio. 

231. Sections of the same contcotd by parallel planes are similar 
and similarly situated conies. 

Sections of similar and similarly situated oonicoids hy the same 
plane are similar and similarly situated conies. 

These propositions are easily proved by transforming the axes 
of coordinates, so that the plane of xy is parallel to the cutting 
plane, when the projection of any section, found by making z 
constant, will be represented by an equation in x and y, for wmch 
the terms of the second degree will the same. 

Hence, we can deduce that a plane section of a hyperboloid 
is a hyperbola if the parallel plane through the centre mtersects 
the conical asymptote in two of its generating lines. 

232. It is of great importance to observe that, when two 
conicoids are similar and similarly situated, the condition that the 
terms of the second degree are the same in each except for a 
constant factor, or, in geometrical language, that their real or 
imaginary asymptotes have their sheets parallel, may be stated 
as follows : ^' similar and similarly situated conicoids intersect the 
plane at infinity in the same real or imaginary conic." 

A particular case of this is that ^^ all spheres pass through the 
same imaginary circle at infinity." 

233. To determine the nature of the section of a conicoid made 
by any given plane. 

This may of course be done by the substitutions of Art. 151, 
but for surfaces of the second degree the plane sections will be 
curves of the second degree, so that simpler methods may 
advantageously be employed. If it be required only to discover ■ 
the species of conic to which the section belongs, we may effect 
this immediately, taking any orthogonal projection of the curve 
of section, since an ellipse, parabola, or hyperbola, will be projected 
into a curve of the same species, though in general of different 
eccentricity. The only exception is when the plane of section is 
perpendicular to the plane of projection, but as no plane can be 
perpendicular to all the coordinate planes^ there is at least one 
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of the coordinate planes which may, in any proposed case, be taken 
as the plane of projection, and which will not be perpendicular to 
the plane of section. 

As an example of this method, we may take the section of the 
paraboloid Jy* + «b' = a? made by the plane ti? + wiy + w« = 0. The 
equation of the projection of the curve of section on the plane 
of yz is I (Jy" + cz^) + ?wy + w« « 0, which is always an ellipse, or 
always a hyperbola, according as h and c have like or unlike 
siras. If Z=:0, the exceptionid case above mentioned arises, and 
twing the projection on zx we have the equation 

(n'J + w*c) a* = wi'a;, 
or the sectioti is parabolic, unless n'fr + mfc = 0, when it reduces to 
a straight line, the other straight line completing the curve of 
intersection being at an infinite distance. Hence, for the para- 
boloids, all sections parallel to the axis of the principal sections 
are parabolas, and all other sections ellipses for the elliptic 
paraboloid, and hyperbolas for the hyperbolic paraboloid. 

If, however, a more exact determination is required, it will be 
oonvenient to deal with the problem in the manner we propose. 

Plane Sections, 

234. To find the locus of the centres of all sections of a central 
conicoid made by parallel planes. 

Let aa?'-hJy* + c«* = l be the equation of the surface, and 
Ix + my '\- nz ^p that of one of the parallel planes. 

Any straight line drawn in this plane through the centre of the 
section will be bisected at that point. 

Let (^, 17, %) be the centre, r any radius of the section drawn in 
the direction (X, /*, v), therefore the values of r are given by 

«(f+>^r)'+ft(i7 + /*r)M-c(?+Kr)« = l, 
and, since the values of r are equal and of opposite signs, 

af\ + J17/A + ciy = 0, 
also, since the direction of r lies in the plane, we have 

iK + m/A + nv = 0, 
which equations being true for an infinite number of values of 
X : /ift : V, we have af/T= Jiy/wi^cf/n, (1); therefore the equations 
of the locus of centres of sections, made by planes whose direction- 
cosines are Z, m, n, are ax\l^ byjm = czjn. 

235. The equation for determining r, being 

shews that the parallel plane sections are similar, for, if (X'. fi\ v') 
be the direction of another radius r, r* : /* will be indepenaent of 
^, or constant for all the parallel sections, which are therefore 
similar and similarly situated. 



V 

% 



PLANE SECTIONS. 105 

236. To find thepontton of the cutting plane token the curve of 
intersection becomes a point^Uipse or line-hyperhola. 

The section becomes a point-ellipse, or line-byperbola, wben 
r = for all directions which make a\' + i/** + c/ finite, therefore 
a|' + brf + ci^ = 1 ; let V be the value of p for the position of the 
plane required, then by the equations (1) 

iJf + mi7 + wf P/a + wi'/J + w'/c ' 

/. «r' = P/a + m7i + w7c. 

The point«ellipse is when the values of >, /^, v given by 
aX' + 6/Lfc' + cv* = 0, and IX + wi^i 4 n v = are impossible, and the 
line-hyperbola when they are real. Now, it is not hara to shew 
that {ma\ - Jifif + abcv*m^ = 0, hence, the section degenerates to a 
point-ellipse when abc is positive, or for an ellipsoid and hyperboloid 
of two sheets, and to a line-hyperbola when abc is negative, or for 
an hyperboloid of one sheet. 

237. To find the magnitude and direction of the axes of any 
central plane section of a central conicoid^ and the area when the 
section is elliptic. 

The equations which connect the direction of any radius of 
the section by a plane, whose equation is Lc + wiy + wa = 0, are, 
as in Art. 234, 

(aX' + JAt*+cv*)r' = l=X' + A*' + v*, and 7X + m/tt + nv « 0, (1) 

.-. n*{(a7^-l)X* + (Jr'-l)/i'} + (cr'-l)(ZX+m/ii)* = 0, (2) 

is an equation which, for a given length r, gives generally two 
values of X : /i ; but if the given length be that of either semi- 
axis, the two values of X : /i will be equal, the condition for 
which is 

{(ar'-l)n' + (cr'-l)P}{(Jr»-l)n' + (cr"-l)wi'} = (cr»-l)*Pm*, 

.-. P(Ar*-l)(cr'-l)+...= 0, 

or P/(ar'-l) + mV(ir'-l) + «7(cr"-l) = 0, (3) 

this quadratic in r* gives the squares of the semi-axes of the section. 
If 2a, 2fi be the axes of the section, 

a"*/8"* = Pbc + rn^ca + n'ab^ 

and a"' + i8^ = P(ft + r) + wi'(c + a) + n'(a + i). 

When the section is elliptic its area 

= va/3 = w (Tbc + m^ca + n'a J)"*. 

Again, the coefficient of X' in (2) is n'(ar*- 1) + P(cr»- IV 
which, by (3), is easily reduced to — m* (cf^ — 1) {ai^ - l)/(^ — l^i 
hence the equation (2) becomes [(ai^ — 1) mX - (6r* - 1) Z/*}' = 0, 

.-. (ar'-l)X/Z=(Jr»-l)^/m = (cr*-l)v/ii, (4) 
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and, if we write a and ^ for r, these equations, with (1), will 
determine completely the directions of the two axes. 

The equations (3) and (4) might have been formed by making 
r^ a maximum or minimum, but we leave this to the student, the 
process adopted being more instructive. 

If only the area of the section be required, the area of its 

E rejection upon one of the coordinate planes, as that of oiy, multiplied 
y w'\ will be the area to be found. 

238. To find the direction of the central plane section whose axes are of 
a given magnitude, 

• The equation giving the axes in terms of the direction of the plane section 
is l^/{at* - 1) + my(ir" - 1) + ny{ef* - 1) = 0, ifrhence, if 7, ^ be the reciprocals 
of the squares of the given axes, 

l*he + m*ca + n*ah « 7^, 
/■ (6 + c) + m» (c + a) + n* (a + ft) = 7 + ^ 
/• + m« + n« =1; 
multiplying the second and third equations by - a, a*, and adding, we obtain, 
for the determination of /, m, and n, 

/«(a-6)(a-c) = (a-7)(a-«); 
similarly, m* (6 - c) (6 - a) = (6 - 7) (6 - t\ 
and »• (c - a) [c -h)^{c - 7) (c - i) ; 
the second equation shews also that if a, ft, c be in order of magnitude, ft must 
be intermediate between 7 and i. 

Hence, for a circular section, 7 ■« ft = ^ 

/. m = 0, and /"/(a - ft) = nV(ft - c) = l/(a - c). 

239. To find the angle between the real or imaginary asymptotes 
of aplane section. 

From the equation (a V + J/i' + ck*) r" = 1, it follows that when 
r = 00 , aX* + 6/a' -f cv* = 0, also ?X + «?/* + «v = 0, .'. if to be the 
angle between the asymptotes of the section, supposed hyperbolic, 
it may be shewn by the method of Art. 26 that 

^^^ ~ 2 V{- (Phc + m'ca + n'ab)] ' 
or it may be obtained directly from the quadratic in r'. Art. 237, 
since tan*^© = - iS'/a', .-. cot'to = (a* + /8*)7(- 4a'i8'). 

This gives the condition that cotci> will be real, infinite, or 
impossible as Pic + m^ca 4 n^ah is negative, zero, or positive, thus 
determining the condition that the section may be hyperbolic, 
parabolic, or elliptic. 

The nature of the central plane action may be determined from 
the discriminant of the quadratic (3) Art. 237 by reducing it to the 
form {P ( J - c) 4 w* (c - a) - «' (a - 6)}* 4 4Pwi* (a - c) ( J - c) ; also, 
by the same quadratic, if the section consists of two parallel 
generating lines whose distance is 2d^ d'^^^ria- c)bla+m'(h-c)alb. 

240. To find the area of any elliptic section of a central conicoid 
made by aplane not passing through the centre. 
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Let the equation of the plane be Ix + my + ne^pi the area 
of a central elliptic section has been shewn to be 

IT (Pbc + m'ca + n'ab)'^^ 
and any radius vector of the section considered is given bj 

(aX* + hpL* + cv*) r* = 1 - //tsr*, 
where «x* == P/a + m'/b + n'/c, ^ being the value of p when the 
section vanishes, and, since Pbc + m^ca + «*«i is positive, nr is real 
only when abc is positive, or for the ellipsoid and hyperboloid of 
two sheets. 

But if we take w for the value of p when the section of the 
hyperboloid of two sheets, which is conjugate to that of one sheet, 
vanishes, since in this case a, i, c have their signs changed 

Hence, if A be the area of the parallel central section of 
the ellipsoid and hyperboloid of one sheet, and of the hyperboloid 
conjugate to the hyperboloid of two sheets; and if A' be the 
area of the section by the given plane, since they are in the 
duplicate ratio of homologous lines, 

for the ellipsoid ^' = ul (1 - //tsr'), 

for the hyperboloid of two sheets A' = A (p^jtsr* - 1), 

for the hyperboloid of one sheet A'^A(1 +y/«r*), 

241. If we take two conjugate hyperboloids as^ -^ by* ■¥ c^ ss ± \, and the 
asymptotic cone to both, aJr + 6y* + cz* = 0, the area of the section of the 
latter may be found, from those of the former, by making a, b, e infinitely 
large, preserving their ratios. Hence if A^, ^„ A^ be the areas of the sections 
of the three surfaces made by any plane cutting them all in ellipses, and A 
that of the parallel central section of the hyperboloid of one sheet, we shall 
have ^,«^(l+pV«"), -43 = ^(py««-l),^8 = ^(/)7«*), whence ^i + ^a = 2^8, 
or the section of the cone Is an arithmetic mean between the sections of the 
two hyperloids. 

Also, if F" be the volume of the cone cut off by a plane touching the 
hyperboloid of two sheets, we shall have 

3 F = -4s« = ^«, /. 3 r = v/y/{abc), 
which is constant for all positions of the cutting plane. 

242. To find the locus of the centres of all sections of an elliptic 
or hyperbolic paraboloid made by parallel planes. 

Let b}^ + cz^ =■ 2a; be the equation of a non-central conicoid, and 
let the equation of one of the planes be hc-k-my -v nz =^, then 
using the same notation as in the last article, we obtain the 
equation ft (17 + fir)^ + c ( 5"+ vr)* = 2 (f + Xr), (1), and deduce for an 
infinite number of values of \ : fi. : v 

brjfi + cfi' — \ = and mfi + nv + ?\ = ; 

/. Jiy/wi = cf/n = - 1/Z, (2) 

thus, the locus of centres of sections made by planes whose direction- 
cosines are 2, fn, n is a straight line parallel to the axis of the 
paraboloid. 
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243. To find the position of the plane for whuA the section is a 
point-ellipse or line^hyperbola. 

{S} Vi t) beiDg the centre of the section, (1) becomes 

(J/A* + cv*)r' = 2f- V-cf*; also Zf + »ii7 + nf=p, 

.-. by(2)Z(Zf-p) = wVJ + nVc = ?(Ji;'+cr'); 

/. (V + cv') r* = 2pll + [m^lb + w'/c)/? = 2 (js> - isr)/Z suppose. 

The sections are ellipses, when r cannot be infinite, or when 
h and c are of the same sign ; point^ellipses when p^v. 

They are hyperbolas where h and o are of opposite signs, and 
the directions of the asymptotes are given by bfjf-^cv^^^ which 
shews that the asymptotes are parallel to the same two planes for 
all values of Z, m, and n. 

244. To find the magnitude and direction of the axes of any 
plane section of a paraboloid* 

The equation of the paraboloid being by* ^-cz*^ 2a;, and that 
of the cutting plane Ix^-my-^-nz = p, the equation connecting any 
central radius ot the section with its direction (X, //i, v) is 

(bfA^-hci^)r^ = 2(p-'Br)/l=^p suppose =p(\* + /i' + v*), 

and if r be the length of either of the semivaxes, this equation will 
give equal values of /i : v, 

{V ( Jr" - pj - m'p] [V (c7^ - p) - nV} = p'/w V, 
or Z* (Jr* - p) (cr* - p) - pin' (cr»^p)-p«'(Jr'-p) = 0,(2) 

or Z*6cr*-{Z'(J + c) + w'c + n'6}pr' + p* = 0. 

This equation gives the magnitude of the axes 2a, 2/3^ and the 
ar^ of the section when elliptic 

^ vp 27r 

The coefficient of /i' in equation (1), is 

r(Jr'-p)-mV = pn'(Jr'-p)/(or'-p)by (2), 
and the equation becomes (br^ — p) 9i/* » (cr^ - p) mv ; 
/, {bi^-p)it,lm^{ct^'-'p)yln^'-p\m 
since inAf + wv«-ZX and fn*l{bt^-p)-\'n*l{cr*-p)^PJp^ 

which, writing a, ff for r, completely determine the directions of 
the corresponding axes of the section. 

245. To determine the nature of any plane section of a paraboloid. 
The discriminant of the equation (2), viz. 

{P (i + c) + m'c + n'by - APbc (Z* + m' + n*), (1 ) 

is reducible to [P (J - c) - tn'c + n'by + im'n'bc. (2) 
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The two forms (1) and (2) of the discriminant shew that it is 
positive whether be be positive or negative, so that the values of 
r* : p are always reaL 

(i) For an elliptic section, be is positive and p positive, therefore 
p — w has the same sign as L 

(ii) For a hyperbolic section, be is negative, since the values 
of r* must be of opposite signs. 

(iii) For a rectangular hyperbola, be is negative, and 

?(ft + c) + m'c + n*i = 0. 

(iv) For a circular section, be is positive, and by (2) 

m = and P/b^ n*/(c - J) = 1/c, 

or w = and P/c - »nV(J - c) = 1/J, 

only one of which gives a real position. 

(v) The condition Z «: 0, which makes one value of r' inBnite 
and the other finite, corresponds to the case of a parabolic section, 
since in this case 17 and ^ in (2), Art. 242, are infinite, and therefore 
the centre of the section is at an infinite distance. 

Cyclte Sections, 

246. Although we have already determined the positions of 
the planes whose intersections with conicoids are circular, by 
treating such sections as particular cases of ellipses, it will be 
instructive to consider them from another point of view, since they 
have an interest peculiar to themselves m the solution of many 
problems both pure and physical. 

247. To find the cyelie sections of a eonicoid central or non- 
(xntrolm 

Let the equation of the eonicoid be 

this may be written in the form 

hence, if the eonicoid be cut by a plane whose equation is 

the coordinates of the points of the intersection satisfy the equation 

6(«' + y' + «')+2?V(c-a){V(i-a)ajTV(c-i)«} + 2cfe + « = 0, 

which is the equation of a sphere. 

These plane sections will be real, if a, &, c be in order of 
magnitude when all are positive, if a>b when e is negative, and 
if &, without regard to sign, when b and c are both negative. 
Also if a = 0, the »ectioQS are real when b and c are both positive, 
and e>b. 
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Hence, cyclic sections of central surfaces are parallel to the 
mean axis in the ellipsoid, to the greater transverse axis in the 
hjperboloid of one sheet, to the greater conjugate axis in the hyper- 
boloid of t^o sheets. 

If a be the inclination to the principal section (a, &), 

sin'a/(J - a) = cos*a/(c - J) = 1 /(c - a). 

Since the equations of the planes of the cyclic sections depend 
only on the differences of a, i, and c, the cyclic planes of a system 
of central conicoids whose equations are, for all values of A;, 
(a + A:) a:* + (J + k)jf + (c + Ar) a* = 1, are all parallel. Such a system 
is called a system of concycUc conicoids. 

For the elliptic paraboloid, putting a = 0, 

sin*a/6 = cos*a/(c — i) = 1/c, 

hence, cyclic sections of the elliptic paraboloid are parallel to the 
tangent at the vertex of the principal section of greatest latus rectum. 
It is obvious that these are the only cyclic sections, since a 
plane not parallel to one of the axes, as that of ^, being of the form 
to + wy + tij5 =/7, could not reduce the expression (J — a)a;*-(c-i)js* 
to a linear form, so as to ensure that the points of intersection with 
the couicoid should lie on a sphere. 

248. Generation of a conicoid hy the motion of a variable circle. 
From Art. 247 it appears that the central conicoids and the 

elliptic paraboloid can be ^nerated by the motion of a circle, the 

plane of which is parallel to either of two fixed planes, and the 

diameter of which changes so that it is always a chord of the 
principal section which is perpendicular to the line of intersection 
of the two fixed planes. 

The centre of the circle of course describes in each case the 
diameter conjugate to the chords which it bisects. 

249. Dep. The point-circles in which the variable circle termi- 
nates are called umbilics ; these are real only for the ellipsoid, the 
hyperboloid of two sheets and the elliptic paraboloid. 

Referring to Arts. 234 and 236, the coordinates of the four umbilics 
of the conicoid as^ ■¥ b^ ■¥ cz* ^ I, satisfy the equations ax/l=^by/m^ez/n = l/v, 
Trhere / = ± V(* - «)/V (« - «)» w = 0, n = ± V(c - ft W(c - a), and m* = ac/b; 
.-. y = and + flx/V(6 - «) = ± czMc - 6) = V(«<?)Mft (c - «)}. Also, for the 
elliptic paraboloid, by* -i- cs* « 2x, tne coordinates of the two umbilics are given 
by by/m = ct/n = - 1//, Art 242, where / = ± ^Jb/y/Cf m = and nB±'J{c- 6)/Vc, 
.'. y = 0, and e%^-n/l or « = + ^(c - b)/c ^b, and 2« = cz* = ft"* - c'K 

250. Jny tijoo cyclic sections of opposite systems lie on one sphere. 
The equations of the planes of two cyclic sections of opposite 

systems are 

{V(a-t)a-V(*-c)«-*|fV(a-5)a;+V(6-c);r-A;'}=0; 
or, (a - h) x'- {b - c) z'- (Jc 4 k') V(a - J; a; - (A - i') V(*- c)a + AA;'= 0. 



CYCLIC SECTIONS. Ill 

Hence they Intersect the surface in a sphere whose equation is 

251. It 18 an instructive problem to deduce the positions of the cyclic 
sections directly from the equation obtained in Art. 235. 

This equation may be written aX* + 6/i'+ ci^=(X'+^' + i»*)/9, and since, for 
a cyclic section, the values of r, and therefore of ^, are equal for all values 
of \, /A, V consistent with the equation l\ -i- mi^ -f nv s 0, it follows that 

(p - a) {m/A + «»)■ 4 ^ {(/> - h) /*• + (/>- c) »•) » 

is true for an infinite number of values of /i : », the coefficients of fi^, pM, and v* 

are therefore each zero; .'. {p - a) mn - 0. 

If p = a, either / a 0, or ^ = & « e, in which latter case the surface is spherical, 

and the equation is satisfied for any values of /, m, n, t,e, for any airection 

of the plane. 

Also if m s 0, the coefficient of /i* » ^ - ft s 0, and similarly, for n = 0, /i &= e. 
Hence, if the surface be not spherical, we must have /, m, orn = ; suppose 

m = 0, then p = b, and the coefficient of i^ = (/> - a) n" + (/» - c) i's 0; 

which give real values for / and n only under the same circumstances as are 
already stated in Art. 247. 

The corresponding process for non-central surfaces can be followed out 
by the student. 

252. Geometrical investigation of the direction of a cyclic section 
of an ellipsoid. 

In the ellipsoid let OA^ OBj 00 he the semi-axes in order 
of magnitude, and if possible let a central circular section not pass 
through jB, but cut AB and BO m P, Q respectively, OP^OQ, 
being the centre of the section ; but OP is intermediate between 
OA and OB in magnitude, and OQ between OB and OC, which 
is absurd; hence, the central circular section must contain the 
mean axis. 

The inclination of the plane to OAB is the same as the angle 
ROA^ OR being that radms vector of the section AG which ^OB. 

flence, if a be the inclination to OA of a radius of the ellipse 
(a, c) whose length is J, i*cos*a/a*-f-i'8in*a/c*=l, this equation 
gives the position of the circular sections. 

A similar investigation will give the positions of the cyclic sections 
of the hyperboloid of one sheet and a somewhat similar one those 
of the hyperboloid of two sheets. 
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XlX. 

(1) All spheres, which intersect a given conicoid in plane sections and pas^ 
through a fixed point on it, pass also Uirough one of two fixed circles. 

(2) Prove that through any point on an ellipsoid two planes of circular 
section can he drawn ; hut that when the circles are equal, the points must lie. 
on one of the principal planes passing through the mean axis. 

(3) A plane drawn through the oriffin perpendicular to any generating line 
of the cone «" (a* - d*) + y* (i* - d*) + a? (c« - rf«) * 0, will intersect the ellipsoid 
^Va* 4- y V^ + s*/^ s 1 in a section of constant area. 

(4) The locus of centres of all plane sections of a given conicoid drawn 
through a given point is a similar and similarly situated conicoid, of which 
the given point and the centre of the given surface are extremities of a 
diameter. 

(6) The hyperholoid «|-f y'-^^s^ao' is built up of thin circular disks of 
cardboard, strung on a straight wire passing through Aeir centres, prove that, 
if the wire be turned about the origin into the direction (^ m, n) the planea 
of the disks remaining unaltered, the equation of the surface will be 
(IMP - &)■ + (ny - m«)« = !•• (<V + a«). 

(6) The product of the radii of two circular sections of an elliptic paraboloid 
of opposite systems is constant, shew that the locus of the intersection of their 
planes is a hyperbolic cylinder, the asymptotes of the principal sections of which 
are parallel to the oirciuar sections. 

(7) In a paraboloid of revolution, the eccentricity of any section is the 
cosine of the mclination of the plane to the axis of the surface, and the foci of 
the section are the points of contact with spheres inscribed in the surface. 

(8) Find the equation of an ellipsoid referred to the planes of its central 
circular sections and a central plane at right angles to them. When these 
are rectangular axes, prove that the squares of the axes are in harmonical 
progression, and that the equation takes the form 

e (x + s)' 4 a (x - «)* 4 (a -I- e) y* s 2. 

(9) The section of the surface ys + s« -f «y « a', by the plane Ix-^my-^nzop^ 
will be a parabola ifr-knr-^ff^O; and that of the surface 

a" + y* + i^-2y«-2i»-2«y»a" 
will be a parabola, if mn + n/ + /m = 0. 



XX. 

(1) The sphere a" + «• + 1« + a* - 6» - c" - 2x (a« - &•)* (a« - c')*/a meets the 
ellipsoid a^/a* + y*/b*-^i^//^\ only at umbilics. 

(2) In the hyperholoid «V<** + (y"-f')/c«= 1, (a>tf), the spheres, of which 
parallel circular sections are gfreat circles, will have a common radical plane. 

(3) If two circular sections of different systems be such that the sphere on 
which both lie is of constant radius mb, the locus of the centre of the sphere is 
the hyperbola arV(«* - ^) - sVl^* - c*) « 1 - m*, y » j a,b,e being in descending 
order of magnitude. 

(4) A sphere is described, having for a ffteht circle a plane section of a 
given conicoid; prove that the plane of the circle in which it again meets the 
conicoid intersects the plane of the former circle in a straight line which 
lies in one of two fixed planes. 



PROBLEMS. 113 

(5) ProTe that the dtfiferenee of the reciprocals of the squares of the axes of 
a central section is proportional to the product of the sines of the angles which 
it makes with the planes of circular section. 

(6) Shew that, if elliptic paraholoids have one of their cyclic sections coinci- 
dent with a central cyclic section of ax* -f 6y* -t- cs* = 1, a, b, e heing in order of 
magnitude, and axes parallel to that of «, the locus of their vertices will have 
the equations y^O, and h7?±2hxz^J[(h-a)/{e-h)]^{h''a)/(c-'a) = 0. Also, 
that the equation of the plane of the other cyclic section common to the conicoid 
and one oi the paraholoids will he j; -i- hl/a » ± s V{(« - ^)A^ - <>)}» where / is the 
latus rectum of any section parallel to the plane ot xy. 

(7) On a central circular section of the ellipsoid ox' + i^-i-cz*"! a right 
circular cylinder is constructed, shew that if h he an arithmetic mean between a 
and c, the cylinder will again intersect the ellipsoid in an ellipse, the plane of 
which will be given by (3a - c) « ± (3e - a) s » 0, and that the area of the ellipse 

wiU he IT {2 (c* + a«) - 36«}Vy. 

(8) The semi-axes of a ceatral section of the surface ay% + hzx + exy made 
by a plane, whose direction is (/, m, n), are given by the equation 

r*(2*cm»+...-aV-...)-4a4cr«(aiiin +...) + 4a"6V = 0. 

(9) The locus of the axes of sections of the surface or* -i- 6^' + cs^ » 1, which 
contain the line :r/a » y//3 = z/7, is the cone 

(6 - c) yz (Pz-ffy)^{e-a)zx (70: - az) ^ {a - h) xy {ay - /3«) = 0. 

(10) Prove that the section of the surface 

or* + 4y* + <** + 2« V« + 2i'«x + 2dxy + ^Tx + 2,Vy + 2c"s + rf = 0, 
by the plane 2a; 4 my + nr » 0, will be a rectangular hyperbola, if 

^ (6 + c) -I- m' (c 4 a) -1^ n* (a + ft) » 2a'mii + 2h'nl -f 2c7m, 
and a parabola, if P {he- a*) +...+ 2mn (6V - aa') +... . 

If <^tl » ac^ a M"* a ce**, the last equation is identically true, explain why 
this must be the case. 

(11) If sections of an ellipsoid «Va'-f^V6*4c'/c*e 1 be made by planes 
passing through the centre and through another given point {x*y'z\ the sections 
of greatest and least area will be at right angles to each other, and the areas 
will be wabc/^u irabc/^i, «i, «a being the semi-axes of the section made by 
the plane xx'/a -f yy'/b -^ zz'/e » 0. Shew that the product of the areas will be 
constant if the point lie on the curve of intersection of the ellipsoid and 
a concentric sphere. 

(12) The radius r of the central circular sections of the surface 
ays + izx -i- cxy b 1 is given by the equation abcr* + (a* -^ 6* + «^) r^ • 4, and 
the direction cosines of the sections by the equations 

(m« + !»•) //a = (n* + i») m/6 = (r + «•) n/c = - /mny*. 

(13) Shew that the foci of all parabolic sections of the surface dy* + ci^ s 2«, 
lie on the surface be {2x - by* - cr) {by* + cz*) « b*y* + c*a*. 
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TANGENTa CONICAL AND CYUNDEICAL ENVBLOPBS. 
NORMAI^. CONJUaATE DIAMETEBS. 

253. On many accounts it is desirable that the student should 
be early acquainted with the chief properties connected with 
tangent lines and tangent planes to conicoids, before he is led to 
consider more general surfaces. We shall therefore give in this 
chapter some of the principal propositions relating to tangency in 
the case of the conicoids as represented by their equations in the 
simplest form. We shall also explain the properties of conjugate 
diameters and diametral planes. 

Tangent Lines and Planes. 

254. To find the condition that a straight line shall touch a given 
conicoidj at a given point. 

Let the equation of the conicoid be oor' + ^y' + ci^^l, the 
equations of a straight line drawn in a direction (X, /a, v) through 
the given point P, (/^ g^ h\ are 

(x-f)l\r^(H-g)lH^=^(z-h)lv^r, (1) 

the values of r at the points P, Q^ where it meets the conicoid^ are 
given by a (f-i-Xry + i 07 + A*»")' + c (A + vr)* = 1 . 

If the direction be such that Q coincides with P, the straight 
line will become a tangent, and in this case the two values of r will 
be zero ; therefore a/' + Jg^ + cA* = 1, which only implies that P is 
on the conicoid, and q/\ + i^/A + cAv = 0, (2), the condition of 
contact at the point (/, g^ A). 

255. To find the equation of a tangent plane at a given point of 
a conicoid. 

The locus of all the tangent lines which can be drawn through 
the point (jf^ g^ A) is found by eliminating X, i^^ y between the 
equations (i) and (2) of the last article, giving < 

«/(«-/) +^(y-^)+<j*(«- A) =0, 

or afx -f hgy -f chz = 1. 

The locus Is therefore a plane, and this plane is called the 
tangent plane to the surface. 

If p be the perpendicular from the centre upon the tangent 
plane, p'^ -= a'/' + AV -f (fh\ Art. 71. 
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Cor. 1. The generating lines of a byperboloid of one sheet 
through the point Q^ g^ h) being two of the tangent lines, the 
tangent plane contains these lines, which together form what we 
have called the line-hyperbola in Art. 236. 

Cor. 2. Since any generating line is intersected at every point by 
some line of the opposite system, no two of which lie in tne same 
plane, it follows that the tangent plane to the byperboloid at any 
point in a generating line changes its position as the point moves 
along the Lne. 

256. To find the equation of a tangent plane to a contcaid drawn 
in a given direction. 

Let (2, m, n) be the given direction of the normal to the tangent 
plane, so that its equation is Ix + my + nz ^p ; comparing with the 
equation q/i+&yy + cA«= 1, afjt^bglm^6h}n^\fp^ (1), and, 
since a/' + Jj* + cA' = 1 , ^ = P/a + wi'/A + n*/c, thus the equations 
of the two tangent planes in the given direction are determined. 

257. The equation of a tangent plane to a cone aaf-^-hrf-k- csf^ 
can be deduced from the preceding, in either of the forms, 
(i) aXx + hyiy + cvz « 0, ^X, y^^ v) the direction of the line of contact 
taking the place of (/, ^, A) the point of contact, and being 
determined by the eauations (iK\l^hfk\m^cv\n ; or (ii) ia>f7ny+nj5=0, 
Z, »i, and n being subject to the condition r/a-f irf\h'\-f^\c^^. 

258. To find the equations of an asymptote to a central conicoid. 
Let the equation of the conicoid be oa^'+ty' + ca'ssl, and let 

(1) Vj ^^ ^^7 point in the asymptote whose eauations are 
(a; — f )/X = (y — 17)//* = (« — f)/v = r, then the two values of r are 
infinite in the equation a (f + \r/ + 6 (17 + firf + c (?+ vrf - 1 =* ; 

.'. aV + J/A' + ci^'sO, and af X + &17/A + cfK = 0, 

and, if a^ + ^' + cj^' — 1 be not finite^ the straight line lies entirely 
in the conicoid. 

Hence, every straight line drawn in a tangent plane to the cone 
^ + f>y* + cz* » 0, parallel to the line of contact, is an asymptote, 
including the generating lines in which it may intersect the 
conicoid. 

259. To find the nature of the intersection of a central conicoid 
with the tangent plane at a given point. 

Let the equation of the conicoid be aa;'+iy + (^=19 that of 
the tangent plane at [f^ g^ h) is afx + hgy + chz » 1, we have also 
a/' + &y' + cA*=l. 

At the points of intersection 

(«/'+ W) («^+ ¥) - («/^ + %)'= (1 - ^^') (1 - c^*) - (1 - chzYi 
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For the ellipsoid and hyperboloid of two sheets the only solutioa 
ig x/f=y/g — z/h^ 1, since aft, and c are of the same sign; for 
the hyperboloid of one sheet the section is two lines, since ai, and o 
are of contrary signs. 

260. To find the magnitude and direction of the axes of the section 
of a central conicoid made hy a given plane through the centre. 

Let the equations of the conicoid and plane be 

aa;* + Jy* + C2;' = l, and ic-f «ny + n« = 0. 

The eqnatlon of a sphere of radius risaj' + y*4«'s=r'; therefore 
the cone (ar*- !)(»'+ (ir*- l)y + (<3r'-l)2?' = is the locus of 
all diameters of the conicoid which are of equal length 2r ; the 
cone, therefore, intersects the given plane in two lines whicn are 
the airection of equal diameters of the central section, and if r be 
chosen so that these directions coincide, the given plane will be 
a tangent plane to the cone, and the line of contact will be an axis 
of the section ; therefore, by (ii) Art. 257, 

r/{af^ - 1) + m'/(y - 1) + n7(cr' - 1) = 0, 

which is the quadratic giving the lengths of the semi-axes as in 
Art. 234. And, by (i) Art. 257, if (X, /a, y) be the direction of 
the axis 2r, 

(ar"- 1)\/Z = (57^-1) /A/m = (cr'-l) F/n, 

261. An important application of this propoBition is to the investigation 
of the equation of the wave turfaee, which may be constructed as follows : 

Take any central section of an ellipsoid and through the centre draw a 
perpendicular to the plane of the section, along which measure lengths equal 
to the semi'axes of the section, the locus oj their extremities is the wave surface. 

I>et (x,^ y, z) be the extremity of the length r equal to one of the axes, 
measured in the direction {I, m, n) ; /. x/l « y/m « z/n, and if the equation 
of the ellipsoid be a^/a* i- y/b^ + ^/i^ ^ 1, since the equation which determines 
the axes is a*P/{r* - a') +...<= 0, the equation of the wave surface is 

aV/(f» - a«) + bV/{r* - h*) + <^/{r* - c») = 0. 

262. To find the locus of the points of contact of all tangent planes 
which pass through a given point external to a given conicoid. 

Let (yj ^, h) be the given point, ax^ + by^ + ca* = 1, the equation 
of the conicoid. 

The equation of a tangent plane at any point (|, 17, Z) on the 
conicoid is a{x + &i7y + o^«»l, and if it pass through the given 
point qfi + bgrf + ch'^^l. 

The tangent planes at every point of the conicoid whose coor- 
dinates satisfy this equation pass through the given point, the locus 
required is therefore the section of the conicoid by tne plane whose 
equation is afx + bgy + chz = 1. 
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263. Dkf. The plane containing the points of contact of all 
tangents from anj point to a conicoid is the Polar Plane of the 
point, and the point is the Pole of the plane, with respect to the 
conicoid. 

This will be a definition whether the point be external or 
internal^ if we consider that imaginary tangent planes have a real 
plane containing the imaginary curve of contact. 

Another definition will be given which does not involve the 
consideration of tangencj. 

One of the most important propositions connecting the pole and 
polar plane is the following. 

264. If U be the polar plane of any point P vnth respect to a 
conicoid^ the polar plane of any point Q in the plane U will pass 
through P. 

For, if ax^ + i^ + c«* = 1 be the equation of the conicoid, and 
(/, g, h) be the point P, the equation of its polar plane U will be 

afx + bgy + chz = 1, 

and, if (/', g\ h') be any noint Q in U, off + hgg + chV = 1 ; but 
the equation of the polar plane of Q is afx + lg*y 4 ch'z = 1, which 
by the last equation contains (/, ^, A), hence the polar plane of Q 
passes tbrougn P. 

Conical and Cylindrical Envelopes. 

265. To find the conical envelope of a conicoid the vertex of the 
cone being a given point. 

If (/, ^, A) be the riven vertex, and (Z, m, n) the direction of 
any generating line of tne cone, the equation 

a(f'\-lrY + b[g + mry -\-c[h'{-nry =^1 

must give equal values of r ; therefore 

(af + V + cA' - 1 ) (oP + Jw' + cw') = {of I + bgm + chn)*. 

If (a;, y, z) be any point in the generating line, 

hence the equation in Z, m, n being homogeneous, 

(a/« + J/ + cA'-l){a(aj-/y + J(y-^)' + c(«-Ay} 

^W{x^f) + bg(3f-g)^-ch{z^h)y 

is the equation of the conical envelope. This is readily reducible 
to the form 

For, writine v, i?, u^ for aa;' + iy + c«'- 1, o/i + i^y + cAjs — 1, 
and a/** + ?^ + cA*-l respectively, tt^^(u-2i; + ttJ«(v-Mj*j 
therefore u^u = v'. 
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266. This latter form may be obtained directly by Art. 262, 
since it is a surface of the second degree which passes through 
(/, g^ h) and touches the conicoid where the plane afx-^-hgy-^-chz^ \ 
cuts it. 

For Au^t^ is the equation of a surface which touches the 
conicoid u^O where v»0, and, being satisfied by (y)^, A), we 
obtain, by substituting A « u^, since v becomes u^. 

Similar considerations shew that the e(]uation of two tangent 
planes to a cone aa^ + b^-^cs^^O which intersect in a line whose 
direction is (\, /&, v) is 

(aX* + V + cv*) (cux? + J/ + ca") = (o\x + h^y-^cvzy. 

267. To find the equation of a cylinder^ which envdopes a given 
central conicoid^ and has its generating lines in a given direction. 

Let (X, /i, v) be the direction oif the generating lines of the 
cylinder, and ax^ -f- ^y* + c^' = 1 the equation of the conicoid. 

The equations of a generating line through any point (f , 17, ^) 
of the cylinder are (x'-i)j\-{y-fi)liJk^(z''^)ly^r^ and 
where this line touches the conicoid the values of r, which are 
equal, are given by a (f + \r)* + J (17 + /Lir)' + c (f + vr)' = 1 ; 

.-. (aV+V + ov')(af' + V + c?"-l) = (aXf + i/ii7 + cvj:)'; 
and, since (i^ y^ ^) is any point on the cylinder, this is the equation 
of the enveloping cylinder. 

This equation may also be deduced from that of the conical 
envelope by making (/, g^ A) pass off to infinity in the direction 
(\, /A, I'), so that/: g : h^\: fi: f. 

Non-central Surfaces. 

268. The corresponding propositions in the case of the non- 
central surfaces whose equations are of the form h]f •\-csf^2x 
should be obtained by the student. 

i. Condition for the tangency of (x—f)ll^ (2f-g)lni = (j^h^jn^ 

bgm + chn-^ Z=0. 
ii. Equation of the tangent plane at (/, 9, A), 

bgy + chz^x+f. 
iii. Equation of the tangent plane in direction (Z, in, n) is 

& + wiy + w« = - (m'/ft + n^lc)l2L 
iv. Equation of the enveloping cone, vertex (/, g^ h\ 
(Jy>+cA'-2/) {b (y-gf + c (z^ hf] = [bg (y-^) + ch {z-h) - (x-/)}', 
or (bg' + ch'''2f)(btf'\-cz'^2x)^(bgy + chz^X''fy. 
Y. Equation of the enveloping cylinder, direction (X, /i, v\ 
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Normals, 

269. To find the equations of the normal to a contcoid at any 
point, 

Dbf. a normal at a point is the straight line drawn perpen- 
dicular to the tangent plane at that point. 

If (/, g^ K) be the point, the equation of the tangent plane is 
afx + hgy + chz s i ; therefore the equations of the normal will be 

(x -f)laf^ (y - g)llg ^{z--K)lch^±Tp, 

If r be the distance between (a;, y, z) and (/, g^ A), and p be the 
perpendicular on the tangent plane from the centre. 

270. To shew that six normals can he drawn from a given point 
to a central conicoid. 

Let the equation of the conicoid be aa? + Jy* + c«' = 1. 
The equations of a normal at a point (a;, y^ z) are 

{i-x)lax:=^(fi^y)lhy^Q;^z)lcz=^p, 

if this pass through a given point (/, g^ h) 

/=aj(pa + l), ^=y(/>i + l), A = «(pc + 1); 

.-. o/*/(pa+l)' + ij7(pJ + l)' + cA7(pc+l)"=l, 

which gives generally six values of p determining the feet of six 
normals from the given point. 

271. To 9hew that the loetu of a point, from which three normaU can he 
drawn to a central conicoid, which have their feet in a given plane section of the 
conicoid, is a straight line^ and to find the condition to which the given plane 
section must he subjects 

Let the equation of the conicoid be d:Va* + yV^ + sVc*- 1, and that of the 
given intersecting plane lx/a-vmy/b^n%/c^\, (1), and let if, «}, D be a point 
from Trhich if six normals be drawn the feet of three of them will lie on the 
given plane section, the other three must then lie on some other plan'e section 
given by Vx/a -i- my/h + n'%/c ^d,(2)\ hence the six feet lie on the surface 

(ix/a + my/6 + i8«/c-l)(rf/a + myft + «V«-<')-arVa«-y'/6«--«Vc"+l =0,(3); 
the six feet also lie on each of the three surfaces 

U'={h*'-<^yz " Vnz + c»Ey =0, 

irH(a*-6")ay-a"fy+6N* = 0, 
and therefore on the surface X 17'+ /* r+ » W= 0, (4). 

Now we can make (3) and (4] identical bjr writing for the equation (2) 
x/la -h y/mb + z/nc +1^0, and equating the remamder of the coefficients, so that 

X (6* -<?•) = {m/n + n/m)/hc, &c., vh^n 'fLd%^{l- f^) a-\ &c., (6) ; 
hence it follows that, when the plane (1) is given, the locus of the point 
(^f % I) is a straight line, since equations (5) are equivalent to two eouations 
m ^, n, I and a relation between /, m, n, which must be satisfied in order that 
normals at some three points of the plane section may meet in a point. 

♦ Quarterly Journal vol. viii , p. 69. 



120 CONJUGATE DIAMETEES. 

This equation of condition may be written 

(m V - /•) (6« - c«)* + (nV - m«) (c« - «)• + (/Vn« - n«) (a« - &•)« « 0. 

as in Wolstenholme's Problems. 

Since //a, m/i, n/c, are the Boothian coordinates of the given plane, this 
gives the tangential equation of a surface fixed with reference to the conicoidi 
to which all the planes which satisfy the required condition must be tangents. 

Conjugate Diameters. 

272. To find the locus of the. middle points of a system of parallel 
chords of a given central conicoid. 

Let the equation of the surface be aa:" + Jy*4 c«' = l, (\, /Lt, v) 
the direction of each of a series of parallel chords, and ({, 17, ^) the 
middle point of any one of them, whose equation will be 

(a!-f)/X = (y-i»)/A* = («-?)/v = r, 

and we shall have, for the points in which it meets the surface, the 
equation a(f + Xr)* + ft(r; + /Ar)* + c(f+ vr)* = l. 

But, since (|, 17, !s the middle point of the chord, the values 
of r obtained from this equation will be equal and of opposite signs, 
and therefore the equation a\f -f J/iiy + ci'f = will give the locus 
required. The form of this equation shews that it passes through 
the centre, as it manifestly ought to do. 

Def. The locus of the middle points of a system of parallel 
chords of a conicoid is a plane, which is called a diametral plane. 

We shall have, conversely, that an;^ central plane whose equation 
is 2a; + my + n« = 0, will bisect a series of chords parallel to the 
straight line axll^bylm^czfn^ which is called the diameter 
conjugate to the plane. It appears from Art. 234 that the locus of 
the centres of a series of sections of the surface parallel to a given 
central plane is the diameter conjugate to that plane. 

273. Def. Three diameters are conjugate^ when each diameter 
is conjugate to the plane containing the other two, and three 
diametrsd planes are conjugate when each is conjugate to the inter- 
section of the other two. 

Let OP be any radius of a central conicoid, QOB the diametral 
plane conjugate to OP, and OQ^ OR any conjugate semi-diameters 
of the section QB ; OQ bisects all chords of the section PQ parallel 
to OP, therefore OP is conjugate to OQ and bisects all chords 
parallel to OQ; also, OB bisects all chords parallel to OQ, therefore 
FOB is the diametral plane conjugate to OQ. Similarly QOP is 
the diametral plane parallel to OB. 

Hence, there are an infinite number of systems of three conjugate 
diameters. One can be chosen arbitrarily, and the remaining two 
are any conjugate diameters of the section made by the diametral 
plane conjugate to the first. 
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It shoold be observed that a diametral plane is the polar plane 
of the point of the conjugate diameter which is at an infinite 
distance. Also, that when the conicoid degenerates into a cone, 
any point in one of three conjugate diameters is the pole with 
respect to the cone of the plane containing the other two. 

274. If a conicoid be referred to a diametral plane, as that of 
xy^ and the corresponding conjugate diameter as the axis of »^ 
since eveiy straight line parallel to Oz will be bisected by the 
plane of xy^ the equation of the surface can only contain even 
powers of z. Hence, since we can find three planes such that 
the intersection of any two is conjugate to the third, the equa^ 
tion of the surface referred to these planes will be of the form 
a^' + Jy* + «?' = l. 

275. To find the conditions that each of three central planes of a 
central conicoid may he conjugate to the intersection of the other tuH>. 

Let the direction-H^osines of normals to the planes be ({^, m^, nj, 
(?„ tn„ n,), and (Z„ w,, «,). 

The equations of the diameter conjugate to the first will be 
aa;/Zj = Jy/m, = caf/7i,, and if this be the intersection of the other 
two planes, and therefore lie in each of them, we shall have 

?,?,/a + m,wij/J + n,n,/c = 0, and l^lJa-\-m^mJb'\-n^nJc] 

hence, if the three conditions 

lJJa+m^mJc+n^nJc=lJJa-^m^mJb-\-n^nJc=^lJJa+m^mJbi'njnJc^O 

be satisfied, the planes will be such as required. 

276. To find the relations between the coordinates of the extre^ 
mities of a system of conjugate diameters of a central conicoid. 

The equation of the surface being aa;' + Jy"-f ca" = 1, and the 
coordinates of the extremities of the semi-diameters r„ r„ r, being 
(x^, y„ «,), (a?^, y„ «,), (a?„ y„ «,) we shall have, since the points 
lie on the surface, 

ax^-^-by^-^-cz^ = ax^' + by^ + cz* = ax^-^-by^ -Vcz^^ 1, (1) 
and, since the diameters through the points are conjugate, 
ax^x^ + byj/^ + cz^z^ = ax^x^ + byj/^ + cz^z^ 

^ ax^x^ + Jy J, + cz^z^ = 0. (2) 

The systems (1) and (2) shew that 
^1 Va, y, s/h ^1 Vc ; x^ Va, y, V*, «a Vc ; x^ sja^ y, ^Jb^ «3 sfc ; 
are the direction-cosines of three straight lines at right angles 
to each other, and we know therefore. Art. 145, that they are 
equivalent to the systems 

ax^ + ox/ + ax^ = by^ + by^ + by^ = cz^ + cz^ + C5,' = 1 , 

K 
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Hence, in the ellipsoid x*l a* + y'lb* + s^J c' = 1 ^ we shall have 

a?,' + < + a:,' = a', y ," + y/ + y," = J', «,' + ^ + «,* = c«, (4) 

or the sum of the squares of the projections of three conjugate 

diameters on one of the axes is equal to the square of that axis ; also, 

If {Ij nij n) be the direction of any line, by (3) and (4) 
(Ix^ + ?wy, + my + (£», + wiy, + nz^ + (ir, + my^ + nz^ 

/.r/-(tr. + 7wy, + na,)'+...= a' + y + c'-/; 

but (£r, + »nyj 4- n«,)* and r* — (lx^-\-my+nzy are respectively 
squares of the projections ot r, upon a line and a plane whose 
directions are given by (Z, wi, w), hence it follows that 

The sum of the squares of the projections of three conjugate diameters 
on any line or any plane is constant. 

277. To find the relations which exist betioeen the lengths of a 
system of conjugate diameters of a central conicoid and the angles 
between them. 

Let the equation of the surface referred to its principal axes 
be a?lc^ -{-y^jV -{-z^jif^^l^ and, referred to a system of conjugate 
diameters inclined at angles a, /8, 7, sc'/a" + //&" + 2*/^'* = ^* 
The invariants derived from A(ic* + y* + 2*) — a::*/a' — y*/J*-«'/^S 
and the transformed expression, see Art. 157, give the equations 

a'»+i'» + c" = a' + J' + c", (1) 

JV sin'a + c V sin»)3 + ci'b" sin^ = iV + cV + aV, (2) 
and 
a'J V (1 - cos'a - cos'/8 - cosV + 2 cos a cos /9 cos 7) = a'i V. (3) 

When the surface is an ellipsoid, all these lengths are real, and 
we see from (1) that the sum of the squares of three conjugate 
radii is constant ; from ^2) that the sum of the squares of the faces 
of a parallelepiped havmg three conjugate radii as conterminous 
edges is constant ; and from (3) that the volume of such a parallele- 
piped is constant. 

In the hyperboloid of one sheet, since a*iV is negative, and 
1 — cos'a — cos'/8 - cos'7 + 2 cos a cos^ cos 7 is always positive, 
o"4'V* must be negative, but o", i", and c * cannot all be negative, 
hence one and only one is negative ; that is, in a hyperboloid of 
one sheet, two of a system of conjugate diameters meet the surface 
in real points, and the third does not. 

In the hyperboloid of two sheets, a*6V, and therefore a'^JV* 
IS positive, hence two, or none, of the three o", i", c ' are negative. 
If none be negative, writing — t*, — c* for 6*, c* respectively, we 
must have both a* - 6' - c* and 4V - a* (6* + (?) positive, which are 
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easily shewn to be inconsistent. Hence two mast be negative ; or, 
in the hjperboloid of two sheets, one and only one of a sygtem of 
conjugate diameters meets the surface in real points. 

278. The relations (I) and (3) may be obtained geometrically. 
We will give the proof in the case of the ellipsoid, and leave the 
other two cases as exercises for the student. 

Let Ox, Oy, Oz be the directions of the axes of the snrface, 
Ox'^ Oy\ Oz* those of a system of conjugate diameters ; -4, -B, C, 
A\ B\ C\ the extremities ef the semi-diameters along: those 



axes 



, C\ the extremities ef the semi-diameters along 

a, J, c, a', b\ c' their lengths. Also, let the sections ABj 



OA^O, U, C/, <^, M, I/, 1. moil ICUgtUO. X^tDV, «OL lUC O^K^il^UO ^^, 

A'B' intersect in -4„ let OB^ be the semi-diameter conjugate 
to OA in the section A'B\ and let CB^ meet AB in B^ ; OA^ = a^, 
0B,=\, 0B,^\. 




Then, the plane ^'^ being conjugate to 00', OA^, OB^y 00' 
will be a system of conjugate radii, or 0-4, will be conjugate to 
the plane O'-B, and since OA^ lies in a principal plane, C'OB^ 
will be perpendicular to that plane, and will therefore contain 00; 
and 00^ UB^ being the principal semi-axes of the section B O'y 
OA^j OB^ 00 will be a system of conjugate diameters, and 0-4^, 
OB will be conjugate in the section AB. 

Hence we have the equations 

and from these we obtain the relation a'* + i** + c* = a* + J' + c*. 

Also, since the parallelogram of which 0-4', OB' are conter- 
minous sides, is equal to that of which OA^^ OB^ are conterminous 
sides, and similarly for the section B^O'^ ABy 

vol (a\ h\ c') = vol (a„ J„ c') = vol (a^, J^, c) = vol (a, J, c) ; 

denoting any parallelepiped by three conterminous edges. 
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279. To find the diametral plane bisecting a given sifstetn oj 
parallel chords j in the case of non^central conicoids. 

Let the equation of the surface be by "+ cz^ = 2a5, and let (X, ft, v) 
be the direction of the chords, the equation of the diametral plane 
will be fiby + vcz = \ shewing that all the diametral planes are 
parallel to the common axis of the principal parabolic sections ; a 
fact which might have been anticipated from the consideration that 
these surfaces have their centre on that axis at an infinite distance. 

280. We cannot in these surfaces, as in the central conicoid, 
have a system of three conjugate planes at a finite distance, but we 
can find an infinite number, such that, for two of them, each bisects 
the chords parallel to the other and to a third plane. By taking 
the origin where the intersection of these two meets the paraboloid, 
and referring to these three planes, the equation of the surface will 
assume the form b'y* + c «* = 2a?. 

Let the equations of the two diametral planes be 

7w,y + n,« = l, (i), 7n^ + V = ^ (2), 

and let the direction of the third plane be (?^, tw^, w^). The direc- 
tiourcosines of the chords bisected oy (l) are in the ratios 

1 : mjb : «,/c, 

and if these be parallel to (2) and the third plane, we shall have 

m^mjb + n^njc =» 0, 7, + m^mjb + w^n, /c = 0. 

Similarly, in order that (2) may be conjugate to the intersection 
of the other two, we shall have 

m^mjb + n^njc = 0, Z, + m^mjb + «,n,/c = 0. 

One of these is coincident with one of the former, and, there 
being thus only three relations necessary between the four quan- 
tities determining the planes, an infinite number of such systems 
can be determined. 

Polar Plane, 

281. Through a fixed point a straight line is drawn meeting a 
central conicoid^ and on this line a point is taken^ such that its distance 

from the fijoed point is a harmonic mean between the segments of the 
line made by the conicoid ; to find the locus of the point. 

Let the equation of the conicoid be aaj* + iy + cj8*=1, and let 
the equations of the straight line through the fixed point (/, g^ h) 
be (x-'f)ll=^(2/'-g)lm = {z-h)ln = r. 

The values of r at the points of intersection are given by the 
equation a (/+ Zr)* -h J (^^ + mry + c (A + nry = 1. 

If Tj, r, be the roots of this equation, and r be taken for the 
distance from (/, g^ h) of the point whose locus is required, 

2r"=^r;'-\-r;' = '2(a/l + bgm + chn)l(of' + bg* + ch''l), 
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.-. qP + bg* + ch*'-l-\-(a/l-^hgm + ckn)r e^nd x^f+lrj &c,; 

.'. qfx H- bgy + chz = I is the eqaation required. 

This theorem gives rise to the definition of the polar plane of a 
point alluded to in Art. 263, viz. : 

Dbf. The polar plane of any fixed point, with respect to a 
given conicoid, is a plane, which, with the conicoid, divides harmoni- 
cally all straight lines passing through the fixed point. 

282. The corresponding locus for an arithmetic mean is a coni- 
coid similar to the given one, of which a diameter is the line joining 
the given point and the centre. 

£or a geometric mean, the locus is a similar conicoid, which 
meets the given conicoid in the polar plane of the given point. 



XXI. 

(1) The tangent planes to an ellipsoid at points lying on a plane section 
will intersect any fixed plane in straight lines which touch a conic section. 

(2) Tangent planes are drawn to an ellipsoid o^'/o* +...«!, and are such 
that their intersections with the plane zx are parallel to the lines 

shew that the points of contact all lie on circular sections. 

(3) The locus of the centres of sections of a^ -{^ by* -^ ca^ b I by planes 
which touch aa:*-f/3y* + 78* = l, is 

a*xya + ly/p + cV/7 = (a«» + ft/ + ««)«. 

(4) Find the equation of the tangent plane to a conicoid upon the principle 
that no other plane can pass between it and the surface in the neighbourhood 
of the point through which it is drawn. 

(5) ProTe that the tangent planes of the cone 

^•/(ft + c) + y*/(c + a) + «V(« + 6) = 0, 
cut the surface ox* -i fry' 4 cz' = 1 in rectangular hyperbolas. 

(6) If the area of the central curve in which a cylinder touches an ellipsoid 
be equal to that of the section containing the greatest and least axes, prove 
that the axis of the cylinder will lie on one of two planes. 

(7) Find the locus of straight lines which meet the two lines dpsa, y sO, 
and x=»-a,z=:0, and touch the sphere j* + / 4 z* = c'; shew that when c=a the 
locus reduces to two hyperboloids. 

(8) The normal at any point P of an ellipsoid meets the principal planes in 
^1) 0„ 6r,; prove that FG^.FG^.JPO^ varies as the cube of the area of the 
central section made by a plane conjugate to the diameter through P. 

(9) If an ellipsoid be placed on a horizontal plane with an axis 2c vertical, 
shew that the tangent of the' altitude of a star which will cast on the plane 
a circular shadow is 2c/(/, where d is the distance of the foci of the horizontal 
principal section. 
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(10) If r be measured inwards along the normals to an ellipsoid so that 
j9r = m* a constant, V being the perpendicular from the centre on the tangent 
plane, prove that the locus of the point thus obtained will be 

a*!^/{a^ - m«)« + 6y/(6« - m«) + cV/(c« - m*)* = 1. 
What does the locus become when m <= 6 ? 

(11) If (ti, yi, «i), (ara, yg, z^\ (x^ y^, %^ be the extremities of three 
conjugate diameters of the ellii)8oid ax^ + Sy* + cz* « 1, the equation of the plane 
passing through these points will be 

aa:(a?i + ar2 + a:3) + 6y(yi+ya + y8) + <?2(2i + 23 + «3) = l. 
If one of the ends {xi, y^ s,) be fixed, shew that the perpendicular from 
the centre on this plane will describe the cone 

x*/a + y76 + «*/c = 3 {xx^ + yy^ + w J". 

(12) The locus of the centre of gravity of the triangle formed by joining 
the extremities of three conjugate diameters is ox* + 6y' + cz' = J, and the 
locus of the intersection of tangent planes drawn through their extremities is 
ax' + 6y" + cs* ^ 3. 

(13) Prove that the sum of the products of the perpendiculars from the 
two extremities of each of three conjugate diameters of a conicoid upon 
any tangent plane is equal to twice the square of the perpendicular from 
the centre. 

(14) The locus of points, from which rectilinear asymptotes can be drawn 
to the conicoid ox* + 6v' + c;;^ s 1 , at right angles to each other, is the cone 
o*(6 + c)x" + y(c + a)y« + c»(a + 6)«" = 0. 

(15) The six normals to the ellipsoid x*/a* •\- y'/b* i- z*/c* = I from the point 
(/» ff» *) lie on the cone (b* - c")// (x -/) +. . .= 0. 

(16) The locus of the middle points of a chord of a conicoid drawn in a 
given direction, and such that the normals at its ends intersect, is a straight line. 



XXIL 

il) Find the locus of the feet of the perpendiculars from a point (a, B, 7) 
le tangent planes to the cone ax* + &y' -1- cr - ; and prove that if the locus 
be a plane curve it will be a circle, and that, if 6 > a and c negative, the point 
must lie on one of the lines y = 0, ax'/{b - a) = cz*/{c - ft). 

(2) Two similar and similarly situated concentric ellipsoids have their axes in 
the ratio of 1 : n, n > 1 ; from any point on the exterior as vertex a cone is drawn 
enveloping the interior, shew that the plane of its curve of intersection with 
the exterior ellipsoid touches another similar eUipsoid whose axes are to those 
of the interior as n'w 2 : n. 

(3) The sines of the angles at which a straight line cuts an ellipsoid are 
proportional to the perpendiculars from the centre on the tangent planes at the 
points of intersection. 

(4) Two planes are drawn through the six feet of the normals drawn to an 
ellipsoid from a given point, each plane containing three ; prove that, if (a, ^, 7), 
{a, Pf 7') be the poles of these planes with reference to the ellipsoid 

aaf + a« = /3^ + 6*= 77' + c" = 0. 

(5) Q is any point from which six normals are drawn to an ellipsoid, centre 
O, and semi-axes a, 6, c; and JVj, N^, .,.N^ are projections upon OQ of Pj, P^ 
...Pe which are the feet of the normals; shew that 

2 (OP") -OQ^ {ON) = 2 (aN 6« + c'). 
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(6) Prove that, if n be the length of a normal chord to a surface 
aar* + 6y* 4- cs" s 1 at a point for which r is the distance from the centre, and 
p the perpendicular on the tangent plane 

2/n - (a + 6 + c)p ^ (ab ^ be -^ ea - ahcf^) fi* » 0. 

(7) Any three equal conjugate diameters of an ellipsoid lie on the cone 

(2a« - &• - c«) aj"/a' + (26« - c« - a«) y V4« f (2c" - a« - 6*) «"/c" = ; 
and the planes containing two of three eoual conjugate diameters touch the 
cone a* /a + yV/3 + «77 = 0, where a:^a* (2a* -b*"€i*) &c. 

(8) The locus of the intersection of three tangent planes to the conicoids 
x*/a-i^y'/b + if/c=l and .v*/6 + »*/<? = 2a?, the planes being mutually at right 
angles, are respectively a^ + y' + a* = a + i + c and 2* + 6 + c = 0. 

(9) The locus of the intersection of three tangent lines to the conicoid 
x*/a + y*/b + z*/c = 1, mutually at right angles, is 

(ft + e) «• + (c + o) y* + (a + ft) »■ = ftc + ca + aJ. 



(10) Prove that a normal to the hyperboloid of one sheet ai^ -^ ht^ + ez* ^ \ 
at a point (/, g, A), at which the generating lines are at right angles, meets 
the hyperboloid again at a point (/', /, A'), where /':/=ft + c-«:ft + c + a, &c. 



(11) If three of the generating lines of the enveloping cone of a paraboloid 
be mutually at right angles, shew that the vertex will be on a paraboloid, and 
that the polar plane of Uie vertex wUl touch another pdraboloid. 

(12) The points on a conicoid, the normals at which intersect the normal 
at a given point, all lie on a cone of the second degree having its vertex at the 
given point. 

(13) The locus of the intersection of two tangent planes to the cone 
a:*/a + y*/b + 8*/c = 0, which are at right angles, is the cone 

(ft + c)a:" + (c + o)y"+(a + ft)2"a0. 

(14) The enveloping cones which have as vertices two points on the same 
diameter of a conicoid intersect in two parallel planes between whose distances 
from the centre that of the tangent plane at the end of the diameter is a 
mean proportional. 

XXIII. 

(1) At Bt C, D are the feet of tne normals drawn from any point to the 
cone <u^ + fty* + cz* » 0, prove that the perpendiculars from the origin on the 
faces of the tetrahedron A BCD are generators of the cone 

a(ft-c)*a:" + ft(c-.a)*y«+c(a-ft)«a« = 0. 

(2) Two conicoids A and B touch each other along a plane curve, a plane 
touching Bin P meets ^ in a conic S, Shew that the generators of B passing 
through P are tangents to 8, 

(3) If the plane lx + my-\-nz = p cut the hyperboloid a«* + fty* +(?«' = 1 in a 
parabola, prove that /"a"* + m'ft"* + nV* = 0, and that the vertex will lie in the 
plane at(ft**-c'*)//+...= 0. 

(4) The normals to the ellipsoid aj*/a' + y"/ft* + 2*/c's 1 at points on the 
planes «/a + y/ft + «/c = ± 1 all intersect the straight line 

Hi: (ft« - c") = fty (c* - o«) = C2 (a« - ft"). 

(5) The normals to the paraboloid y"/ft -}■ e'/e = 2d;, at points on the plane 
pxi qy-^rz=l, will all meet one straight line if 

^(,ft-.c)«+2|>(2«ft-r«c)(ft-c) = 2(2"ft + r'c). 
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• 

(6) Shew that the cone, whose vertex is (/, g, A), which entelopes the 
ellipsoid a^/a*^y*/h* + «*/c' = I, will be cut by the plane of xy in a rectangular 
hyperbola, if the vertex lie on the spheroid (a:* + y*)/(ci" + 6") + «"/c* = 1, Also, 
if P be the centre of this section when V is the vertex, shew that the locus of 
P will be the inverse of the projection on the plane of xy of whatever curve V 
is made to describe upon the spheroid. 

(7) If two planes be drawn at right angles to each other touching the 
centra] conicoid ox* 4 &^' mess's 1, and having their line of intersection in a 
nven direction (/, m, n), shew that the locus of their line of intersection will 
be the right circular cylinder 

a:* + y« + «• = (te + my 4 nzY 4 (m" f n^)/a 4 (n" 4 /•)/6 4 (^ 4 m^)/e, 

(8) If the non-central conicoid y*/h^ ^jc = 2x, be taken in the last problem , 
the locus will be 2/ (for 4 wy 4 n«) - 2j: = 6 (n* 4 /*) + c (^ 4 m*), 

(9) Prove that a tangent plane to the cone 24^/(6 - c) 4 y V* - 'V^ = ^ '^'^ 
roeet the paraboloid y*/h'^r/e-2x in points, the normals at which will all 
intersect the same straight line, and the surface generated by the straight 
line will have for its equation 

2 (ft - c) {X (6y» - cz*) 4 6c (y« - 2*)}» = (6y« - cz») (6y« 4 ee)\ 

(10) The generators at a point P of a h}7)erboloid of one sheet meet thai 
generators at a fixed point O in points D and E, so that the area of the triangle • 
ODE is constant, prove that P must lie on a cone of the second degree, whose, 
vertex is at 0, such that the tangent planes to it through the line joining O to 
the centre touch it in lines lying in the tangent plane to the hy^erboloid at O. 

(11) The tangent plane at an umbilicus meets any enveloping cone in a 
conic of which the umbilicus is a focus, and the intersection of the plane of 
contact and the tangent plane the corresponding directrix. 

(12) A cone whose vertex is any point of the hyperbola ir « 0, A^s"- Ay'e 1, 
envelopes the ellipsoid x'/a* 4 yV** + «*/<j' = 1> whose least semi-axis is c; and h 
and k satisfy the relation 6" - c* «= hh^ (a* - ft") 4 Ac* (a" - c*) ; shew that the direc- 
trices of all the sections of the ellipsoid made by the planes of contact lie in one 
or other of two fixed planes. 



CHAPTER XIV- 



CON^OCAL OOKlCOlDS. ELLIPTIC COORDINATES. I'OCAL COKICS. 
Bit'OGAL CHOBDS. COBBESPGNDINa POINTS* 

283. In the preceding chapters we have considered the inter- 
sections of planes and straight lines with conicoids ; in this chapter 
we shall discass the mutual relations of conicoids grouped in a 
particular manner and called confocal conicoids, and prove certain 
theorems relating to their intersections, which will be useful here- 
after when we treat of the curvature of surfaces and geodesic lines. 

A knowledge of the whole theory of confocal surfaces is essential 
for the solution of many important problems in Physics ; in fact, 
it was in the study of the attraction of ellipsoids that Maclaurin 
was first led to consider the properties of this class of surfaces. 

The theory may be said to have been completed by Chasles,* 
although many valuable propositions are due to M^CuUagh.f 

284. Dep. Two conicoids are confocal, when the foci, real or 
imaginary, of their principal sections coincide; or, when the 
directions of their principal axes coincide, and their squares differ 
by a constant quantity. 

Another definition will be afterwards given, but for our present 
purpose this definition has the advantage of greater simplicity. 

If y /a* + y'lV + z'/c* = 1, and x'jci' + y'/i" + is'/c" = 1 be the 
equations of two confocal surfaces, a* — a * = i* — J" = c' - c", or 
a'-J» = a"-J" = /3' and a'-c' = a" -c" = 7'. These relations 
have given rise to two methods of stating the equation of a group 
of confocal conicoids, called, for the sake of brevity, confocala. 

In one method a is called the primary semi-axis, and the 
equation of the group is written 

x'/a'+y'/(a'-^') + ^/(a»-7*) = l, 

fi and 7 being constant quantities, viz. half the distance between 
the foci of the principal sections containing the primary axes, the 
individuals of the group being determined by assigning particular 
values to the primary axis. 

• Briot and BocK^uet, Geametine Analytiqui, 
-4oerftt Higtortque, L'Acad. Brux. 1837. 

t With reference to the relative claims of Chasles and K'Cnllagh in priority in certain 
investigations, see Iiiouville*s Jovrnalf vol. xi., p. 120, and Proeetdtngt of ike IrUh 
Ac€uiemy, vol. II., p. 501. 

s 
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In the other method the equation 

x'l(a + k) + yV(A + i) + z'l(c + *) = 1 

represents all conicoids confocal with x^/a-^y^jhA-z^/c^l^ hy 
assigning arbitrary constant values to the parameter k. 

285. To shew that three conicoids can he drawn th-ough a given 
pointy confocal with a given central conicoid^ and that these three will 
he an ellipsoid and the two ht/perholoids,* 

Let srja + y'jh + z'lc = 1 be the given conicoid in which a'>h>c^ 
find (y, ffj h) the given point. Any confocal which contains 
C/i 9i ^) ^^ ^^^ parameter k determined by the equation 

/7(a + k)+fl(h + i) + hy(c 4 A:) = 1, 

or (k + a)(k + h)(k + c)--/\k + h)(k + c) 

-^(* + c)(* + a)-A'(i + a)(* + 6) = 0. 

If now we write for * in the left side of the equation oo , — c, 
— i, —a successively, the signs of the result will be 4, — , 4, -, 
hence the equation has three real roots separated by these quantities. 

Also, the quantities a4 A, ^4^, o+ A;, will have the following 
signs, corresponding to the values of k : 

A;>-c, +, 4-, +, 

"hKkK-Cj 4, 4-, -, 

-a<A<-J, 4, -, -, 

which proves the proposition. 

Cor. Tuoo confocal ellipsoids or two confocal hyperholoids of the 
same kind cannot intersect. 

Elliptic coordinates* 

286. The position of a point on an ellipsoid is determined, when 
the octant on which it lies is known, by the primary axes of the 
confocal hyperholoids which pass through it ; these semi-axes were 
taken by Liouville as elliptic coordinates. 

If this description be taken, the Cartesian coordinates of any 
point on the ellipsoid can be expressed in terms of the elliptic 
coordinates as follows. 

Let the equation of the ellipsoid be 

ir»/a'+y»/(«»-/8») + «»(«'- 70 = 1, 
and let p be the primary axis of a confocal byperboloid through 
Jiny point (x, y, z) ; 

• Aper. Hist, (80), p. 392 j Proc, Ir. Aead, toI. II., 496. 
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subtracting, and dividing by p* - a', since p* is not equal to a*, 

or p* + ^p* + i8V«Va" = 0, 

and if o**, a"* be the two values of p*, then 

/3'7 V = a VV" or (a' - A') (a* ^<f)7?^ a'a^'a"'. 

Similar expressions hold for y^ and z^ ; and if J", -c'* and —6"*, -c " 
belong to the two confocals, 

287. Another definition of elliptic coordinates used by Cayley,* 
also derived from the two confocal hyperboloids through the point, is 
more symmetrical. 

If the equation of the ellipsoid be in the form 

that of a confocal through (x, y, z) being 

xV(a + *)+y'/(A + A) + «V (<' + *) = 1, 
we obtain as before 

(i + *)(c + A)a;7a + (c + i)(a + *)//J + (a + A)(& + i)»"/c = 0, 

/A, V the values of k for the two hyperboloids are the elliptic 
coordinates of any point (x^ jy, z) on the ellipsoid. 
Solving with respect to a + & as in the last article, 

3(? {a — b) {a — c) ^ a{a •\' fji) (a + v), 

»'(i-c)(6-a)-J(J + /.)(6 + v), 

and z^ {c'-a){c-' i) = c(c + m)(c + v), 

where, since J + f, c + m, and c + v are negative, y and z are real. 

Cayley writes a, iS, 7 for i — c, c — a, a — J, which are constant 
for all confocals and satisfy the equation a + iS + 7 = 0. 

288. These systems of coordinates are chieflv employed in 
investigating the forms of certain curves on ellipsoids, but if \, /lc, v 
be the roots of the equation a? /{a + A) + y*/(i + A) + z*/{c + *)=*!, 
these may be called the elliptic coordinates of any point in space 
with reference to the fundamental conicoid. 

The equations, in elliptic coordinates, of the two curves of 
intersection of the confocal hyperboloids with the ellipsoid are, by 
the first definition, a and a" = constant, by the second fi and v 
= constant. 

289. From the cubic equation in h, £*/(« 4 A})+...= 1, the roots of which, 
X, fi, ¥ are the elliptic coordinates of (^, n, I), we have 

X + ^+» = P + ii« + r-fl-6-c, (1) 
• Proc. o/Lmdcn Math, Soc., vol. iv. 
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/iv4y\4 X/tsfto + eaf a&-(ft4(;)^-..., (2) 

XA4y = fli«(P/a + ii»/6 + P/c-l); (3) 

by (1) the distance of the point {\, fit y) from the centre of the system of 
confocals is given ; 

by (2) flP f 5»i" + cj* « (X + A4 + V + o + 6 + c) (a + ft + c) + /cj» + i»X + X/i- 6c -,.. ; 
by (3) r/fl + nVi + V/c = \/ii^/abe + 1 ; 

whence the equations in elliptic coordinates of any conicoids similar to and 
co-axial with the fundamental conicoidi or of its reciprocal with respect to the 
centre can be found, 

290. When three confocals pass through a point each of the 
normals to the confocals at that point is perpendicular to the 
other two* 

It will be sufHcient to prove that at every point in the curve 
of intersection of two coutbcals the normals are at right angles; 
thus, if (f, »/, f ) be any point coninion to the confocals a5*/a +...= I 
and a? /[a + A) +...= 1, it follows by subtraction that 

therefore the normals are at right angles. 

291. To find the lengths of the perpendiculars from the centre 
upon the tangent planes at a given point to the three confocals which 
pass through that point in terms of the elliptic coordinates* 

Proceeding as in Art. 287, we have the equation 

(J + A;)(c + A)/Va + (c + t)(« + *).9V* + (« + *){*+*)*Vc = 0, 
or, since |?''=/'/a'+..., 

.', ahcjp^ == ^v = (a — a*) [a — o"), 

where a\ a" are the squares of the primary semi*axes of the con* 
focals, similarly for p and p\ the other perpendiculars. 

292. From the similarity of the expressions for the coordinates, vis. 
oaVy*' = (a - ft) (a - c), &c., Chaslesf has given the following construction : 

If with the normals at the point of intersection of three confocals as azesi 
three new confocals be constructed, of which the squares of the semi-axes are 
respectively a, a', a"; b, b\ h*\ and e, c\ c"; the coordinates of their points 
of intersection will be Ptp',p"* Also, the perpendiculars on the three tangent 
planes to the second confocals will be the coordinates of the points of intersection 
of the first. Hence, the second confocals intersect in the common centre of the 
first, and the principal planes of the first are tangent planes to the second, 

293. If two parallel tangent planes be draum to two confocals, 
the difference of the squares of the perpendiculars from the common 
centre on these planes will be constant,^ 

♦ Aver. Hut, (80), p. 392. 
f Jper. Hist, (Bti), p. 393. 
t Aper. Hitt, (37), p. 398 j Proc, Ir, Acad. vol. If., 491, 
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Let 1), t>' be the perpendiculars on the tangent planes to the 
confocals offa-i-.,.^ I and aj*/(a + *)+...= !, (Z, wt, w) their common 
direction : />•= Pa + m'i + n'c and p^=P{a •^k)-\-m^ (6+*; + n' (c+A), 
•'• p'* -p =^^ 

Cob. 7/" an ellipsoid and hyperbolaid he confocal^ all tangent 
planes to (^ ellipsoid dravm parallel to tangent planes to the conical 
asymptote of the hyperbohia toill be at the same distance from the 
centre. 

294. The poles of a given plane^ taken with reference to each of 
a series of confocals^ lie on a straight line perpendicular to this planeJ^ 

Let a:*/(a + k) + y'(b + A;) + «*/(c + k)=l be the equation of any 
one of the confocals, \x + fiy-^vz^l that of the given plane, and 
let (f, 17, ([) be its pole with respect to this confocal, therefore the 
equation of the plane must be the same as 

|j:/(a + *)+i7^/(i+i) + 5f/(c + *)=!, 

/. f/X = a + *, &c. and f/\ — a = i7//Lt- ft = f/K — c; 

these are the equations of the locus, which is evidently perpendicular 
to the given plane ; and, since the point of contact of the particular 
confocal which touches the given plane is the pole with reference 
to that confocal, the locus is the normal at the point of contact 
to the confocal to which the given plane is a tangent. 

295. To find the length of the portion oj a normal to a conicoid 
cut off by the polar with respect to any confocal of the point from 
which the normal is draum. 

Let the normal be drawn from the point (f g^ h) of the conicoid 
x*la-\-y'lb'^z*lc=lj and let (f , 17, f J be the point in which it meets 
the polar of (f g^ h) with respect to the contocal a;*/(a+ i) + ...= 1, 
by the last article it follows that f /(a + A)= X =y/a, 

.-. f-/=*//(a),&c., .•.(f-//+-=*'c/Va'+-.)-*7/; 

hence .-W the length required is kjp^ or Np = ± A = the difference of 
the squares of the primary semi-axes, p being the perpendicular 
from the centre on the tangent plane at (f g^ hy 

296. Three confocals^ A^ A\ A" pass through a point P, and a 
central section of A is made by a plane parallel to the tangent plane 
to it at P. To shew that the axes of this section are parallel to the 
normals at P to A and A'\ also that the squares of the semi-axes 
of the section are equal to the difference of the squares of the primary 
semi-^xes of A^ A and -4, A' respectively. '\ 

Let x*la-^...^l and x*l{a + k)-\-...= l represent the three 
confocals through P(f g^ A), by giving to k the two values k\ i" 
derived from the quadratic f'l{a(a + *)} +...= 0. (1) 



• Aptr. Uut, (50), p. 897, f P^^- ^^^ Aicad,^ vol. II. p. 499. 
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If (Z, m, n), (r, m\ n') be the directions of the normals at P to 
A and jl', then al/f—bmlg^cnjg^ and 

fa + iO r//= (6 + A') Tw'/^ = (c + A') n'/A ; 

hence, by (1), 

aVl{a + i') + 67n7( J 4 A'; + c/i'/fc + A') = 0, 

and (a + A') Tjal^ib + k')m'lbm = (c + A') n'/cn ; 

therefore, by Art. 287, — A' or a - (a + A') is the square of the semi- 
axis of the section of A by the plane Ix + my + «« = 0, and its 
direction is (Z', m\ n') parallel to the normal to A'j the proposition 
Is therefore true for A'y and similarly for A". 

When A is the ellipsoid, the major axis is parallel to the normal 
to the hyperboloid of two sheets. 

OOR. When two confocala intersect^ and a diameter of one is 
drawn parallel to a normal to the other^ at any point P of the curve 
of intersection^ this diameter is of constant lengt/iy and is one of the 
axes of the central section by a plane parallel to the tangent plane 
at P* 

This leads to the following important proposition. 

297. If p be the perpendicular on the tangent plane to an elUp^ 
said at any point of the curve of intersection with a con focal hyperboloid^ 
and D be the central radius parallel to the tangent to the curve at that 
jpointypD will be constant for all points of the curve. 

For if D' be the central radius of the ellipsoid parallel to the 
normal to the hyperboloid at the point considered, 1)^ D will be 
the semi-axes of the section by a plane parallel to the tangent 
plane; therefore ^Z>Z>' is constant, Art. 276 or 277, and, by the 
corollary of the last article. If is constant for all points of the curve, 
and therefore also pB. 

298. The normals to the confocaU to an ellipsoid which pass through any 
external point meet the polar plane with resjject to the ellipsoid in three points 
which, with the external pointy determine a tetrahedron selj conjugate with respect 
to the ellipsoid. 

This can be shewn by means of the theorem of Art. 294. 

Let Nff iV,, A, be the points of intersection of the normals at P with the 
polar plane of P, PN2Ni is a tangent plane to a confocal, and its pole with 
regard to the ellipsoid is in the normal PNi, it lies also in the polar plane of 
P, Art 264, therefore Ni is the pole of PN^N^ 

299. To shew that the principal axes of a conCj which envelopes 
a given central conicoidy are normals to the three con/ocals which 
pass through the vertex. 

Let X ja + y'jb + «*/c« 1 be the equation of the given conicoid, 
(fi9i ^) ^^^ v-ertex of the cone, then, writing u^ for/ '/a+^/i+A'/c-l, 
^' ■ ' ' 

♦ Proc, Ir. Acad, Tol. II. p. 499. 
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the equation of the enveloping cone referred to parallel axes through 
the vertex is uJa?ja-\'i^ib'\-z^lc)=^ifxja+gylb-\-hzlcf^ Art. 265. 

Let a?l(a + *) + y*l{b + *) + z'lic-hk) = 1 be any confocal through 
(/, g^ A), and Ix -{■ my -{■ nz =^ p the tangent plane at that point, so 
that lf-\-mff + nh=^Pj and I (a -\- k) — pj\ &c. 

The centre (f, 97, ^) of a section parallel to the tangent plane 
is given, as in (1) Art. 234, by 

Kf -»/^ = ("0^ - go)lmb = (i/^f - kv)lnc = - vipj 
writing v for f^ j a -\- gij jb + h^ I Cy 

•*• -P"of = »'(« + *) — 1??« = vklj 

which proves the theorem, since the normals to the three confocals 
are shewn to be perpendicular conjugate diameters. 

Cob. All canes toith a fixed vertex enveloping a family of con" 
focah are co-axiaL 

800. The theorem of the last article can be shewn by that of 
Art. 298, for, using the same notation, N^NN^ is a self-conjugate 
triangle with respect to the section of the cone by the polar plane of P, . 
therefore P^„ iW,, FN^ are a system of conjugate diameters of 
the cone, and, being a rectangular system, they are the axes 
of the cone. 

301. To find the equation of the enveloping cone referred to the 
normals to the confocals through the vertex as axes, 

iSince these are principal axes the equation of the cone is of the 
form Aa? + -By* + Gz^ — 0, and, if y^ ^„ p^ be the perpendiculars 
from the centre of the conicoid on the tangent planes to the three 
confocals, the equations of the line joining the centre and vertex 
of the cone, referred to the same axes, will be x/p^^y/p^ = z/p^^ 
and since this line passes through the centre of the curve of contact, 
the plane of contact will be parallel to the plane conjugate to this 
line, whose equation is Ap^x-^ Bpjf-^-Cp^z^^O^ Art. 272, but the 
equation of the plane of contact will be a:/\+y//A+ a/v = 1, 
if \, /K, K be the intercepts on the three normals, 

hence, if a + A., fl + A*,, a + Ir^ be the squares of the primary semi- 
axes of the tnree confocals, since p^\ = Ar^ &c., Art. 295, the 
equation required will be x^/k^ 4 y*/k^ + ^V^s = 0.* 

Cor. All cones having the same vertex and enveloping confocals 
are confocal^ as well as co-axial, 

302. To find the eqitation of the enveloped conicoid re/erred to the threS 
normals through the vertex, 

* Boott, Qwtrterly Journal^ ▼ol. VI., p. 268. 
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Since the equation of the plafte of contact is Pitt/h^ ^P^/K '/>sS/^,= 1, 
that of the conicoid is of the form 

^ (*»/^, + y* A, + z*/*,) = (/i.ar/&i +M^/A, *p^/A;, - 1)«; 
if, therefore, we transform the origin to the centre (-j?,, -p^^ -pj), by writing 
d;-/ii for X, &c., the coefficients of x, y^ % being equated to zero, we shall hsTe 
P -P\/^\ +ihV^ ^Pi/K + 1» t^« equation required will therefore be i 

(;»iV*i+/».V*, + p.V*j + i)(*V^i+y'/*2 + ^/*i)-(p,*/*i+-.-i)"- i 

! 

SOS. If from any point of a central eofiicoid a line he drawn Umching two 
given eonfocaU, theportiofi of this line intercepted between the point and the plane 
through the centre, parallel to the tangent plane at the point, will be constant.* 

It, mth P the given point an Tertez, two cones be described enveloping the 
two confocals, the line under consideration will be one of their common sides. 

Let 01, a,, a, be the squares of the primary axes of the given conicoid, and 
the two confocals through the point P, ai+k that of either of the oonfocals to 
which the line through P is a tangent, whose direction referred to the normals 
to the confocals through P is (/, m, n). 

Then T/A? + m*/{k + fli - a,) + n*/(k + fl| - «,) « 0, Art. 301 
whence A^ + -<iA; + (a, -iij)(a|-a8)/' = 0; (1) 
if k^, k^ be the two values of k, kik^ = (ai - a,) (oi - Og) /*. 

But, if r be the intercepted portion, rl^p^, where 

;?,« (fli - fla) (fli - «,) = «,6iCi, Art. 291, 
.*. kxk^ « fli^i^i, or (fl, - a) (a, 'a')r*» fl,A,c„ 
where a, a' are the squares of the primary axes of ihe two given confocals ; r is 
therefore constant 

304. Two nonicoids can be drawn confocal with a given conicoid and touching 
a given straight line, and the normals at the points of contact will be at right 
angles. 

The first part follows from the equation (1) of the last article, which gives 
only two values for k. 

The second is shewn by considering that if (/", g, h) and (/', g\ h') be the 
points of contact with the given straight line which is a common generator of 
the cones a:*/*, +...= and ar*/A;, ■»-...= 0, (/', ^, h'} is a point in the tangent 
plane to the first, and (/, g,h) in the tangent plane to the second ; 

.-. Jf'/ki^...^O and fj'/k^^...^O, 
and, by subtracting, 

••• jC^V*i*2 + ^^/(fe + «i -«t) (*2 + fli -«,) + hh'/{k, + 0| -«,)(*, + a, -fl,)«0, 
which represents that the normals are perpendicular. 

305. If a chord of a given central conicoid touch two other surfaces confocal 
with it, the length of the chord will be proportional to the square of the diameter 
of the first surface parallel to it. 

Let a central section be taken containing the chord PP^; draw CQ a radius 
of this section parallel to PP, and produce it to meet the tangent at P in T; 
let CN bisect PI^, and PM, parallel to NC, meet CQ in 3i, then CM, CT^CQ^-, 
hence, since CT'vs constant by Art. 303, PF^2CMcc CQ\ 

306. When two confocals are mewed by an eye in any position, their apparent 
boundaries cut one another at right angles wherever they appear to interseet.f 

The boundaries will appear to intersect in any line drawn from the eye so 
as to touch both surfaceti. 

* Proc. Ir. Acad., vol. ii., p. 498. 

t Aper. HiaL, (88), p. 892. Proc. Ir. Acad., voL II., p. 604. 
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There may be four, two, or no apparent points of intersection, and, when 
they eiist, they will be in Uie direction of the common generating lines of the 
two enveloping cones of which the eye is the common vertex, and the propo- 
sition follows from Art 304. 

307. The following method of dealing with tangents to confocal surfaces 
is due to Gilbert ;* it enabled him to solve with great facility many of the 
problems in this subject, and we give some of them which have been proved 
above. 

He shews that, if JP, P' be points on two confocals a^/a + y*/6 + «*/c = 1 
and a^/a* ■i-y'/b* + s'/c' « 1, and if '^, '^', be the angles which Uie normals at 
P, P* make with PP", P*P^ and one another, and />, p' the central perpen- 
I diculars on the tangent planes at P and P', then, the normals being measured 
i in the directions of and p', (a* - a) cos $ = PP' ( o' cos ^ - jj cos Y^'). 
i ^^ (/* 9t *) and (/', ^, h) be the poinU JP, jT, PP^^r, 
i .-. cos yr = (/' -/)/r X pf/a + . ; 

.-. r cos^ =/> (/'//o ^g'y/h + h'h/c - 1). 
Similarly r cos V^' « p (///a' + ^g /&' + A'A/tf' - 1 ) ; 
/. r ( f ' cos Yf -/I cos yfr) = (d' - a) ( pf/a xp^f'/«i +...) = (a' - a) cos $. 
CoE. If JPP'beatangentat P', cosY^ = 0, 

.'. (a' - a) cos O^rp' cos '^. 

308. If two eonfocaU touch the game straight line the norynah at the pointe 
of contact wiU be at right angles. 

For, cos -^ = cos "Y"' = 0, .'. cos ^ = 0. 

309. To find the equation of the cone enveloping a given cent rat conicoul^ 
referred to trie normals to the three confocals which pass through the vertex 

Let A^p A;,, A;, be the values of k for the confocals through P, -^„ yft^ ^ the 
angles between any side PQ of the cone and the three normals at P, 0i, 6i, 0^ 
those between the ni>rmal at Q and the three normals. 

Since cos -^ » cos 0^ cos ^1 4 cos 6^ cos ^t -f cos 0^ cos "Y^s ~ ; 
and by ArL 307, Cor., A^jCOs^^i^r^cosYrp &c.; 

.-. cos'^-j/Ai + co8*Yr,/Ar, + cos*Yr,/A^ s 0; 
hence, the equation required is 9^/ki + y*/k2 f z'/A;, - 0. 

310. If any point P be taken in a fixed plane U, and on the normals to the 
three confocals passing through P lengths equal to the primary semi-axes be set 
off, the sum of the squares oj the prttfections of these lengths on a normal to the 
plane U will be constant for all positions of P in that plane, viz. the square of 
the primary semi-axis of the confbcnl touching U.\ 

Let a be the square of the primary, semi-axis of the confocal touching U, 
a i A^i, a + Aa, a-k^k^ those of the three confocals, 

cos $1 cos yjri 4 cos 0^ cos Y^2 4 cos 0^ cos "^3 » 0| 
.'. *i cos'^i 4 A^ cos'^j 4 Af, cos"6^, = or (a4 Aji)cos'^i4...= a. 

Confocal Paraboloids. 

811. The propositions relating to paraboloids can be deduced 
from those relating to central conicoids by removing the origin 
to a vertex, as in Art. 201, but it is well to prove them inde- 
pendently, although the equations of the paraboloids being 

• Now. AnnaleSf voL VI., p. 529. f ^<'»»»' ^end., vol. xxii., p. 67. 

T 
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iinsymmetrical, the proofs of the theorems corresponding to thos^ 
already given for central confocals are not so simple ; the following 
are the principal results. 

312. The equation of any confocal to y'/J + a*/c = 4a? is 

j^/(b-l)+zy(c-Tc)^i.(x-k\ (1) 
since the foci coincide. 

313. The three real values of h for confocals passing through 
(/> 9i *) are given by 

^(*-/)('fc-*)(*-c)-/()fe-c)-*»(£-J) = 0, 

00 , R, c, — CO separating the roots. The confocals are therefore 
two elliptic and one hyperbolic. 

314. The direction-cosines of the normals at (/, g^ K) are as 
— 2 : gKh — k) : hl(c — k)^ and if A^, k^ be values of k for two of 
the confocals, by subtracting the equations derived from (1), ' 

if/Cb - k,) (b - *.) + AV(c - A,) (c - Ag + 4 = 0, 

therefore the three normals are at right angles. 

315. For Art. 294. Since the polar plane is 

i73^/(J-A)+S«/(c-i)-2aj-.2(f-2A) = 0, 
and the given plane Xa? + /tty + y« = 1, 
we obtain the equations of the line 

i7/Ai + 2i/X=?/v4-2c/\=f/\+]/V. 

316. For Art. 295. Take A' the value of k for the confocal 
touching the given plane at {f, g^ h\ the normal has equations 

X -/= 2Np, y^-g^- gNpjib - k'), &c , 

where p-« = 4+//(6-*7 + AV(o-AT; 

if N be the portion of the normal cut oflP by the polar with respect 
to any confocal (k\ shew that Np — k — k\ 

317. For Art. 299. The conical envelope of y'/h + z*/c = 4a? is 

^/yV* + ^'/c) = igy/h + hz/c - 2a:)', 

if u^^g'/h + V/c-if. 

Let (Z, 7w, n) be the direction of a normal to the confocal 
through {f^ g^ A), so that 

Z/(- 2) = fw ( J - k)lg ^n{c-k)l1i^ {2lf+ mg + wA)/(- 4*), (1) 

(f, i;, f) the centre of the section made by the plane Ix+my-^^nz = q 

if v = grjlb + h^jc - 2f, is given by 

2t?/Z = (u^fi ''ffv)lbm = (w,?- hv)lcn = 2w,f /(2{/^+ mg-^nh); 
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• A vffn:=-vlu^(2bll+glm) = vlu^.2kll, by (1), 

also v = uj^l2k\ .*. ijl — vl^} ^^^ similarly =?/n. 

318. For Art. 301. Lei Ax' + By' + Cs^^O be the equation 
of the cone, the line throng^h the vertex and the centre of the carve 
of contact is parallel to the original axis of a?, and the direction- 
cosines of this line are - 2/>j, — 2p„ — 2^^, where 

the plane conjugate to this line is Ap^x + Bpjf -^Cp^z =^0j and the 
intercepts of the axes made by the plane of contact will be N^^ N^j 
iSTj, Art. 316; /. AN^p^^ BNj)^^CNj>^^ hence the equation of the 
cone is ar"/*^ + y */ *, + «*/ *, = 0. 

Focal Conies. 

319. Among the surfaces of the system of confocals to an 
ellipsoid, obtained by giving all values to the parameter A; in 
the equation 

«V(a' - *) + y'/iV - i) + e/{c' - i) = 1, 
there are two which have a particular interest. 

If a>6>c, suppose k to increase from zero, the surfaces will 
change from ellipsoids to hyperboloids of one sheet as k passes 
through c*, and from hyperboloids of one sheet to those of two 
sheets, as it passes through V. 

When A; IS a little less than o*, the confocal is a very flat ellip- 
soid, and when a little greater, a very flat hyperboloid of one sheet, 
the boundary of both being the ellipse 

a;V(a»-c') + y'/(J'-c') = l;» = 0; 

when issc*, i5' = 0, representing two planes coincident with that 
of xy. 

In the same manner the hyperbola 

a^/(a'-J')-^/(i'-o.') = I,y = 0, 

is the boundary of two flat hyperboloids of one and two sheets, for 
which A: is a little less or greater than V. 

These conies are called the focal ellipse and hyperbola of any 
of the confocals; they pass through the foci of the two principal 
sections containing respectively the least and the mean axes of the 
ellipsoids of the system. 

The focal hyperbola also passes through the umbilics of the 
ollipsoidy for which 

x'l(a'^V)a'^z'l(b'-c')c'^ll(a'-c'). 
But there are other properties which make the term focal 
conies peculiarly appropriate, which will be discussed in the next 
chapter. 
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320. We may observe here that as these focal conies belong 
to the group of confocals, many of the propositions given above 
can be apph'ed to them. For example, a cone on a focal conic 
as base corresponds to an enveloping cone, since the focal conic if^ 
in this case tne curve of contact of a flat ellipsoid enveloped by 
the cone; and the normals to the confocals through the vertex 
are axes of the cone. 

321. To Jind the eonfoeal kyperhohidB which pass through a point in the 
principal section of an ellipsoid which contains the greatest and least ares. 

Let the eqaation of the ellipsoid be 9^ /a* + g*/{a* - /S*) + «" (a" - 7*) = 1, and 
(/f 0, h) the point in the principal section, so that f^/a'-k-h^/^a* - 7') ^ 1. 
If a' be the primary semi-axis of a eonfoeal hyperboloid, 

/Vfl'«^ + 0/(a« - /3«) (a^ - /3«) + AV(o" - 7") (a** - 7^ = ; 

. /. o* = ^ or /7/a, the first solution gives the focal hyperbola, which must be 
considered as a flat hyperboloid of one or two sheets according to the position 
of the point; the other solution gives the hyperboloid 

which is of one or two sheets, aa/7 > or < a/3, ie. as the point is on one side or 
the other of the focal hyperbola. 

322. To find the hcus of the vertices of all circular cones lohic/i 
envelope a given conicoid* 

Since the positions of the principal axes of such cones, which 
are perpendicular to their axes of revolution, are indeterminate, we 
must consider three confocals through the vertex of some enveloping 
cone for which the directions of the normals to two of them will 
be indeterminate. It is evident that if we draw normals to a 
Gonicoid of which one of the axes is infinitely small, these normals 
will be parallel to that axis, unless the points at which they are 
drawn are indefinitely near the edge, and in passing round this 
edge from one side to the other the normals will assume every 
direction in a plane perpendicular to the tangent to the bounding 
focal conic, and this tangent being the normal to the third eonfoeal 
will be the axis of a ri^ht cone. Hence, the vertices of right cones 
must lie in one of the focal conies. 

This locus and that of the next article may be found by making 
the equation of the conical envelope coincide with that of the 
circular cone found in Art. 60. 

323. The locus of the vertices of right cones on a given elliptic base is a 
hyperbola in a piano perpendicular to its plane, and vice vtrsd. 

For any ellipse s^/tr\-y*/b*^ 1 may oe looked upon as the focal ellipse of 
an ellipsoid of which the focal hyperbola is z* /a^ - zV7* = 1 » if a* - o* = i' = 7*, 
and the vertex must therefore lie on the focal hyperbola; hence the equations 
of the locus of the Tertices are «*/(«■ - 6*) - s*/6* = 1, and y = 0. 

324. To find the vertical angle of the circular cone enveloping an ellipHoidf 
the vertex being a given point oft the focal hyperbola. 

The squares of the primary semi-axes of the confocals through a point 
{f, Of h) of the focal hyperbola, which is the boundary of two flat hyperbololds> 
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«re o«-y + X, a^^h\ a'-M, where 

/•/(a«-i^-V/(6«-cM-l and /•/(a«-6" + X) + *•/(«" -6« + Xl- 1, 
whence X =/• (6« - ^)/(a* - M) + A* (a* - 6«) /(6« - c«) - (a« - 6«) (6* - c«) /j?,«, 
l»j being the perpendicular from the centre on the tangent to the hyperbola. 

But the equation of the enveloping cone referred to the three normals to 
the confocals is x'/(X-&*)a(y'-i-s')/^*; hence, if 2a be the vertical angle 
of the cone, &* a (X - b*) ti^n'a and X^b* cosec'a, 

Bifocal Chords, 

325. Def. a bifocal chord of a conicoid is a chord which intersects two 
focal conies of the conicoid. 

326. I/P be one extremity of a bifocal chord of a conicoid, the portion of the 
chord intercepted between P and a plane through the centre, parallel to the tangent 
plane at P, wiU be equal to the primary eemp-axie of the conicoid. 

The focal conies being limits of confocals of the conicoid, this is a particular 
case of the theorem of Art 303, in wnich ki » bu k^ » ci. 

327. The direction-cosines of the bifocal chords drawn through any point P 
of an ellipsoid and its focal ellipse and hyperbola, referred to the normals to the 
three confocals through P, are tp^/^u tpj^h* and ±p^/a^ where ai, a«, a, are 
the primary semi-axes, and p\^ pw, p^ the perpendiculars from the centre on the 
tangent planes at P. 

328. The length of the bifocal chord of a conicoid i$ a third proportional to 
the primary axis and a diameter parallel to the chord. 

This is a particular case of Art. 305. 

329. Ih shew that the four bifocal chords through any point Pofan ellipsoid 
lie in two planes pasting through the normal at P, and intersecting the primary 
axis of the ellipsoid in the feet of the normals at the umbilics. 

Since, by Art. 327, the equations of the four bifocal chords, referred to the 
three normals to the confocals through P, are xai/pi - ± yazlpi « ± %a^/p%% they 
He in pairs in the two planes yajp^ ± vi%lp^ ^ 0, intersecting in the normal to 
the ellipsoid. 

The coordinates of the feet of the normals at the umbilics, referred to axes 
through P, ( /, g. A), parallel to the axes of the ellipsoid, are ± fh/^^i'/* -fff-^i 
therefore, at the feet of the normals at the umbilics, 

'■('?-/)5'-'^-'^-('S-)'" 

.-. y//>t = ±aj/a,-l. Art. 286. 
Similarly, t/Pz^tot/a^-lf and these points lie one in each of the two 
planes given above. 

330. If a tangent plane be drawn perpendicular to a bifocal chord, the 
distance from the centre of the ellipsoid to the point where the chord meets 
this plane will be equal to the primary semi-axis. 

Ijet a^/a^ + y'/V + «"/c* = 1 be the equation of the ellipsoid, (X, fi, v) the 
direction of the bifocal chord through (/, g, A). Then, by the intersection of 
the two cones standing on the focal conies, 



■^ f^^-'^^"-- 
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and multiplying by a* - c" and a* - h\ and adding, 

O - h\y + {Sf\ -»• + {h^ - ffi^Y = a* - (XV + /iV + /c«) ; 

therefore, if CQ be perpendicular from the centre on the chord, It the point 
where the chord meets the tangent plane, C^ s a* - Qfi*, .'. CE = a. 

Corresponding Points. 

331. If Oj bj c frnd a', h\ c' be the aemi-axes of two eUipsoids, 
any two poiDts P and P', whose coordinates are ar, y, « and x , y', 2' 
referred to the axes of the ellipsoids, are said to be corresponding 
points^ if the following relations hold, xja^x'ja^ yl^ — yl^\ ®^^ 
zjc^zfc. 

It is plain that if P be on the first ellipsoid the corresponding 
point P* will be on the second. 

Ivory first made use of points so connected in order to establish 
a relation between the attractions of an ellipsoid on an external 
and on an internal point, proving the following proposition : 

332. If P^ Q he txioo points on an ellipsoid^ and P\ Q the corre" 
sponding points on a confocal ellipsoid^ PQ' = P* Q, 

Let (Xy y, «), (f, 17, f ) be the points -P, Q on the ellipsoid 
x'la'+y'lb' + z'lc'^l, and let (x\ y\ z\ (f, 17', ?') be corre- 
sponding points P', Q on the confocal x'J a* -\' 1/ 1 h'* + z^j c* ^ I. 

Since ic/a = x'/a' and f /a = f /a , we have (x - f 7 - (f - xj 

^(x^Sa'lay^(^^xa'lay^(a'--a'')(afla'-^la'), 
and similarly for the other coordinates ; 

or Pg^TQ. 

333. Since a;*-.a;" = (a*-a')«7a", &c., if be the centre of 
the eUipsoid, then OP' - OP"" = a« - a\ 

334. If a cmieentric and co-axial ellipnoid he drawn through the terter of a 
eone enveloping a given eUipsoid^ the tangent plane at the ptnnt corresponding to 
the vertex toill meet the elUpeoid throtigh the vertex in an ellipse, every point of 
which toill correspond to a point in the plane of contact ; and, if the eUipsoids be 
confocal, the lengths of the tangents from the vertex will be equal to the 
corresponding radii of that ellipse, 

I^t (/, g^ h) be the vertex of the cone euTeloping the ellipnoid 
«*/fl' + yV6" + «*/>•=!, (1), and let x'/a'' -^g^/b'* + ^/c'*«l, (2), be an ellipsoid 
on which the vertex lies. 

The plane of contact of the cone is /jr/a' -1- ^y/&* -1- Az/c* = 1 , in which let 
(fi % I) be any point, then, if {B\ I'l t) be the corresponding point on (2), and 
(/'i 9*9 ^') on {I) correspond to the vertex, we have/^ =/'C' j 

/. fi'/aUgW/b'^hX/^^l, 

or (£', n\ V) is on the plane which touches (1) at (/', g\ A')« 

Also, if the eUipsoids be confocal, the latter part of the proposition is 
obvious by Ivory's theorem. 
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335. // three points on an ellipsoid he the extremities of three 
conjugate diametersj the three corresponding points on any other 
ellipsoid will be also at the extremities of conjugate diameters. 

For the correspondiDg points on a concentric sphere are the 
same for both ellipsoids, and these are obviously at the extremities 
of three perpendicular radii. 

336. Confocal ellipsoids are cut hy a jixed confocal hyperboloid ; 
to shew that if any point he taken on the curve of intersection of 
one of the ellipsoids^ the corresponding point on any other will lie 
on its curve oj intersection. 

If (x^ y, is) be a point on the intersection of a:'/a*4-yVi*+ z^/(?^ 1 
•with the hyperboloid x^ja? + y*j^ + z^jy^ = 1 confocal with it, 

and if (x\ y\ z*) be the point corresponding to fx, y, z) on the 
ellipsoid x'la'^^flb'^^z'jd'^^, «7aV + y7i'*/3* + ;57cV=0, 
and multiplying by a'^ — ai^^ wo obtain 

x'la' + yV/S* + «77- = x7a • + y'jh" + z'^jc' = 1, 

therefore the point {x\ y\ z) lies also on the hyperboloid. 

Cor. The point on any ellipsoid which corresponds to an umbilic 
on a confocal ellipsoid will be itself an umbilic. If the hyperboloid 
which cuts the confocal ellipsoids be either of the flat hyperboloids, 
whose common edge is the confocal hyperbola, all points on this 
edge will be corresponding points. 

337. One of the series of ellipsoids in Art. 336 is the flat surface bounded 
by the focal ellipse, and the corresponding curve of intersection is the principal 
section of the hyperboloid, which is an ellipse or hyperbola as the hyperboloid 
is of one or two sheets, being confocal with the principal sections of the ellipsoids. 

If hyperboloids of one and two sheets be confocal with the series of ellip- 
soids, a, a' their primary semi-axes will be elliptic coordinates of the points on 
any of the ellipsoids in which the curves of intersection with the hyperboloids 
intersect; and if r, f^ be the distances of the corresponding point on the flat 
ellipsoid from the nearer and farther foci of the principal section of the 
ellipsoid, r^ ■¥r = 2a and r' - r = 2a', whence the plane curve corresponding 
to any curve on the ellipsoid, given in elliptic coordinates, can be found, 
or vice versa. As an example, take the following: 

A curve is drawn on an ellipsuid such that^ if a central section be taken 
parallel to the tangent plane at any pointy the distance of the foei of the section 
win be constant f tojind the corresponding curve on the plane of the focal ellipse. 

If CI, a' be the elliptic coorclinates of a point on the curve, the squares 
on the semi-axes of the section corresponding to this point will be a* - a* and 
a* - a *, hence a' - a'* is constant and the curve required will be rr' «= constant ; 
if the given curve pass through the extremity of the least axis, the corre- 
sponding curve will be a lemniscate. 
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XXIV. 

(1) Prove that the locus of the points of intersection of tangent planes to 
three confocals, which are perpendicular to each other, is a sphere. 

(2) If normals be drawn from a fixed point to each of a series of confocals, 
shew that they will form a cone of the second degree. 

i3) If a, a\ a^t 9l*\ be the transverse semi-axes of an ellipsoid, and the three 
bcals which can be drawn through a ffiven point, and if a'*'+ a"* 4 o^"- 3«*, 
then three tangent planer mutually at right angles can be drawn from the given 
point to the given ellipsoid. 

(4) Through a straight line in one of the principal planes tangent planes 
are drawn to a series of confocal ellipsoids; prove that the points of contact lie 
on a plane. If a plane be drawn cutting the three principal planes^ and throueh 
each of the lines of section tangent planes be drawn to the series of conicoidi*, 
prove that the three planes which are the loci of the points of eontact will 
intersect in a straight line perpendicular to the cutting plane. 

(6) Prove that the polar of the foot of a normal to an ellipsoiil with respect 
to the focal ellipse is the polar of the foot of the ordinate with respect to the 
principal section of the ellipsoid; also that the line joining the two feet is 
a normal to an eUipse similar to the principal section. 

(6) P, Q are two points on a generator of a hyperboloid^ P^ Q* corre- 
sponding points on a confocal hyperboloid; shew that T^Q[ is a generator 
of the latter, and that T'Q^TQ 

(7) Shew that the locus of the point corresponding to a given point of an 
ellipsoid, on a system of confocal ellipsoids, is the intersectioB of two hyper- 
bohc cyfinders. 

(8) The curve on a sphere corresponding to the curve of intersection 
of an ellipsoid and a confocal hyperboloid lies on the asymptotic cone of 
the hyperboloid. 



XXV. 

(1) If *Va»-i-yVi' + 2"/c*ol be the equation of an ellipsoid, and (/,^, K) 
be any point, a\ b\ e\ a", 6", c", o^', 6'", e"' the semi-axes of the confocals 
through that point, then 

P f A« Ji 

(2) The points on a series of confocals, at which the normals are parallel, 
lie on an equilateral hyperbola of which one asymptote is parallel to the normals. 

(3) If two cylinders with parallel generators circumscribe confocal conicoids, 
the sections of the cylinders by any plane perpendicular to the axes of both 
will be confocal. 

(4) When the two confocal hyperboloids through a point degenerate into 
flat surfaces bounded by the focal hyperbola, explain the perpendicularity of 
the three normals at that point. 

(6) Find the three confocals of an ellipsoid through a point in one of 
the focal conies. Shew that the ellipsoid which passes through a point (/, 0, h) 
on the focal hyperbola of the ellipsoid :^/a 4 y*/h 4 «Vc = 1 is 
^/(6 - c)/' 4 y' (a - c)/{[h - c)«/« 4 (o - bY V) 4 ««/(a - 6) A«= (« - e)/{a - 6) (6 - c). 

(6) The rectangle contained by the side of a cone of revolution enveloping 
an ellipsoid, iniercepted between the vertex and point of contact, and the perpen- 
dicular from the centre upon the tangent plane at that point, is constant 
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(7) PQ is a tangent at Q to a conicoid; \, /i, v are the primary semi-axes 
of the confocals through P; /, f», » the direction-cosines of PQ referred 
to the normals to the confocals at P; T, m\ ti' those of the perpendicular 
p from tibe centre on the tangent plane at Q ; prove that, if PQ » r, 

X»^ + fL^mm' + v*nn' + pr = 0, 

(8) Prove that the points on the plane of the focal ellipse of an ellipsoid, 
which correspond to those of a circular section, lie also in a circle, whose area 
is to that of the section as 6* - c* : 6". 

(9) A cone is described whose base is a given conic, and one of whose 
axes passes through a fixed point in the plane of the conic, prove that the locus 
of the vertex is a circle. 



XXVI. 

(1) Find the eccentricities of the focal conies of yt + y'S (« - *y) = !• 

(2) If « be the perpendicular from the origin on the tangent plane at 
(ft n, to the conicoid P/(a + X) + nVc/S + X) + T/ (7 + X) = 1, prove that 

de^ dn*^ dC" lo + X^/itX'*"7 + x/" 

(3) Prove that the equation in elliptic coordinates of any circular section 
of an ellipsoid is a*" + a"*- 2aVrf/£/, = (o" - c*) r'/i", where r is the radius of the 
section, and d, d^ are the distances of its centre and of the umbilios from the 
centre of the ellipsoid. 

(4) If a series of confocal paraboloids be touched by parallel planes, the 
points of contact will all lie in a bifocal line. 

(5) The locus of a point, where a tangent plane to a paraboloid is met 
by a bifocal line to which it is perpendicular, is a plane touching the paraboloid 
at the vertex. 

(6) If four curves on an ellipsoid, which are the intersections with four 
confocal hyperboloids, form a small rectangle of sides ds^ dtf^ shew that there 
will be a corresponding rectangle on a sphere, whose sides do^ do* will be 
connected with rf», ds' by the relations rd$-\'do and rdtf s^Xda*^ X' and X'* 
being the differences of the squares of the semi-axes of the ellipsoid and the 
hyperboloids which intersect in da and cfs' respectively. 

(7) If X be the length of a bifocal chord of the paraboloid y*/h 4 s*/c « x^ 
which makes, with the axes of y and z, angles whose cosines are m and n, 

X-» = my6 + nVc. 

(A) The foci of a series of parallel sections of an ellipsoid, perpendicular to 
the plane of a focal conic, lie on an ellipse which touches the trace on that 
plane and the focal conic. 

(9) Any point in the plane of the focal ellipse of an ellipsoid will be the 
focus of two plane sections perpendicular to that plane, which will be real only 
when the point lies within the trace on that plane and without the focal conic. 
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CHAPTER XV. 

MODULAR AND UMBILICAL GENERATION OP CONICOIDS. 
PROPERTIES OP CONES AND SPHERO-CONICS. 

338. The roodular and umbilical methods of generating coni- 
coids, invented by MacCuUagb and Salmon respectively, may be 
stated as follows : 

For the modular method, " The locus of a point whose distance 
from a fixed point is in a constant ratio to its distance from a fixed 
straight line, measured parallel to a fixed plane^ is a surface of 
the second degree." 

The fixed point is called a modular focus^ the fixed line a 
directrix^ the constant ratio the modulus^ and the plane the 
directing plane. 

339. Since this locus contains ten disposable constants, viz. 
three dependent on the position of the fixed point, four on that 
of the nxed straight line, and two on the direction of the fixed 
plane, and one more, namely the constant ratio, the locus may, 
in general^ be made to coincide with any surface which can be 
represented by an equation of the second degree in an infinite 
number of ways, since there will be only nine equations connecting 
the ten disposable constants. 

If all but the three coordinates of the focus be eliminated, there 
will result two final equations determining a curve locus of such 
points ; such curves are called focal conies^ being the same as the 
limits of the confocals discussed in the last chapter. 

Again, if all but the four constants which determine the position 
of the directri^c be eliminated, there will be three final equations 
which, with the equations of the straight line, will determine a 
ruled surface, called a dirigent cylinder^ the trace of which on 
the plane of the focal conic is called a dirigent conic. 

340. For the umbilical method, "The locus of a point, the 
square of whose distance from a fixed point bears a constant ratio 
to the rectangle under its perpendicular distances from two directing 
planes, is a surface of the second degree." 

This locus contains ten disposable constants; three dependent 
on the position of the fixed point, three on the position of each 
of the directing planes, and one more, namely the constant ratio. 

The fixed point, therefore, will not generally be unique, but 
may be any point of a curve locus. 
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The fixed point is called an umbilical f ocas ^ the intersection 
of the planes a directrix^ the constant ratio the umbilical modulus^ 
and the locus of the focus the umbilical focal conicj the trace of 
the dirigent cjlinder on the principal plane being the umbilical 
dirigent conic. 

341. To find the locus of a point whose distance from a focus 
is in a constant ratio to. its distance from a directrix^ measured 
parallel to a given directing plane. 

Let 8 the focus be taken for origin, &, 8y parallel to the 
directrix D^and the directing plane respectively, and let a, /9 be 
the coordinates of D in xy^ e the modulus, and the angle of 
inclination of the directing plane to the plane of xy. 




Let PN be drawn from the point (a?, y, z) to tbe directrix 
parallel to the directing plane, NM parallel to %, and PM perpen- 
dicular to NM\ then PMN will be parallel to the directing plane. 
Hence we shall have MN^y-fi^ and PM^{x'~ a)secci>; and, P 
being a point in the locus, SP=e.PN] 

:,. aj'+y' + «' = e*{(x-a/8ec'® + fy-/8/}; 

this is the equation of the locus required, which is a surface of the 
second order. 

Since « = ar tana> + A is the equation of any plane parallel to the 
directing plane, we have, at the points of intersection with the 
surface, «* sec*6i + y* = iK* + y' + (« — *)*, which, combined with the 
equation of the locus, shews that the curve of intersection lies 
ou a sphere, except when e=l, in which case it lies on another 
plane ; hence, all sections parallel to the directing plane are circles, 
or, when e^l, straight lines. 
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'342. That the section by a plane through 8 parallel to the 
directing plane is a circle is obvious geometrically, for, if this plane 
cut the directrix in H^ the section is the locus of a point whose 
distances from 8 and H are in a constant ratio, and is therefore 
a circle, unless e=l, in which case it is a straight line, and the 
surface is a hyperbolic paraboloid. 

343. To find the locus of a pointy the square of whose distance 
from a focus is in a constant ratio to the rectangle under its distances 
from two fixed directing planes. 

Let the focus 8 be taken for the origin, the planes bisecting 
the angles between the directing planes being parallel to the planes 
oi'ocv.yz. 

Let also a> be the inclination of the directing planes to the plane 
of xy, a, 7 the coordinates in the plane of zx ot any point in the 
directrix, and e the constant ratio. 

From any point P, let PQj PR be drawn perpendicular to the 
directing planes ; .*. 8P* = eFQ.PR'y therefore since the equations 
of the directing planes are (x - a) sin o) ± (« - 7) cos « = ; if ar, y, z 
be the coordinates of P, 

a^* + y* + «* = « {(^ - a)' 8in*« - (a - 7)* cos*»} 

will be the equation of the locus, which is of the second degree. 

If the surface be cut by a plane, parallel to either directing 
plane, whose equation is (a: — a) sin 001(^ — 7) cos a>=p, the curve 
of Intersection will obviously lie on a sphere, and will therefore 
be a circle. 

344. We have seen in both modes of generation, and it is 
also evident from the consideration of the number of constants, 
that the equation of a conicoid can be put into the form S = UV^ 
where Z7= and F== are the equations of two real or imaginary 
planes, and 8^0 \s the equation of a point sphere, or the imaginary 
cone having its vertex at a point which we have called a focus, 
and passing through the circle at infinity which is common to all 
spheres. Art. 232. 

The conicoid and cone intersect in two plane curves crossing 
one another in two points P, Q which lie in the line of intersection 
of the planes Z7, F, called the directrix; a plane containing the 
tangent lines to the two curves at P will be a tangent plane to 
both conicoid and cone at P, and will therefore contain a tangent 
to the circle at infinity, which lies on the cone. 

The generating line 8P of the cone, whose vertex is the focus 
8j will be the intersection of two consecutive tangent planes to 
both conicoid and cone, each of which tangent planes contains 
a tangent line to the circle at infinity, and since the same argument 
holds for Qy 8Q will be another such generating line. 
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If, therefore, a series of planes be drawn which touch both the 
eonicoid and circle at infinity, these planes will envelope a torse, 
and a focus will be a point on the torse in which two of its 
generating lines, which are not consecutive, intersect. 

The locus of the foci will therefore lie on a double curve on the 
torse, and this curve will be the same for all conicoids enveloped 
by the same torse, touching also the circle at infinity. 

Ghasles suggested the following definition of confocals. 

Def. Conicoids are confocal when they are capable of being 
enveloped by the same developable surface described so as to touch 
the imaginary circle at infinity. 

345. To find the focal and dtrigent conies in the case of central 
conicoids. 

Let (f, 17, 5) be a focus, and (f, 17', 0) be the foot of the corre- 
sponding directrix supposed parallel to the axis of z. 

The equation of the eonicoid z'la' -{-y^jb* + z*lc^ =^l^ whether 
generated by the modular or umbilical method, must coincide 
with the equation 

X, fi being of the same or opposite signs. Comparing these 
equations, we have f = Xf', r) = fjbfj\ f=0, and 

and xr - f • = {a'l(a' - c*) - 1 } f ' = c7(a' - c') f * ; 

The focal conic is therefore confocal with the eonicoid, and lies in 
the principal plane perpendicular to the directrix. Again, since 

f'^(a'-c')n«'. and i,^=(i»-c'),'VJ«, 
the equation of the dirigent cylinder is 

346. The focal and dirigent conies are reciprocals of each other 
with respect to the principal section in the plane of which they lie^ 
and the line joining the foot of any directrix vrith the corresponding 

focus is a normal to the focal conic. 

Since x'l{a*-c')'^y'l{b*-c^)=l is the equation of a focal 
conic, the equation of the tangent at ({, 17) is 

ar|/(a'-c') + y»7/(i'-0=l, or a:r/a' + W/*'=l; 
whence it is the polar of (f', 17'), the foot of the corresponding 
directrix, with respect to the section in xy. 

Also, since a'(f' -f) = c*f', and i* (17' - 17) = cV> the equation 
of the tangent may be written a:(f — f) + y(V-^) = <^'; it is 
therefore perpendicular to the line joining (f , 17J and ({', 1;'), whence 
the second part of the proposition. 
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347. If a section of a conicoid he made hy a plane perpendicular 
to that of a focal conic^ so that it contains a directrix^ to shew thai 
the distance of any point of the section from the directrix will have a 
constant ratio to the distance from the corresponding focus, . | 

For if (f , ^, 0) be the focus corresponding to the directrix (f ', 17')^ 
the equation of the conicoid may be put into the form 

and, if the equation of the plane be (x — ^)Jl=^{y — ff)jm = r, then 
for any point P of the section {x - f )' + fy — 17 )* + «* = (X? + fim^) r* ; 
therefore SPoz PQ^ if PQ be the perpendicular on the directrix. 

348. Cor. If the plane containing a directrix be perpendicular 
to the focal conic, the corresponding focus 8 will be a point in 
the plane, Art. 346, and will therefore be a focus of the section ; 
hence, Every point of a focal conic of a conicoid is a focus of (lie 
section made hy a plane perpendicular to the focal conic at that point. 

349. To find where a conicoid ie intersected hy its focal conies. 

If the directrix be parallel to Oz^ the equations of the focal conic of the 
conicoid arVa" + yV^" + «V<5' = If will he a^/{a* - c*) •>■ y'/[b* - c») = 1, « « 0, and it 
will intersect the conicoid if «'/ (a* - c*) a* + y*/{h* - c") 6* = give x* : y* positive. 

Hence, if the focal conic and the corresponding principal section be both 
ellipses or both hyperbolas they do not intersect; but, if tney be not of the 
same kind, they wul intersect in the umbilics of the conicoid; whence the 
name umbilical focal conic. 

Now, referring to the equations of Art. 341 and 343, we see that in the 
modular method of generation the focus cannot lie on the conicoid, but may do 
so in the umbilical method, thus the umbilical focal conies correspond to the 
umbilical method of generation, and the other focal conies to the modular 
method. 

350. To find the focal and dirigent conies for non-central surfaces. 
For the paraboloids, comparing the equation 

with if'lb + ^lc = 2x, we have X=l, &(1 - A*)=c = f-f, 

V = f^v', ?=0, and r + V = f" + A*V*; 

.-. /*=l-c/i, and c(f+f) = i,'{J/(i-c)-l}; 

.-. ,' = 2(i-c)(f-ic). 

The focal conic is therefore a parabola, which has its vertex 
at the focus of the parabolic section parallel to the directrix, and 
is confocal with the section in its plane, since the abscissa of its 
focus is ^c + 4 (i - c) = ^Z>. 

Also, the equation of the dirigent conic is (i— c)i7'*=2i*(f-f Jc), 
which is the reciprocal of the focal parabola with respect to the. 
section y' = 2bx. 

It will be found that the focal conic of an elliptic or hyperbolic 
cylinder is the tyo straight lines containing the foci of the principal 
sections ; and that that of a parabolic cylinder is two straight lines, 
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>ne of which is at an infinite distance and the other contains the 
foci of the principal sections. 

351. In order to apply the modular method of generation to the investi- 
i^ation of properties of conicoids, the modulus and directing plane must be real, 
iS well as the focal and dlrigent conies, and, referring to Arts. 331 and 335, we 
obtain the following conditions : 

L For the ellipsoid «7o + yV6 + s:Vc=l, a>b>ef 
(I -«» sec'w) a* = (1 -«») &"- c', 
the only focal conic which is applicable being a:V(a*-c') + ,vV(6'-c*) = l. 

For an oblate spheroid a = b and tv - 0. The prolate spheroid, for which 
h = Cf cannot be generated by the modular method. 

ii. For the hyperboloid of one sheet ir*/a*i-yV6*- «Vc'« 1, 6 > a, the directing 
plane is parallel to Oy, and both the focal conies a:V(<i* + c") 4yV(6* + c*) = 1 
and yV(^-o')-«V(c' + fl')= 1 are applicable, the corresponding moduli «, «' 
b »ing given by (e* -1)6' = c" and (1 - e*) b* - a% where cos"cu/e* + sin'w/tf'* = 1, 
^o that the hvperboloid of one sheet can be generated by means of foci lying 
in a focal ellipse or a focal hyperbola, the greater modulus corresponding 
to the ellipse. 

iii. For the hyperboloid of two sheets a^/c^ -y*/b*-7^/<?^\,b>e, the 
directing plane is parallel to Oy, and the focal conic is irV(a*+«*) -yV(ft*- c")«= 1, 
the modulus being given by (1 - «*) b* - cV 

The hyperboloid of revolution of two sheets, where ft s e, cannot be con- 
structed by the modular method. 

iv. For the elliptic paraboloid y'/ft + ^jc ^2x, h> e, 
0«co8fu, i(l -••) = c = ft sin'w, 
the focal conic is y* = 2 (6 - e) {x - Jc). 

V. For the hyperbolic paraboloid y'/^ - zVc = 2x, 

«=1, 6(1 - sec*i«;) = -c, or (tan'cusc; 
the focal parabolas are y* = (6 + c) {2x + c) and «" c= - (6 + c) (2x - 6), each of which 
satisfies the modular method. 

352. To trace the changes of the eurfaeee and real focal eonice corresponding 
to changes of the modulus from Q to co. 

If we transfer the origin used in the equation of Art. 331 to the centre, 
and have regard to the sign of the constant term, we shall obtain the 
following results: 
e < costt^i Surface an ellipsoid, including an oblate spheroid. 

Focal conic an eUipse. 
e - cosctf, Surface an elliptic paraboloid. 

Focal conic a parabola. 
«>costt7and<l. Surface at first a hyperboloid of two sheets, passing through 
a cone, to a hyperboloid of one sheet, conjugate axis 
perpendicular to the directrix. 
Focal conic at first a hyperbola, transverse axis perpendicular 
to the directive axis, passing through the asymptotic limit, 
viz. two straight lines, to a hyperbola, transverse axis 
parallel to the directive axis, 
e = 1 , Surface a hyperbolic paraboloid. 

^ Focal conies two parabolas. 

e>\f Surface a hyperboloid of one sheet, conjugate axis parallel 

to the directrix, including a hyperboloid of revolution. 
Focal conic an ellipse, transverse axis parallel to the direc- 
tive axis. 
The hyperboloid of revolution of two sheets is lost between e^l ande=cosa>. 
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353. The directrix in the umbilical method of generation being parallel to 
the intersections of the two series of circular sections, the plane of the focal 
conic is known, and by Art. 343 the umbilical modulus can be found in the 
same manner as in the modular method, and it will be seen that all surfaces 
can be generated, except the hyperboloid of one sheet, the hyperbolic para- 
boloid, and the oblate spheroid. 

Properties of Conicoida deduced by the modular and umbilical methods, 

354. Every plane section of a eonicoid, which i$ normal to a focal conic at 
any point, hoe that point for afocue. 

For, if S he the point through which the plane section passes, the corre- 
sponding directrix also will be in the plane; let PQ be perpendicular to this 
directrix from a point P on the section. 

If the focal conic be modular, let PR parallel to a directing plane meet the 
directrix in B, then the ratios SP : PR and PR : PQ will be constant for 
every point in the section; and, therefore, SP : PQ will be a constant ratio. 

If the focal conic be umbilical, let PM, PN be perpendiculars on the planes 
through the directrix parallel to cyclic sections; then SP^ x PM. PN, and for 
all points of the section PM: PQ and PN: PQ will be constant ratios, 
therefore SPccPQ. 

355. Jfa section of a conicoid he made by a plane perpendicular to the plane 
of a focal conui, it will contain two directrices ; to shew that the sum or difference 
of the distances of any point qf the section from the two corresponding foci will 
be constant. 

Let QjD, QD be the two directrices, and 8, iS" the corresponding foci, 
which in this case will not be necessarily in the plane of the section ; draw 
through anv point P of the section QPQ perpendicular to the directrices. 

If the focal conic be modular, draw liPR' parallel to a directing plane 
meeting the directrices in R and Rf. 

Since the modulus is the same for both foci, 

8P:PR::8'P:PR', 

:. 8P :S'P::PR: PR ::PQ: PQ', 

and 8P + 8'P :PQtPQ :: 8P : PQ. 

Now PQ^^PQ' or PQ^PQ is constant, according as P is or is not 
between the directrices, and SP : PQ is constant, since PR:PQ is so; 
therefore 8P "Z 8'P is constant. 

If the focal curve be umbilical, draw PM, PN perpendicular to the planes 
through QD parallel to the cyclic sections, and let PM', PN' be corresponding 
perpendiculars for Qjy-, then PM: PQ:: PM' : PQ' and PN: PQ:: PN' : PQ', 
also SP'^e.PM.PN, S'P'^e.PM'.QN'i 
.-. 8P:8'P::PQ:PQ\ 
and the argument proceeds as before. 

356. Jf a chord of a conicoid meet a directrix, the line joining the point in 
the directrix with the corresponding focus will bisect the angle between the focal 
distances qf the extremities of the chord or its supplement. 

Let the chord PP* meet a directrix in Q, and let 8 be the corresponding 
focus, then SP :PQ:: SP' : P'Q-, :. SP : SP' i: PQ : P'Q, which proves 
the proposition. 

357. Coa. If PQ be a tangent to a conicoid at P, meeting a directrix in 
Q, and let 8 be the corresponding focus, the angle PSQ will be a right angle. 

358. A straight line touching a conicoid makes equal angles with the lines 
drawn from the point qf contact to the foci which correspond to the directrices 
which the line intersects. 
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For, if P be the point of contact, Q, Qt the points in which the tangent 
meets the directrices, S, S' the foci, since the modulus is the same for both 
foci, we shall have SP : PQ ii S'P : PQ\ 

Also the angles PSQ, PS'Q are right angles, therefore the triangles are 
similar, and the angles QPS, QPS' are equal. 

359. If a e<m0, having Us vertex in any directrix^ envelope a eonicoid^ the 
plane of contact will pass through the corresponding focus, and be perpendicular 
to the line joining the focus with the vertex. 

If Fbe the vertex and 8 the focus, and VP be any side of the cone touching 
the surface in P, PiS'F'will be a right angle. Hence the locus of P, which wiu 
be the curve of contact, will be in a plane through /S perpendicular to VS. 

360. If the vertex of a cone he any point in a focal curve of a conicoidf 
and the base be any plane section of the conicoid, the line Joining the vertex 
with the point in which the corresponding directrix meets the plane of section 
wiU be an axis qfthe cone. 

Let S be the vertex, and let the plane section cut the directrix in B, and 
£P, EP* be tangents to the section at P, P', then 5P, SP' will be perpen- 
dicular to SE^ the intersection of two tangent planes to the cone through 
SP, SP'i therefore SE will be an axis. 

Cos. 1. The second plane of section of the cone and conicoid will intersect 
the corresponding directrix in the same point as the first plane. 

Ck>s. 2. If the first plane of section pass through the directrix, the second 
will do so also, and in this case, since there will be an infinite number of axes 
of the cone, it will be one of revolution. 

361. If the vertex of an enveloping cone of a conicoid be a foint on a focal 
conic of the conicoid, the cone will be one qf revolution, and its tntemal axis will 
be the tangent to the focal curve at the vertex. 

Let V be the vertex of the cone, VP^^ FP the tangents to the trace of the 
conicoid on the plane of the focal curve, then PP* will be a tangent to ihe 
dirigent conic at the foot of the corresponding directrix, Art. 316; and since 
the plane of contact is perpendicular to the plane of the focal curve, it will 
contain the corresponding directrix, the cone therefore will be one of revolution, 
Art. 360, Cor. 2. 

Also, since tne tangent at V to the focal conic is perpendicular to the 
directrix, and to the line joining V and the foot of the directrix, Art. 346, it 
will be perpendicular to the plane of circular section, and will be the internal 
axis of the cone. 

Cones and Si)herO'Conica. 

362. The properties of cones of the second degree, and of their 
intersections with a sphere whose centre is at the vertex,^ called 
apkero-'ConicSj have been discussed in an elaborate manner in two 
memoirs by Cbaslcs.* In these investigations he has made use 
of certain reciprocal properties of the cyclic sections and focal linesi 
by which any theorem relating to cyclic sections involves a corre- 
sponding theorem concerning focal lines. 

We can only make a selection of some of the innumerable 
propositions given by Chasles, in the proof of which we shall 
generally employ the properties of focal lines, in place of the 



* Nottv. Mem, de VAcad, Roy, de BnaseUes, vol. Ti. 
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reciprocal properties of the cyclic sections, employed with so much 
skill in those memoirs, for which we refer the stadent to a yalnable 
translation by Graves. 

363. Focal conies of cones. 

Since a cone may be considered as the limit of either of the 
hyperboloids when the axes are made indefinitely small, if a, &, c 
be finite quantities nroportional to the principal semi-axes of a 
hyperboloid, supposea indefinitely diminished, we obtain the equa- 
tions of the cone »7a*+ y*/&*- «/c*= 0, a > J, and the corresponding 
focal conies, viz. 

The same consideration shews that the line Joining any focus 
with the foot of the corresponding directrix is perpendicular to the 
focal line containing the focus. 

The student should obtain these results by a direct comparison 
of the equation of the cone with such an equation as 

which will give the focal and dirigent lines 
f/(a«-J')-?7(6« + c*) = 0, and (a*- J*jrK-(i'+c*K7c*«0. 
If he compare with the equation 

he will obtain the equation f*/(a" + c') + i77(y+c"j=0, hence, when 
the directrix is in the axis, tne vertex is a modular focus, X and 
X' are the squares of the moduli in the two cases, and are equal to 
l-iVa* and l + o7a'. 

The cone has therefore the property that all the three focal conies 
are real, having a common point in the vertex, two of them being 
ellipses evanescent in the transition between real and imaginary 
existence, and the third the limit of a hyperbola eonsisting of two 
right lines intersecting in the vertex. 

The vertex is therefore not only modular, but doubly modular, 
since it is a point in two modular focal curves, and it is also 
an umbilical focus, as we see from the fact that the cone is the 
limit of two hyperboloids, for both of which the real focal hyper- 
bola is modular, and for one the real focal ellipse is modular, while 
for the other it is umbilical. 

Of the two moduli in the modular generation of the cone, the 
less moduluB belongs to the focal lines, and is called by MaeCullagh 
the linear modulus^ while the other, to which only a single focus 
corresponds, is called the singular modulus. 
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364. I%e foeal Un$$ of the com envehfinff a central eonicM are generator 
of the confoeal hyperbohid of one sheet tohtch passes through the vertex,* 

Let a, tfi, Of, a, be the squares of the primary semi-axes of the enreloped 
conicoid and of the three confocals through the rertez. The equation, referred 
to the three normals, of the cone is «V(fli - «) + yV(^ - «) + «/(«•- «) = 0, and 
of its focal lines xV(ai - oj = 8V(«» - ^s)* and «i-«t» <»t"<*3 ^^ "^® squares of 
the semi-axes of the section of the hyperbolic section of the hyperboloid of one 
sheet by a plane through the centre parallel to zx, the focal hues are therefore 
parallel to the asymptotes of this section, and therefore are the generators 
through the rertez, which form a line-hyperbola similar to the hyperbolic 
section. 

365i In the same way it can be shewn that the foecX Mne* of the eone 
enveloping a paraboloid are generators of the eonfoeal hgperhoUo paraboloid 
which passes &rough the vertex* 

366. Cyclic sections of a cone. 

The equation of a cone afla^+y*lb*=^z*l<? may be written 
a;« + y« + ««= (1 + a'/O «*— (a*lb*- \)y^', therefore, any plane section 
which is parallel to one of the planea (l + a7o*)«'=a(a'/y — l)y*, 
lies on a sphere and is circular. 

The planes through the yerteX| to which circular sections are 
parallel, are called cyclic planes. 

367. A sphere^ which passes through the vertex of a cone and 
any circular section touches the cyclic plane of the opposite system. 

A sphere can be described through any two circular sections 
parallel respectively to the two cyclic planes ; let the plane of one 
of the circles approach indefinitely near to the yertex, in which case 
the circle degenerates into a point-circle lying on a cyclicjplane, 
which is therefore a tangent plane to the sphere. 

Conjugate Diameters of a Cone. 

368. Take any line VA through the vertex of a cone, let VBG 
be its polar plane, and VAC any plane through VA intersecting 
VBO in VC. then VB the polar line of VAG will lie in VBC; 
also VC will be the polar line of the plane through VA^ VB. 
Thus, if any plane cut FL4, FB, F(7, in -4, B^ and C, the triangle 
ABC will be self-conjugate with respect to the section by the 
plane. If then a section be made by a plane parallel to VBC^ the 
polar of the noint in which this plane will cut VA will be at 
infinity, and the point will be the centre of the section. VA is 
therefore the lociis of the centres of all sections by planes parallel 
to VBC^, and F5, VC have the same relation to VAC^ VAB 
respectively. VAj FB, FC7, therefore, form a system of conjugate 
diameters of the cone. 

Cos. If a plane cut a system of conjugate diametral planes of 
a cone, the triangle formed by the lines of intersection is self- 
conjugate with respect to the section of the cone by the plane. 

* Jacobi, CrelUy yoL XII. p, 187. McCnllagb, OolUeted WorXs, p. 311. 



156 REaPROCAL CONES. ! 

Becijprocal Cones. 

369. If a cone be constructed whose sides are perpendicular to 
the tangent planes of any given cone^ the tangent planes to it will be 
perpendicular to ike sides of the given cone. 

Let any two tangent planes be drawn to a cone A^ then two 
corresponding sides of tne other cone B^ perpendicular to those' 
tangent planes, will be perpendicular to their line of intersection y 
the line of intersection of the tangent planes to A is, therefore, per- 
pendicular to the plane containing the corresponding sides of B. 

Proceeding to the limit, the line of intersection becomes ulti- 
mately a side of the cone A^ and the plane containing the sides of 
B a tangent plane to B\ whence the truth of the proposition. ^ 

From this reciprocal property the cones are called reciprocal 
cones. 

If aj7a* + yV**""^7^* = ^ ^® ^^® equation of a cone, aV + jy 
— cV = will be that of the reciprocal cone. 

370. Any plane through the common vertex, having relations 
to one of the cones, has perpendicular to it a line which has 
reciprocal relations to the otner cone, and the plane and line are 
said to correspond. 

If two lines correspond respectively to two planes, they will 
each be perpendicular to the line of intersection of the planes, and 
the plane containing the two lines will correspond to the line of 
intersection of the two planes; also the angle between the planes 
will be equal to the angle between the corresponding lines. 

371. The student will have no difficulty in establishing the 
following theorems: 

To a line through the vertex of a cone and its polar plane tcith 
reference to the cone^ correspond a plane and its polar line with 
reference to the reciprocal cone. 

To three conjugate diameters of a cone correspond three conjugate 
diametral planes of the reciprocal cone. 

372. The cyclic planes of a cone correspond to the focal lines 
of the reciprocal cone. 

The equation of the cyclic planes of the cone aV + Vy' = cV Is 
fa*- i')a; =(i' + c')«', and that of the focal lines of the reciprocal 
cone s/ja' + y'jb* = s^l<f is a^l(a' - V) = «7(6' + c*) ; these focal lines 
are therefore perpendicular to the cyclic planes of the reciprocal 
cone. 

The relation between the focal lines of one cone and the cyclic 
planes of the reciprocal cone is deduced geometrically thus : 

To a cyclic plane corresponds a line VS perpendicular to it ; 
any two conjugate axes in the cyclic plane are at right angles; 
therefore any two conjugate diametral planes of the reciprocal cone 
through VS are at right angles. 
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Let a plane be drawn perpendicular to V8 through any point 
8^ this plane will meet the two diametral planes in two perpen- 
dicular lines, and, by Art. 368, Cor., the pole of one of these lines 
svith respect to the section of the cone will lie on the other line; 
therefore this pole is on the directrix, and S is the focus of the 
[^onic section; V8 is therefore a focal line, having the focal 
property proved for any conicoid in Arts. 354 and 348. 

The locus of these directrices is called a dirigent plane by 
McCuUagh and a director plane by Chasles, and this plane, with 
the perpendicular planes through the focal line, forms a system 
3f conjugate planes; it corresponds, therefore, with the third axis, 
conjugate to two perpendicular lines in a cyclic section, which 
[contains the centres of circular sections parallel to that cyclic 
section. 

373. Equation of the cone reciprocal to a cone enveloping a central conicoid, 
I'Ct (/, ff, h) be the vertex, lx-^fnt/ + nz -p the equation of a tangent plane 

to the enyeloping cone, which also touches the conicoid a^/a + y'/i .i z*/c » 1 ; 

.'. If-Vmg^nh^p^ and flr + fttn' + cn'op*, 
Eind (/, fff, n) is the direction of a generating line of the reciprocal cone, therefore 
its ecjuation referred to axes through the vertex parallel to the axes of the coni- 
coid IS ax* + by* + «* = {fx -^gy-^ hz)\ 

374. The planes of the two cyclic sections of this cone can be obtained by 
pombining this equation with that of a sphere, therefore, for some value of <r, 

aa:" + 6y* + C2* - (/r 4 gy + As)' + <r («« + / + a"), 
IS the product of two linear factors, and those factors equated to zero are the 
equations of the planes of the cyclic sections. 

The corresponding cone for any confocal «"/{<» + ^) +•••*! giTes the same 
planes, viz. those obtained from the same product 

(a + X) «■+...- (/r 4...)« + (<r - X) (ar« + / + z«) ; 

hence, if conee, having a common vertex, envelope a series of confocals, the 
reciprocal cones are coneyclic and coaxial. 

Hence the cones themselves are confocal and co-axial. 

375. Hie normals to the confocals which pass through the common vertex are 
the principal axes of the enveloping cones. 

The enveloping cone to any confocal which passes through the vertex 
becomes coincident with the tangent plane, and the reciprocal cone then 
becomes an indefinitely thin cone, one of whose axes is the normal, hence 
all the reciprocal cones being co-axial, this normal is one of the three principal 
axes, and since cones and their reciprocals are co-axial, the proposition is 
proved. In Art. 299 the proposition was proved independently and the co- 
axiality deduced from it, 

376. Equation of a cone enveloping the conicoid aj*/a-f...= l, 
referred to the normals to the confocals through the vertex. 

The equation of the cone reciprocal to the envelope, referred to 
the normals to the confocals through the vertex, is of the form 
ax^-^- ffif-k- yz* = 0, hy Art. 299 or the last article, and that of the cone 
corresponding to any confocal x*l(a--k)-h'"= 1 will therefore be 



l5d PR0t»ERtlE8 09 O0NE8 OP THB 8ECX)MD D£aR££. 

Let this confocal be one of the confocftb passing throagh th 
vertex, say that the normal to which is the axis of x^ and for whic 
X:» Atj, the reciprocal cone then becomes coincident with the normal 
.". a = A-j, similarly )8 = A*,, 7 = A?j„ and the equation of the reciproca 
cone is A-jOr* + A-^' + A,2* = 0, and therefore that of the envelop! iij 
cone is x'/k^ + yV^'t + ^*IK = ^> ^^ ^^ ^^' ^^^' 

377* The method of dealing with propositions connected witi 
focal linesj by the modular and umbilical methods, may be seen b; 
the foUowmgi in which we shall state the reciprocal theorems. 

Prcperties of Canes of the Second Degree. 

378. jT^ 8ine$ 0/ ths angks^ which any Me af a cone makes with a foci 
Une and the correeponding dirtgent plane, are in a constant ratio. 

Let a plane pass through any directrix DQ and the corresfYonding focus i 
and let P be any point in the section of the cone made by this plane 1 V tb 
vertex of the cone. 

Draw PJ2, PQ perpendicular to the diriment plane and directrix. 

Then SP : PQ and PR : PQ, and therefore SP : PR are constant ratios 
and DS being perpendicular to VS, VS is perpendicular to the plane of sectior 
and P8V is a rigbt angle. 

Hence, the ratio of the sines proposed is PS/PV:PM/PV, and i 
therefore constant 

Reciprocal theorem. The ratio of the sines qf the angles ma^e by tanger 
planes toith a cyclic plane and with Oie polar Une oj this cyclic plane is eonstan 

379. The product of the sines qf the angles which any tide of a cone maki 
with the directing or cyclic planes is constant. 

If r be the vertex of a cone, P any point on the cone, PL, PL' perpeti 
dicnlar on the directing planes through V, then by the umbilicalgeneratiol 
of the cone, Art 343, PV* is proportional to PL. PL'; or PL/PF.PL/P 1 
is constant, which is the property enunciated. 

Reciprocal theorem. T\e product of the sines of the angles which eac 
tangent plane ta a cone makes wUh the two focal Unes is constant 

380. j§ tangent plane to a cone makes equal angles with the planes through 
the side of contact and each of the focal lines. 

For, let the tangent QPQ perpendicular to the side VP meet the diri^en 
planes in the points Q, Q, and take S, 8' the foci corresponding to the direc 
trices through Q, Q \ then SQ is perpendicular to V8, and also to PS, an 
therefore to the plane VPS\ also VP is perpendicular to 8Q and PQ, an* 
therefore to 8P\ hence 6PQ is the inclination of the planes VPS, VP(^ 
and being equal to S'PQf, Art 368, the proposition is proTed. 

ReciproCnl theorem. A tangent plane to a cone intersects the two cycli 
planes in two straight lines, U>hMh make equal angles with the side 0/ the con 
along which it is touched by the tangent plane. 

38 h The last theorems are particular cases of the two following : 

The planes passing through the two focal lines of a cone, and through th 
intersection of two tangent planes to the cone, make equal angles with thes 
tangent planes. 

And the reciprocal theorem : 

A plane containing two sides of a cone intersects the cyclic planes in twi 
straight lines, which respectively make equal angles with the two sides. 

We give Chasles' proof of the reciprocal theorem as a good example of tht 
geometrical treatment of problems connected with cyclic planes. 
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Take two circular sections of opposite systems of the cone, the plane of 
he two sides cuts the planes of the two circles in two chords, which, with the 
>ortions of the sides of the cone intercepted, form a quadrilateral inscribed in 
he circle in which the sphere containing the circular sections is cut by the 
^lane of the two sides ; two opposite angles of this quadrilateral are supple- 
pentarr, hence the chords make equal angles with the sides of the cone, and, 
iince they are parallel to the sections by the cyclic planes, the theorem is 
^roTecL 

882. Simple propositions for the circle can be transformed into others 
relating to tne cone with the same facility as in plane geometry properties 
)f conies are obtained. 

This is effected by considering the lines and points in the circle as the 
nt^rsections of planes and straight lines, passing through the vertex of a cone, 
with the plane which outs the cone in tills circle. 

It will be sufficient to giro two examples of this trans/brmation. 

383. Two tangents to a circle make equal angles with the chord which 
joins the two points of contact, hence 

Tufo tangent planes to a cone and the plane of the two tides of eontaet 
intersect a eycHe plane in three straight lines, the third ^f which makes e^ual 
angles with the other two. 

The reciprocal theorem is. 

If planes he dravm through afoeal line of a eone, qnd two sides of the cone, and 
through Uie line of intersection of two planes touching the eorte fihng these tides, 
the third piane unit Useet the angle In^ween the first two, 

384. Two tangents to a circle make equal angles with the line joining their 
point of intersection with the centre of the circle, hence 

Two tangent planes to a eone, and the plane passing through their line of 
inter scctutn, and through the conjugate of a cyclic plane, meet that cyclic plane 
in three lines, one of which bisects the angle between the other two. 

The reciprocal theorem is, 

'J he planes passing through a focal line of a cone and two sides of the cone 
fnake equal angles with the piane passing through the same focal line and 
the straight line in which the plane containing the two sides intersects the 
dirigent plane, 
i 

Spherixonics. 

385. If a cone of the second degree be oat bj a apbere whose 
centre is at the vertex of the cone, the complete curve of^ intersection 
!will be two closed curves, which will be plane curves if the cone be 
one of revolution. 

I Chasles observes that we obtain three distinct curves if we 
consider the portions of the complete curve of intersection contained 
on the three hemispheres cut off by the three principal planes of 
the cone. 

First, consider the hemisphere whose base is perpendicular to the 
interior or principal axis of the cone, the figure is then a closed 
curve, and may be called a spherical ellipse, the foci of which are 
the points where the focal lines cut the hemisphere, having, it 
will be aeen^ properties in all respects corresponding to the foci of 
a plane ellipse. 
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Secondly, consider the hemisphere whose base is the othci 
principal plane perpendicular to that containing the focal line^ 
the figure is then composed of two halves of spherical ellipses 
which may together be called a spherical hyperbola whose foci Hi 
within the concave portions, and it will be seen that sections of thd 
sphere by the cyclic planes have properties similar to those q\ 
asymptotes. 

Thirdly, consider the hemisphere whose base is the plane coni 
tainlng the focal lines, the figure is then formed by two halves ol 
spherical ellipses and has four foci and a centre where the mino| 
axis of the cone meets the hemisphere. 

We shall consider a sphero-conic to be one of the first two o^ 
these curves, viz. the spherical ellipse or hyperbola. 

The curves in which a sphere cuts two reciprocal cones, oi 
which its centre is the common vertex, are called reciprocal spkero' 
conies. 

The principal reciprocal property connecting the two may be 
stated thus : 

Every point of a sphero-conic is the pole of a great circle which 
touches the reciprocal sphero-conic. i 

386. The intersection of a central conicoid with a concentric 
sphere is a sphero-conic. 

For, if ax* + by* ^■ ca* = 1 and a* + y* + «" = r* be their equations, 
the curve of intersection lies on the cone 

this cone is evidently concyclic with the conicoid. 

387. We give below two or three of the numerous properties of sphero- 
conies, which are the counterparts of properties of plane comes, each of which 
has its duplicate obtained bv forming the reciprocal proposition. The proofs 
of these can be gathered from the previous articles; but as exercises in 
spherical trigonometry the student may take almost any ordinary property 
in plane conies relating to foci and directrices, and to asymptotes of hyperbolas, 
which correspond to the cyclic arcs, and find analogues to them in sphero-conics; 
he may also find equations corresponding to the polar equation of a conic or 
of a tangent to a conic, or of the auxiliary circle, or of the locus of the 
intersection of perpendicular tangents. Many properties of sphero-conics are 
given by Routh in his Dynamics, vol. li. p. 108, ed. 1884. 

A tangent to a sphero-conic makes An arc of a great circle which 

equal angles with the radii vectores touches a sphero-conic and is cut off 

drawn from the foci to the point of by the cyclic arcs is bisected at the 

contact, Art. 380. ^ point of contact 

The sum or difference of two radii The sum or difference of the angles 

drawn from the foci to any point of a which a tangent to a sphero-conic 

sphero-conic is constant makes with the cyclic arcs is constant 

The first theorem is proved by limits as in plane conies. 

The product of the sines of arcs The product of the sines of arcs 

drawn perpendicular to the cyclic arcs drawn from the foci at ri^ht angles to 

from any point of a Bphero-conic is a tangent to a sphero-conic is constant 
conatanti Art 379. 
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We giTe the fdlowing m an example of the mode of applying spherical 
trigonometry. 

388. I%eloem<iftheMt$r8eeHimofpirp0ndietshrianff§^ 
is another tphmtheoniefor which the product of the eoemee of the distances Jrom 
thefociofiheJUrst sphero-^onio is eonetant. 

Let tangents at F, P intersect at right angles in Q, 2a the major axis, 
^7 the distance of the foci S^ S\ SQ^^p, 8'Q^p\L8QP^l 8'QF^y^^, then 

oo6 27acos^eos/>'+ sin/9sin^'Bin2Y^, 
^nd jf ptp'he perpendiculars on PQ from 8f 8\ 

sink's sin Yr sin ^, sinyscos^^sin/, 
and 8in|> sinp', being constant, is equal to sin (a - 7) sin (a + 7) ; 

/. cos/> cost's cos 27 -2 sin (a -7) sin (a -f 7) a cos 2a, 
from vhich the equation of the cone determining the sphero-oonio may be 
easihr deduced, vix. (<?«-y)a»+(c«-a«)y«-(«« + J0«* = 0. 

Thb equation may be obtained as follows : 

The equation of two tangent planes to a cone 02* 4 6/ 4 e:t^ « 0, drawn 
through a point (f, 17, X) is 

or {lx-¥fny-^nx){l^x-¥m'ff-¥n'z)^Oi 
.'. a ( W + eV)/ir « 6 (op + ae)/mn^ ^e(ae^ bnynn\ 
and, when the tangent planes are at right angles, 

a(W + c?) + 6(cr + fl£') + e(«P+6«i^«»0j 
whence P/a + 1176 + JVc«(a-H6-« + c'*) (?+«• + P)- 
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(1) In erery hyperboloid of one sheet two drcular cylinders can be. in- 
scribed* 

(2) Two tangent planes to a cone intersect its two cyclic planes in fonr 
straight lines which are sides of the same cone of revolution, whose axis is 
perpendicular to the plane of the two sides of contact. 

(3) If #, e' be the eccentricities of the principal sections (a, h) and (a, e) 
of an ellipsoid, shew that the distance of two points 8, 8' on ihe focal conies 
in these planes, whose distances from the section {b, e) are s^, s^\ will be 
\(E^^' - ^x)/edt and that the shortest distance of the corresponding draitricea 
will vary as 88*. 

(4) If from a point upon a focal line of a cone, perpendiculars be let 
fall upon the tangent planes to this cone, their feet will be upon a circle, 
the plane of which will be perpendicular to the other focal Hue. 

(5) The focal ellipse of an ellipsoid corresponds on the flat confocal 
ellipsoid to the principal section in its plane, and the focus of the principal 
section corresponds to the umbilic 

(6) If PQ be a normal to an ellipsoid, O the foot of the normal on the 
plane of the focal ellipse, P the point of the flat confoeal, bounded by the 
focal ellipse, which corresponds to P, & the point on the ellipsoid corre- 

rndinff to (? on the flat confocal, P& will be perpendicular to tne plane of 
focal ellipse and be equal to PQ. 

(7) A spherical triangle has a given area and two sides lie on two flxed 
circles, prove that its base touches a sphero-conic, and is bisected by the point 
of contact. 
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XXVHL 

(1\ The plane of any cyolio teetion of an ellipioid will inteneet the diligent 
eviinaer in an ellipse nmilar to the principal aeetion in which the focal conic 
lies; if the plane touch at an umbilic, the umbilic will be a focus of the section 
ofthecylinaer. 

(2) If two conicoids have a common fbeus S, and a eommon directrix, and 
if a tangent to one of the sur&oes at P meet the other surface in Qi Q'f and tbe 
directrix in 22, SP will bisect the interior or exterior angle QSQ, 

(3) The square of the distance between a focus and the corresponding 
directrix of the section of an ellipsoid, made hv the plane of contact with any 
enveloping cone of rcTolution, is &•/{(«' - ft^ {^' - «")}• 

(4) In any hyperboloid there are two diameters, such that any two conju- 
ffate planes passing through either of them are at right anfflM, and these 
diameters are the focal lines of the asymptotic cone of the hyperboloid. 

(5) Shew that the equation of the cone containing the locus of the 
foot of the perpendicular from a focus of a sphero-conic upon a tangent is 
(a^ + «^«" + (V + c")y*oa^(at» + y» + ««). and that its cyclic sections are the 
same as those of the cone containing the locus of the intersection of perpen- 
dicular tangents. 

(6) Two fixed tan^nts to a sphero-conic are intersected by any third tangent ; 
shew that the arcs joining the focus and the two points of intersection include 
a constant angle, bhew also that this angle will oe a right angle if the fixed 
tangents intersect on the directrix arc of the sphero-conic 

State the reciprocal theorem. 

(7) If the arc joining two points of a sphero-conic pass through a focus, 
the sum of the cotangents of the arcs between the focus and the two points 
will be constant. 

State the reciprocal theorem. 



CHAPTER XVI. 



QWJEBlAL equation of the 8E00ND DEaSEB. 

389. Our obiect in this chapter is to investigate the position 
of the origin, and the directions of the axes (which we shall suppose 
to be a rectangular system) by transformation to which any pro- 
posed equation of the second degree will assume its simplest form : 
and also to find the relations among the coefficients of tne general 

S nation which discriminate the various kinds of surfaces capable 
being represented by the equation. 

390. The general equation of the second degree will be written 

+ aa"aj+ 2y'y + 2c"« + rf«0 
or tt = tt,+ Uj + rf«0; 

this equation will sometimes be made homogeneous by the mtro- 
duction of to for the unit-length, which will enable us to employ 
the known properties of homogeneous functions; in this case we 
shall have 

u = aai'+iy*+c»* + rfio^ + 2a'y» + 26'» + 2c'a?y + 2a"«w 

+ 2ft"yw + 2c'W. 



391. DiBcnminantcfu^. 
The discriminant of «, is 



c, 
h 



it will be convenient to 



J', a', 

denote it by J7(tf J or A, and its minors with reference to a. a\ 
viz- be- a'', Vc'-'aa'y ..-, bv A, A\ B, B\ (7, 0\ 

It is easily shewn that B^C'-AA = a'A and BO --A"* = aA ; and 
it foUows that, when L^Q,B'C'^AA\BO^A'\ &a, also that 
A^ Bj (7 are all of the same sign. 



392. Discrminant of u. 



The discriminant of u, viz. 



a J c* J o J a" 
c', J,o', b" 
Vj a' J c y c" 



will be de- 



a", y, c"| d 
noted by £^(tf); expanded it becomes 
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and if A»0| by the last artidoi nnoe A^^BO^ &C| H{u) is a 
complete aqoarei Tiz. 

-^(Aa^+OT+E'cJIA, or -(a'V^+JV^+c'VO^/, 

where i/Aj »JB^ »J0 most have all the same signs as A^ 0\ B\ or 
all different. 

393. Before we examine the relations among the constants, 
which correspond to the different forms which the locns of the 
l^eneral equation^ can assumCi it will be useful to state the most 
important propositions relating; to the tangency of lines and planes, 
while the equation retains its most general form as given in 
Art. 890. 

The proofs of these propositions will be pven concisely, the 
processes as well as the notation bemg much the same as those 
used in Chapter XIII. 

394. Ocnditum that a slraight line may touch a coniooid at a 
given voifU (/. g^ A). 

The line being (a;"-/)/X«...sBr| meets the surface at points 
given by Fif-k- Xr, ^ + /nr, A + ft) = 0, and since the two values of 
r are zero, the coefficient of r must vanish, and the condition is 

395. Equation of the tangent plane at (/, g^ A). 

The locus of the tangent lines is, from the condition (1), 
r ^\ dF . , ^ oF . , • . dF ^ 

(«-/)^+(y-^)^+(— *)2i-o, 

this is the equation of the tangent plane which, written (ull, is 
(a/+c'^+yA + a'>+(cy+«y+o'A + y')y 
+ (*y+«'^ + c» + c'> + ay+y'^+o"A+cf=0, (2) 
smce/, gj A satisfy the equation F(x^ y, s)« 0. 

396. Canditian that the general equation may represent a cone. 
The vertex of a cone is a point at which the tangent plane is 

indeterminate. Therefore, if the surface be a cone, there must be 
a point (/,j^, A) upon it, for which the coefficients in the equation 
(2) vanish simultaneously, hence the condition J?(tt)=0. 

397. The discriminant of u is an invariant 

This is shewn in Salmon's Higher Algebra^ p. 20. but it can be 
shewn from the property of the vertex of a cone as follows. 

Let p have such a value that u + p {pf-¥ jf-¥ «*+ 1) * represents 
a cone, and, after a transformation of coorainates to any new set 
of rectangular axes with any origin such that 
a=Z(a?'4f)+«»(y'+^)+n(s'+f), y-7(»'+{)+-.., »=r(iB'+{)+..., 
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ktt£becomea»''+...+2a'yV+...+ 2aV+..,+ S or u\ 
then u + p («*+ y" + «*+ 1) becomes 

The difleriminants of each of these qnadrics vanish with the same 
fonr yalnes of p, and, smce the coefficient of p^ is unity in each, 
the coefficients of p*. p', p, and the last terms are inyariantS| that 

Gob. Ifiiberednoed by trantformationtoiuB'4/9y'+<yi^ + 2a''j: + ^9 

H{u)Ba^i"a'^^; hence, 
L for a oestral eoniooid referred to the centre JB[(u) = afit^i e Ai, 
iL for a paraboloid referred to the vertex JEr(ti) » - a'^fir^, 
iiL for a cylinder referred to a point in the axis H(u)mO, a cylinder 
being a particular case of a cone. 

398. Equation of Aa polar plane of a point (/, g^ A). 
By (2), the equation of a tangent plane at {x^ y, z) is 

{ax + c'y + Vz + a") f +...= 0, 

and nnoe this plane passes through (/, g^ A), 

(aa: + c'y + 6's + a")/+— =0; 
hence, the locus of the points of contact of all tangent planes throaeh 
(/f g^ A)| is the plane whose equation is (2) Art. 895, which is the 
polar plane of (/, g^ A). 

Cob. The polar plane of the origin is given by 

a"a?+6"y + c"« + rf=0. 

The definition of a polar plane given in Art. 280 is proved to 
hold for any conicoid by taking the fixed point as origin, so that, if 
X = It, &0., r,-* + r,"* « - 2 [A Vm + c"n)/(i 

399. The equation of the enveloping cone may be found 
precisely as in Art. 265 or 266. 

400. Condition thai lx + my'{'nz'=^p mag he the equation of a 
tangent plane to a conicoid. 

Comparing with the equation (2) Art. 395, 

qf'\'C'g + b'h + a"^lpj &a, and If-^mg-i-nh-p-Oi 

a , c', 6', a", I 

c' , & , a' J &", 971 

b'^ a'^ J c", n « 0. 
a", b'\ c", rf, --p 
I ^ m^ n^-p, 

In the expansion of this determinant the coefficients of —2*, —22m, 
2Zjp, &c., are the minors of a, c', a", &c. in the determinant S(u)» 



= 0, 
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401. EquaJUon of the com reciprooal to As cane tokoM ejuaUon 

The tangent plane at (/, g^ h) is (qf+ e'g + Vh) x + •••» 0| and if 
(Ij m^ n) be the airection of a normal to this plane, 

af+c'g + Vh^lp^&c and If+mg+nh'^Oi 
a, c'l 5) Z 

c'y bj a I 971 

bj dy 0| 7t 

ly niy fti 

In the expansion of this determinant the coefficients of —2*1 - Zm, . . • 
are the minors of a, c\ &c. in the determinant A. 

The reciprocal cone is the locos of lines throngh the ori^n 
drawn perpendicular to the tangent planes to t^,»0, hence, with 
the notation of Art 391, its equation is 

^o* + jB^ + (7«" + 2^'y« + 25'«aj + 2 O'agr = 0. 

By Art 891. the reciprocal of this cone is reducible to Ha » 0, u ought to 
be the case. 

402. CkmB r^dproeal to the eon$ 9fwdopww a eoniand a^/a 4 yV6 + if/e «= 1. 
The equation of the enyelopiug cone rerorred to axes through the rertex 

(/f ff» h) parallel to those of the conicoid^ if /*/« +...- 1 = tigt is 
«• («y» + y"/ft + «Vc) = (/«/« + ffy/^ ♦ hz/ey. 
In this case ^ - (uJb-g'/V) [u^/e - hVt*) -^fhVW, 
A' ^f^gh/i^hc + (ii,/a -/Va«) gh/he, 
and the equation of the reciprocal cone la 

(/■ - a) «■ +. ..+ 2ghyz +. .,= 0, 
or a*' + y + ««*«(/«+^y + A8)*, as in Art 373. 

Analgsis of the QmsrcX JBjuaHon. 

403. We now proceed to the classification of the diffei^nt 
surfaces which can be represented by the generd equation ; the first 
step being to examine wnether there .is a single centre or a locus 
of centres ; after this to shew how the equation maj be reduced 
to the forms included in the equation 

404. To find the centre or the locus of centres of a surface of 
the second degree. 

Let (f, i;, ^) be a centre of the locus of w=:0, and let the 
origin be transformed to this point; the transformed equation is 
/(a? + f,y + i7, « + f)=sO, and, rince the new origin is the point! 
of bisection of all chords drawn through it| each of the coefficients 
of (c, y, must vanish ; 

.-. af+c'i7+yr+a" = 0, 

c'f+ Ji7H-a'f+6"«0, (1) 

b'S + a'v + c^ + c'^O. 
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Considering f ^ 17, ( as carrent coordinates, these three equations 
represent three planes in each of which the centre lies. 

The three planes generally intersect in one point (I), but they 
may have one line common to them all (II)| or they may all three 
coincide (III). 

L In the first case, there will be one centre which may be at 
a finite (i) or an infinite distance (ii). 

i. If the centre be at a finite dlstancCi its coordinates will be 
given by A{»^", Afj = B% AC» G'\ and A mnst be finite. 

Cos. If the centre be npon the surface, the surface will be a 
cone. Multiplying the equations ^1) by f , 17, and ^j since u^O vre 
obtain a fourth equation a"{ + i'i7 + o"C+^'=0, and eliminating 
f, 17, and ^from these four equations, we obtain l[(u)^0 for the 
condition that the surfieice may be a cone, as in Art. 396. 

ii. The centre will be at an infinite distance if any of its coordi- 
nates be infinite ; thus, if f be infinite, A = 0, and A or 

- s^A (a" ^A +b" ^B + c" VC7) 

must be finite ; and we may notice that 17 cannot at the same time 
be finite unless B^O. 

II. In the second case there will be a line of centres, which 
may be at a finite (i), or an infinite distance (ii). 

i. The coordinates of the centre must be indeterminate* for 
which we have the conditions that A^O and that the mmors 
A", B" 0" all vanish, or a" ^A + ft" ^B + c Vo - : this condition 
may be written, if A, B\ G' be finite, a"] A' + b"IB^+c"IG' = 0. 

ii. The line of centres will be at an infinite distance in four cases. 

(a) If the three planes be parallel, and not more than two of 
them comcident ; the conditions for this are ale' s c'lb » b'Ja' and 
c'lb'^bja'^a'lcy and that a'a", ft'ft", cV shall not be all equal, 
hence in this case all the minors A^ A'^ &c. vanish. 

(ft) If one plane be at an infinite distance, and the other two 
be pai*allel or coincident ; in this case, if the first plane be that at an 
infinite distance, a, c', ft' must all vanish and a" be finite, also 
bla' ssa'lc and these must not be equal to V'Jc" if the two planes 
be parallel, but will be equal to ft^'/c if they be coincident. 

(c) If one be indeterminate and the others parallel but not 
coincident; suppose the first to be that which is indeterminate, 
a, c', ft', and a" must all vanish, and a'c'\ cb" must be unequal. 

(d) If two be at an infinite distance, or if one be at an infinite 
distance and a second be indeterminate; in this case all the 
quantities a, ft, c, a', ft', c' vanish except one of the first three; if 
c be finite, a" and ft" will be either one or both finite. 

Hence, for every case of (ii), A\ B\ and C all vanish. 
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IIL In the third case there will be a plane of centreSi which 
may be at an infinite distance. 

In order that the three planes may coincide, we most hare 

a/c'-c7J«i7a' = a7&" and c'jV^hja'^a'lc^V'jd'i 

therefore all the minors vanish, and a V » Vh" = cV. 

If the plane be at an innnite distance, all the coefficients of! 
tt, most yanish, while one at least of ci\ V\ c" is finite. 

405. We haye shewn that when A or Sfu^ is finite, the< 
terms included in u^ may be removed by transformation, without] 
altering the directions of the axes, but that for every departure 
from the general case, in which there is a single centre at a finite 
distance, one of the conditions is that A shall vanish, and this 
condition is independent of all coefficients of u except those of' 
terms of the second degree ; it is also the condition that the part 
u^ containing the terms of the second degree shall be the product 
of two factors, real or imaginary, see Art. 91. So that, in every 
case except where there is a single centre at a finite distance, by 
choosing coordinate planes, two of which bisect the angles between 
the planes u^s 0, the general equation can be reduced to the form 

This is further reducible to fiy' + ys^ -I- 2a!'x + S » 0, bv moving 
the origin in the plane of yz ; and if a" be not zero, this finally 
reduces to flj^ + 7«" + 2a"a! = 0, or to /3y* + 7«*+8«0 if a" = 0. 
If the two tactors of u, be equal, the equation is reducible to 
7«' + 2a"aj = or 7a" + 8«0. 

406. The loci of equations of the second degree may therefore 
be classified according to the nature of their centres. 

L Single Centre. 

L At a finite distance. 

EUipsoid. 

Hyperboloids of one and two sheets. 

Cone, reaL 

Cone, imaginary (or point-ellipsoid), 
ii. At an infinite distance. 

Paraboloids, elliptic and hyperbolic. 
II. Line of Centres, 
i. At a finite distance. 

Cylinders, elliptic and hyperbolic 

Lme cylinder (limit of ellip. cylinder). 

Two planes, intersectbg (Umit of hyperb. cylmder). 
ii. At an infinite distance- 
Cylinder, parabolic 
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IIL Plane of Centres, 
i. At a finite distance. 

Two planes, parallel (limit of parab. cylinder), 
ii. At an infinite distance. 

Two planes, one at an infinite distance. 

Two planes, both at an infinite distance. 

407. We have now to shew that it is always possible to choose 
such directions of the axes, that the transformed equation shall 
contain no terms involving yz^ zx^ and xy^ the axes being in both 
cases supposed to be rectangular. 

408. Since our objects in this chapter are, either to determine 
what kinds of surfaces can be the loci of the general equation ; or, 
given a particular equation, to identify the surface which is its 
locus, we may avoid complications by considering that if only one 
of the rectangles, say ary, appear in the equation, we can by 
rotation of the axes of x and y make this term disappear, so that 
the equation will be reduced to the form 

ac' + Py^ + 7z' + 2a"a; + 2/8'> + 2i'z + S = 0, 

and the nature and position of the locus will be at once determined. 
In dealing with the general case we shall not therefore always 
examine the particular modification of the formulae which would 
be required if two of the three quantities a, V and d were to 
vanish. 

409. To shew that w, can always be reduced to the form 
ax' -♦- ffy' + ys^ by transformation of coordinates^ a, yS and y being 
real quantities. 

The quadric s(x' + y* + «') - w, will become the product of two 
linear factors, real or imaginary, if s satisfy the equation 

/•(.) = (5-a)(5-5)(5-c) 

-a'(«-a)-J"(«-J)-c''(ji-c)-2aW = 0, Art. 91. 

Since the equation is a cubic, one of the values of a must be real, 
and for this value «(a^+y + «*)-- "1 = ^ is the equation of two 
planes which, whether real or imaginary, have a real line of 
intersection; let this line be the axis of i? in a new system of 
coordinates, so that 5 (a^ + y' + «*) — «, becomes Ax* + 2Bxy + Cy 
on transformation, since j4a; +2j5!xy + CV = represents two planes 
passing through the axis of z^ and, from the formulas for trans- 
formation, Aj By C are real ; the term xy may then be made to 
disappear by simple rotation of the axes of x and y* 

* This metliod was adopted by Archibald Smith in his Kotos on the ** UndaUtoiy 
Theozy of Light.*— OaM^. Math. Jovr,, voL I., p. 6. 
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Hence, referred to these new axes, w, would be reduced ta 
cw;* + ^y* + 7«*, in which a, )8, 7 are real, although any one oi 
two may vanish, the corresponding cubic being 

410. The cubic given in the last article is called the dtscrimi' 
nating cuhic^ the coefficients of which, as we have seen in Art. 156, 
are invariants. 

Since the last term is - A, it follows that whenever all the roota 
of the discriminating cubic are different from zero, the locus of the 
general equation is a central surface. Art. 404. 

411. To separate the roots of the discriminaitng cubic. 
The discriminating cubic is 

/(s)= (S''aXs--h)(s'-c)'' i"(5-a)-...- 2a'iV = ; 

suppose a\ b' and c' all finite, then, if a — b'cja = \, J - c'a/b' = /*- 
c-ab'jc =v^ this cubic equation becomes, by writing \-^ b'cja, 
for a &c., 

f{s)=(s-\)(s^fi)(s^v)-'(s-fi)(s'V)b'c'la'^...^0, 

/./(\)=-(X-/i)(X-v)a'6V/a", &c.; (1) 

hence, if X, ^, v be in descending order, these quantities separate 
the roots. 

If one of the quantities, a3 a\ vanish 

/(5)E(5-a)(5-iX«-c)-i"(*-*J-c"(«-c), 

suppose b > c,/(oo ), /(i), /(c), and /(- 00 ) have signs +, -, +, ~, 
/. b and c separate the roots. 

Note. If two roots of the cubic be equal, two of the three X, /a, v must 
be equal to each of the equal roots by (1). Suppose ^ = fh/{^) ^8 divisible by 
(«-X)*; .'. X = v, and a-b'c'/a'^b-c'a'/b' ^c-a'by&, 

412. Cauchy's method of proof that the three roots of the 
discriminating cubic are real, is more simple although not sc 
symmetrical ; it may be stated as follows : 

Write the cubic in the form 

/(5)=(«-a){(5-i)(5-c)-a"}-i"(«-i)-c'^(5-c)-2a'iV = 0. 
Let s be a value of s which makes (s — J)(5 — c) = a " ; 

but since («'-J/ + (J-c)(«'- &)-a" = 0, the two values of «'-J 
are real and of opposite signs, let 5j, s^ be the values of *' greater 
and less than b respectively ; hence /(oo ), /(«,), /(«,), /(- 00 ) are 
alternately + and -, and the equation has its three real roots 
separated by s^ and s^. 
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f 413. Consequence* of the vaniehing ofihejirst and second invariantt derived 
from the dUerxminating cubic* 

Write the cubic in the form ^ - Jif* + Jja - ^ = 0, Ji, It, and ^ being the 
three invariants. 

i. If i| = a 4 6 4 c = 0, let a straight line which lies in the surface be taken 
for the axis of x, so that the coefficients of x* and x and the constant term 
disappear; /. a = and 6 + = 0, and the equation of the surface is 

* (y* - s") + 2a yx + 2b'zx + 2c'xt/ + 26"y + 2c' « = 0, 
which, by turning the axes of y and z into positions parallel to the asymptotes 
of the rectangular hyperbola 6 (y* - c^) -I- 2a'yz = constant, and moving the origin 
to a point (- b"/c, 0, 0), assumes the form ayz + /3 {x - A) « + 7ary = 0, shewing 
that two sets of perpendicular lines lie on the surface, 

viz. y = 0, « = 0; z = 0, x-0; « = A, y = Oj 
and ag » ph, az^- f^h; az^- 7A, x-h; x = 0, ay = fih. 

Conversely, to find the condition that three perpendicular lines may lie 
on the surface, take the axis of x parallel to one of them, then, for some values 
of y and 2, the equation is true for' all values of x, .*. a = 0, and similarly 
b andc = Oj .-. J, = 0. 

ii. If J2 = 0, and a, /3, 7 be the roots of the discriminating cubic, 
a"* + )ff"' + 7"* = 0, which shews that the cone reciprocal to the cone 
ax* + /3y* + 72" s» has three perpendicular generating lines, and therefore 
that the original cone has three perpendicular tangent planes. The vanishing 
of this invariant shews that the cone u, s has three perpendicular tangent 
planes. 

Conversely, if the cone ti,sO have three perpendicular tangent planes, 
faking these for coordinate planes, 2 = makes a:^'\-bg* + 2cxg a complete 
square j .'. ab = c", and similarly be = a'* and ca^b'*i .', 7, = 0. 

414. To find the conditions that the discriminating cubic may 
have two equal roots^^ or that the corresponding surface may be one 
of revolution. 

Let the roots of the cubic be a, ^, 7, then since «(aj'+y*+«*)—^i 
is transformed to s (x* + y* 4 z') - {ojc* + ^8 (y* + zj] , and each 
becomes the prodact of two linear factors when ^ is a root of the 
cubic, /3 (x' + y*+ 2J*) - Wj becomes by transformation (/3 — a)aj*, and 
is therefore a complete square, viz. {(/3 — a)a; — c'y-i'«}*/(/8 — a), 
and equating the coeflBcients of yz^ — (^ — a) a' = b'c' ; 

:. I3^a- b'c'ja' = i - cV/i' = c - a'b'jc', 

which are the conditions when a\ b\ and c' are finite. 

If a =0, then b'c must =0, suppose a and J' = 0, then fi — Cj 
and (c — a)a;'+ (c~i)y- 2ca;y must be a complete square; 

/. c'^=^(c-'a)(c-b). 

415. To find the equations of the coordinate axes which make 
the terms in u^ involving yz^ zx^ xy disappear. 

When M, has been reduced by transformation to oa?* + ^y* + 7«', 
one of the new axes is the intersection of the two planes whose 

• These were first noticed by Boath. 

t This method is given in Wolstenholme's Problems, p. 354, 
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eqnation is, referred to the original azesi 

u, — j?(aj* + y' + «*) = ^) where « = a, or 7; 
therefore, by Art. 92, the equations of the axes are found by 
writing a, /§, 7 successively for s in 

a:{6V-(a-«)a'j=y{cV-(J-5)J'}=«{a'y-(c-5)c}. 

These equations do not give the position of the axes directly, 
if two of the three quantities a, b\ c vanish ; but, if a, 6' be the 
two which vanish, it is obvious, from the original equation, that 
the axis of z will be in the direction of one of the axes. 

416. The method just described is the most direct for obtaining 
the necessary transformation of coordinates, but the following 
investigation of the position of the principal planes is very easy 
of application. 

417. To find the equation of the locus of middle points of a 
system of parallel chords of a central conicoid determined hy the 
general equation^ w^ + c? = 0. 

Let the equation of the conicoid be f(x^ y, «) = 0, and let 
(\, /A, v) be the direction of the chords to be bisected, (f , 17, f ) the 
middle point of any chord. 

Then the equation y(f + Xr, i7 + A*r, f+vr)=0 must have its 
roots equal and of opposite signs. 

This gives the condition ^;^ + m/ + ^^=^i 

or (af + ci; + J'?)>' + (c'f + *^ + «'OA* + (J'f + a'i7 + cOv = 0, 
which is the equation of the diametral plane. 

418. To determine the principal planes of a central conicoid. 

A principal plane being perpendicular to the chords which 
it bisects, we shall have the direction-oosines given by the three 
equations 

a\ + cfi 4 Vv = s\ 

c\-\-bfi-\-a'v = s/iy (1) 

b'\ + afi + cv = «v, 
where s is a constant given by the cubic 

(5«a)(«-5)(«-c)-a"(*~a)-i"(*-J)-c"(«-c)-2a'JV=0, 
the discriminating cubic which has been already discussed. There 
are, in general, three and only three principal planes, since to each 
of the three values of s there corresponds one system of values 
of X : /i : V ; namely, those given by 

as in Art. 415. 
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If, as in the case of a surface of revolution, there are an infinite 
number of values of X : /i : v, we obtain from equations (1) 

(a-«)/c' = c7(ft-«) = 67a', and c76' = (J-«)/a =a7(c-«); 

/. « = a - Vc'jci = & - cdjV = c - ab'lc\ as in Art. 414. 

419. To shew that the three principal planes of any conicoid are 
mutually at right angles. 

Let 9j, «„ «, be the three roots of the discriminating cubic, 
and let the corresponding values of X, )Lt, v be denoted bj the 
same suffixes ; we shall then have 

Multiplying bj X„ /»,, v, and adding, we obtain 

(aX, + c>, + h\) \ + (c'X, + 5/*, + aV^ /i. + ( J\ + a>, H- cv.) v; 

/. «,X, . X, + SJl^ . /A, + 5,V, . V^ = 5, (X,X, + /ij/i, + VjV,), 

whence («,-*,)(W + A*iA^i+ Vi) = ^- 
Hence, if two roots of the cubic be unequal the corresponding 
principal planes will be at right angles. 

We may make use of equations (1) to shew that the equation of the surface 
referred to the principal planes as coordinate planes will be of the form 
aj;*-i-^^* + 7S*-t-dsO, in which a, /3, 7 are the roots of the discriminating 
cubic, for, on transformation, the coefficient of x* will be 

flX,* + hfi^ + e»^ + 2fl'/tii'i + 26'»'iX, + 2c^j/*i = «i, by (1), 
and similarly, ti = B^*i = h' 

420. To distinguish the surfaces represented by an equation for 
which the roots of the discriminating cubic are finite. 

In this case there is a centre at a finite distance, to which if the 
origin be transferred, the direction of a new system of axes can be 
chosen, Art. 409, such that the equation 

u = aa? + iy* + cz' + dw* 

4 2a'yz + 2b';ix + 2c xy + 2a"xw + 2b"yw + 2c"zw « 

will become by transformation aa^ + )8y* + 7a' + 8w' =» 0, w being 
written for the unit. 

The transformation will be eflfected by substituting £r + wiy + 
nz + (w for 0?, and similar expressions for y and z^ w being 
unchanged ; the discriminants, being invariants, Art. 397, are there* 
fore equal, since the modulus of transformation » 1 ; .\ H(u)=aj3yS^ 
and the transformed equation is 005* + /%' + 7«* = — H{u)jafiy. 

Hence, we have the following table for the case in which ae^7 
or A is finite, and a>/3>yj by which it may be seen bow th* 
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loci are distiogaished : 



a 


^ 


V 


m^) 




+ 
+ 

+ 

+ 
+ 

+ 


+ 
+ 

+ 
+ 


+ 
+ 


+ 




Ellipsoid 




Hyperboloid, two abeets 


Cone, real 


Cone, imaginary, or point 


+ 


+ 


+ 


+ 


Imaginary locos 



In order that a, ^, and 7 may be all positive, a-^b + c and 
A mast be positive. If the locus be a point, or rather an indefi- 
nitelj small ellipsoid, the section of u^^O by each coordinate plane 
must be a point-ellipse ; therefore each of the quantities be — a", 
ca — J", and ab - c" must be positive. 

421. To distinguish the surfaces represented by an equation^ for 
which, one of the roots of the cubic vanishes^ and the centre is single 
and at an infinite distance. 

The conditions that the centre may be at an infinite distance 
are that 2^ = 0, and that one or more of the three quantities below 
shall be finite, 

The surfaces will be the elliptic or hyperbolic paraboloid, 
according as the roots of A' — (a + i + c)AH-^ + 5+ 07 = have 
the same or opposite signs, i.e. as A-\-B+ G is + or — ; but, by 
Art. 391, A^ By C have the same sign, hence 

Ay By and C+ gives an elliptic paraboloid. 

Ay By and (7- „ hyperbolic paraboloid. 

422. To distinguish the surfaces represented by the general 
equation when there is a line of centres at a finite distance. 

The conditions that there may be a line of centres are 2^ = 
and ir(u) = -{a'V^ + i"V5 + c'VC}'' = 0; or, if A'y B\ C 
be finite, a7J/ + J75' + c7C" = 0. The equations of the line of 
centres are Al^—a'o!'=B''r\''Vb"^0'%^c'c'=^p suppose; therefore, 
if we transfer the origin to any point in the line of centres defined 
by some value of p, the equation of the surface will become 

or ii, + aV7-4' + jr7S' + cV7(7' + rf=:0, 
flince the coefficient of p vanishes. 
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If a', V, c' be all finite, A\ B\, G' will be bo also, but if a', 
for instance, vanish, the other two being finite, A' will be finite, and, 
by Art. 391, if jB' = 0, then -4 = 0, and C = 0, and h and c vanish ; 
hence, recurring to the original equations for determining the centre, 
we easily obtain the equation t*, — 2a"i'7c' + ai"7^'' + ^ = ^> *^^ 
the condition 5V' = cV. 

If two roots of the discriminating cubic be finite, since u^ is 
reducible to the form )8y* + 7«*, the surfaces represented by the 
equation will be in the general case in which 

i. aV'7^' + VV'IB' + cV/C' + i is finite, 
-4, 5, and C7+, an elliptic cylinder, 
Ay By and (7—, a hyperbolic cylinder; 

ii. when aV^/^'-f.-.+ ti^O, 

-4, By and C+, a line cylinder. 
Ay By and C— , two intersecting planes. 

If only one root be finite, u^ is reducible to 72;', but in this case, 
since A-\-B-\-C=OyAyBy U being all of the same sign, must 
vanish separately, from which it follows that A'y B\ G' also vanish| 
and there cannot be a line of centres at a finite distance. 

423. To distinguish the surfaces when there is a line of centres 
at an infinite distance. 

In this case ^' = J5'=C' = 0; therefore -4 = 5= (7-0; two 
of the roots of the discriminating cubic must therefore vanish ; also 
aW\ VV'y cc" must not be all equal. 

Since aa' = &V, &c., ti, can be put into the form 

a'b'c\xla'^ylV + zlcyy 
and the only surface represented is a parabolic cylinder. 

424. To distinguish the surfaces for which there is a plane 
of centres. 

In this case, as in the last, the minors all vanish, and we have 
in addition aV= b'U'^ cc" ; the equation may therefore be written 

a'Vc\x\(£ +ylb' + zfcj + 2aW'{xla' + y/i' + zlc')^-d^ 0. 

The surface represented consists of two parallel planes unless 
a'Vcd^a'^ci'^y or d^a'^\a^h"^lh^c'^\cy in which case they are 
coincident. 

One of the planes will be at an infinite distance if a, &, Cy 
€Ly Vy d all vanish, while one at least of the other quantities 
remains finite. 

425. The results in the general case may be tabulated as 
follows, if V be written for aV'/^'H- J'^'V^' + cV/O' + rf, and u' 
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for CaV- i'J")' + (J'i"-c'c")*. where/ denotes * finite ' and a, 
are the roots of the discriminating cubic, a > y3 > 7. 



/9.7 



A 


a 


iS 


y 


H{u) 


A,8, 


V 


w' 




+ 
+ 


+ 
+ 


+ 
+ 


+ 


+ 




EUipBoid 


Hyperboloid, one sheet 


+ 

+ 

+ 


+ 


-^ 











Hyperboloid, two sheets 


Cone, real 


+ 


+ 


+ 


+ 





+ 






Cone, imaginarj, or point-ellipsoid 








+ 


+ 


/ 


+ 






Paraboloid, elliptic 








+ 


- 


/ 


- 






Paraboloid, hyperbolic 








+ 


+ 





+ 


f 




Cylinder, elliptic 








+ 


+ 





+ 







Cylinder, line 










+ 
+ 


— 









/ 






Cylinder, hyperbolic 


Planes, intersecting 













+ 










/ 


Cylinder, parabolic 





+ 













Planes, parallel 



For coincident planes d = a''7a = V'^Jh = c''7c. 

For two planes, one at an infinite distance, a, i, c, a', J', c' = 0, 
one at least of a", J", c" finite. 

For two planes at an infinite distance, d alone finite. 

426. TrocMWB for finding the locus of any given equation. 
When a particular equation of the second degree is presented to U8» in 
order to discovec what species of surface it represents, we would recommend 
the student first to form the discriminating cubic, and it will then be seen 
whether the last term a vanishes or not 

I. If A be different from zero, we must find the centre, transfer the origin 
to it, and by changing the directions of the axes reduce the equation to 
the form a«* + /3y* + 72* + ^ = 0, where o, /3, 7 are the roots of the discriminating^ 
cubic, which can always he found approximately, at all events their signs can 
be determined by Bes Cartes' rule; and ^ has been shewn to be H{u)/^, 
or in particular cases may be found more easily without the use of the 
determinants. 

II. If A = 0, and -4 + -B + C be not zero, in which case the two roots B^ 7 
will be finite, it will be best to determine the directions of the axes which 
correspond to the three roots 0, ^, 7, and to suppose the origin so chosen that 
the equation becomes either /3y* + 7s* + 2a"x = 0, ( 1 ), or /3y* + 7a? + * =« 0, (2). 
If we do not require the position of the vertex, the absolute value of a" in (1) 
can be found by equating the discriminants, by which we obtain 

and if we find that a" vanishes, we take case (2). 

If more particulars be required it is perhaps the simplest to transfer to 
tome point (£, «?, t), viz. the vertex in (1) or a point on the axis in (2), in 
vhich cases F(x^^^y^n, z-¥l)s,Uf¥2a" {Ix'^my^nz) or u^^i^ (^ m» ») 
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being the direction of the new aiia of x. We thus have equation! 

a^ + c'u + 5T + a" - U\ or 0, for (1) or (2), 

c'^ + Ji + a I + b" = ma", or 0, 

6'f 4 a'n + ca + c"= na\ ox 0. 
In case (1) a*^ + 5"ii 4 c'T + <^ + ('f + mn + nl) «" = 0, since (f, n, J) i« the 
vertex, and therefore on the surface ; 

"whence the latera recta - 2a"/ p and - 2a77 are known, and the fourth equation 
with two of the former give the vertex. 

In case (2) /(f , i», J) = a"B + 6"i4- c'X + rf = «, and, since a" A + h"C' 4 c^5' = 0, 
the first three equations are equivalent to two, giving the axis of the cylinder ; 
and the fourth equation combined with two of the first three gives, for 
determining d, 

« (aV - hV) = h" ( W - a'a") 4 c" (b'a" - c'5") 4 <? (aV - hh'). 

III. If A = 0, and A^B + C^O, by Art 422, aa*^b'e\ &c, and the 
original equation will appear in the form 

o'ftV {x/a' 4 y /&' 4 z/c')* 4 2 (a"a: 4 ^'y 4 c"«) 4 rf = 0. 

i. If a'a", h'h"t cY are equal the surface is obviously two parallel planes. 

ii. If a'a"t b'b", &c" are not all equal the surface is a parabolic cylinder. 

When the line of vertices and latus rectum of the principal parabolic section 

are required, let (/, m, »i), (/', m', n') be the directions of the new axes of x and s, 

in order that the equation may be reduced to the form 7«*4 2a*« = 0, and, as 

in case II, transferring the origin to one of the vertices (^, i}, |^), u becomes 

7 (Px 4 m'y 4 n't)* 4 2a" {Ix 4 my 4 ««), 
and it can be shewn, as before, that 

a"« = a"« 4 6"« 4 c"« - {a"l' 4 Mm' 4 c^nO", 
and that the locus of the vertices is given by 

7 (I'B + fn'n 4 n%) 4 a'? 4 b"m' + c"n' = 0, 
2 (a"C 4 6"i? 4 <rr) 4 (a'T 4 ft'm' 4 <r«0V7 + <^ « 0, 
where /'a' = m'6' = nV = V{a'&'c7(<» + ^ + «)}• 

IV. The condition for a surface of revolution being 

a - Vdja' = 6 - e'a'lb' = c - db'lii = /3, 
the equation assumes the form 

/3 («« 4 y" 4 «■) 4 a'6 V (*/a' 4 y /6' 4 «/«')• 4 la'x 4 26"y 4 2c"« + rf = 0, 
which may be written 

i3{(«-«*4(y-iiy4(z-Sn4flW(«/a'4y/6'4«/c'4<r)«o0, (1) 
if -/3E4 6'c<r = a", -/3«l4cVc^ = 6^ -/354a'6'<r«c", 
and /5 (£• 4 iN $•) 4 a'6Va« « rf, 
eliminating f , >7, and I, we have a quadratic in v, 

and a' (/Sf 4 a") = b' (firi + 6") = c' ipi 4 c") = a'b'c'a, 
which determine the coordinates of two points which are, as the form (1) shews, 
the foci of the generating curve. 

427. It should be noticed that if the general form only of the surface be 
required, this can always be found by the simple process of expressing th in the 
form of three, two, or one square, in which cases the equation appears in one 
of the forms «* ± c* ± tr* = *, tt^± ©• = «?, or ti' = v, when ti, v, tr are linear 
expressions. 

For example, an, = (oar + c'y 4 b'zY^Cy- 2A'yz 4 B^, where Cy*- 2A'y% 4 Bz^ 
may vanish, or be a square, or the sum of two squares. 

AA 
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428. Tojind the 8urface whose egtutiioti is 

32«* + y« + 8« + 6y«-16zar-16zy-6jr-12y-12« + 18-0. 
The discriminating cubic is 

(« -32)(«-l)«-9(«- 32)- 128 («-l) -6.64 = 0, 
the last term of which is and the roots 0, 36, - 2. 

The directions of the axes corresponding to these roots are given by 
the equations of Art. 415, viz. 

{64 + 3 («-32)}««{- 24-8 (»-l)}y = {- 24-8 («-!)}«, 
which give 2ic = y««; ar = -4y = -4j6; « = 0, y = «; the direction-cosines being 
i.{.*;*V2,-iV2,-4V2;0,JV2,-iV2. 

The equation is reducible to 36y| - 2«* + 2a*x = 0, since the centre is at an 
infinite distance, and (J, f, f) being the direction of the axis of x, the 
equation is, when transformed to axes parallel to the original directions, 

tt2 + |«"(ar + 2y + 2«)==0 or jP(ar + &y + n, « + = 0, 
where (C, 17, 1) is the vertex of the paraboloid, 

.-. 32^-8»»-8r- 3 =Ja" 

-8^+ 1I + 3S- 6 =|«" 

-8^ + 3i»+ l- 6 =f«" 

-3e-6u-6|: + 18 = 0; 

.-. a"«-9 and 2E = «ioJof. 

429. Tojind the surface whose equation is 

«■ - 2y* + 2«* + 3zx - ary - 2« + 7y - 6« - 3 = 0. 
As an illustration of Art. 427, the form of the surface may be found by 
arranging the terms of the second degree in the form of squares 

a:»+(3«-y)«+i(3z-y)«-J(«'-6ys + 9y*), 
and those of the first degree being 

-2(ir-ly + fa)-2(«-3y), 
(x + Jy + f2-ir-(J«-fy + 2)» = 0. 
The surface represented is the two planes 

(« - 2y + 2« + 1 ) ( a: + y + « - 3) = 0. 
By the general method, the discriminating cubic is s (a* - s - 13/2) a= 0, and 
the centre has a locus f » - 4ti + 7 » i (- 4^ + 5), the equation may therefore be 
reduced to fiy* + 72' + * = 0, and referring to axes through (^, n, I) parallel to 
the original axes this is identical with jP (« + ^, y 4- 1|, a + J) = ; hence, equating 
coefficients, we find that ^ = - ^ + J-ii - 15 - 3 = 0. The surface is therefore 
two planes, since fi, 7 have opposite signs. 

430. To find the equation of any eonfocal of a central conicoid given hy 
the general equation. 

Let the general equation be Uj^l, and when the coordinate axes are 
transformed to the principal axes, let ti, become a^/a-¥ y*//3 4 277, the equation 
of any eonfocal must become «V(o + A) + yy(/3 + A?) + 87(7 + A;) « I, 

or «M/3 + ^)(7-^*) + y'(7 + ^)(« + *) + «*(« + *)(/3 + *) = (a + Aj)(/3 + A)(7 + A). 
The invariants J,, /,, A of the quadric ti, are the coefficients of *, ife», and J^ 
in (1 + A/a) (1 + A;/^) (1 + A/7) and (/3 + A;) (7 4 A;) = a/37/a + (a + y3 + ry) ^ 4 &•- ifca, 
hence, the equation of the eonfocal, referred to the principal axes, is 

«■/« + yV/3 + «'/7 + {IJc + Hie) {te^ y«+ s«) - ^k («*«f ^y«+ 72*) = 1 + I^h + /^V Ait», 
and referring back to the original axes, by Art. 401, 

•I, + {IJc + AA«) («• + y« + «•) - Aj [At? +...+ 2^'yz f ...) - 1 + J^A + «• + A**. 
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431. To find thefocai eonies of the eonieoid given hy the gtnercd equation. 
The focal conic corresponding to h^-*^ may be obtained by writing 
-7 + or for A; in the equation 

^•(/3 + Aj)(7 + A) + y»(7 + *)(a + A) + ««(« + &)(/3 + *) = (a + A;)03 + A)(7 + *), 

and equating to zero the coefficients of v and the term independent of c, hence 
the equations of the focal conie are, since 1 - J17 -I- 1^^ - •^7' » 0, 

«, - (/i - 7"') (*• + y" + «^) + 7 (^«* +. ..+ 2ui'y« +...) = 0, 

and (/2- 2A7) (a:* + y* + «■) --4a:*-...- 2^y«-...o J| - 27/, + A7*. 



XXIX. 

(1) Fnd the nature of the' surfaces represented by the following equations : 

1. aB«-«»-y« + 4jry = aV 

2. ys + fir + fyoo*. 

3. «» + y* + t"+2ay + 2y« + 4MJ=«I. 

4. «* + y*+2(jfy + ys + sx)«a". 

6. 2aP-6a;*-2y*-|-10jry + 4y«f 4y+16i+ie = 0. 

6. «*42(y« + Mf + ay) + 2(a-y-l) = 0. 

7. a:" + y* + 3««+3y« + sa5 + ay-7ir-14y-26» + i»(K 

8. 6y*-2a:*-«*-4ay-6ya + 8ttP-l. 

Prove the following results : 

1. Hyperboloid of one sheet. 2. Hyperboloid of revolution^ eccentricity of 
generating hyperbola = Vf • 3* Hyperboloid of one sheet, axes V^ t V2 and 2; 
direction-cosines of axes in the ratios 1, ± V3- 1» I ai^d 1, 0, 1. 4. Hyper- 
bolic cylinder. 5. Hyperboloid of one sheet, centre (6, 6, - 10). 6. Cone, 
direction-cosines of axes (0, \ V2, - \ ^2), (± i ^2, I, i), 7. Ellipsoid, point 
or impossible, according aa d<'=>56. 8. Hyperbolic cylinder. 

(2) The equation (cy - bzY + (az - easf + {bx - oy)* = 1 represents a righi 
circular cylinder, the equations of whose axis are x/a a y/b a t/e, 

(3) The surface represented by the equation 

aV + 6y + c*s^ - 2^s - 2eatx - 2a&2y a 1 
is a hyperboloid of one sheet, and the sum of the squares on its real axes 
is equal to the square on its conjugate axia. 

(4) Prove that, when bb^ » c'o', and c&^ah\ the equation 

««»+...+ 2a'y« +...+ 2a"x +...+ rf= 0, 
represents in general a paraboloid, whose axis is parallel to the straight 
Hne « = 0, c'y + fr« = 0. 

(5) The equation 

oa* + 4/ + 92* + 1 2yz 4 Cm? + 4 jjy + 2arx + 25''y + 2c''« + J = 
will in eeneral represent an elliptic paraboloid, a parabolic cylinder, on a 
hyperboho paraboloid, according as ii>a<l. What surfaces will it repre- 
sent in the following easea: 

L 34" = 2c", a>«or<l. ik 6tf"«3ft"«2c", a=l. 

(6) Find the equation of the hyperboloid, three of whose genersting lines 
are «sO, y^a\ y»0, zan* and 2»0, x = a\ shew that it is a surface of 
revolution, and find the eccentricity of a meridian section. 

(7) Find the position and maniitude of the axes of yz+ Vd(s-y)jr-l, 
and shew that the eceentrieitiet of the focal conies are reciprocals of each other. 
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(8) Find the locus of the centres of the surfaces represented bj the 
equation «■ + yV- ^ + 2pax 4 2oyz - 2a« - 2iy + 2^2 = 0, a, 6, c being given positive 
numbers, and p and a variable parameters, i. When p and q vary in everj 
possible manner, ii. When they vary in such a manner that the equation may 
always represent a cone. 

^ (9) If the equation aj:*+ 5y"+ «•+ Wtx + 2c'«y + 1a"x = represent a parabo« 
loid of revolution, prove that c-hta. Taking the upper sign, prove tiiat the 
axis is s s 0, X Va + y V^ =* 0* 

XXX. 

(1) If az* + Jy" + c«" + 2my% + 26'm? + ^c'xy = represent two planes, shew 
that the two planes which bisect the angles contained by the former planes | 
will be given by 

«, a* + dy + 5'», {aa* - 6 V)'* 

y, dx\- hy \ a «, (66' - c'a')"' 

2, Ifx + o'y + cz , {ce* - a'6')'* 

f2) Prove that the direction-cosines of the axis corresponding to the root 
a of the discriminating cubic can be put in the symmetrical form 
(«-6)(a-c)-a^=(a-/3)(«-7)r, &c 

(3) If the surface represented by the general equation be a hyperbolic 
paraboloid, prove that the tangent of the angle between the planes to which the 
generators are parallel will be 2 V(a'* + 6'* + c" - a6 - flc - he)] {a + 6 + c). 

(4) ti»0 is the equation of a conicoid in rectangular coordinates, shew 
that the equation of the locus of points, from which three tangent lines 
mutually at right angles can be drawn, is 

iSS d'ti^ d'u* 

(6) ^ The eauation o (y - b)" + 6 (z - «)* + c (« - y)' = d represents a cylinder, 
which is hyperbolic when 6c + ca -i- ah is negative; and which, when he-\^ca^ah 
is positive and less than J (a -}■ 6 + c)\ is elliptic or impossible according as 
a + 6 + e is positive or negative; if a + 6 + e = 0, the principal section will be 
a rectangular hyperbola. 

(6) The equation ««■ + 6y" + cz" + 2a'yz + 26'zx + 2c*ary = will represent a 
right cone, whose vertical angle is 0, if 

a - 6V/a' = 6 - c'a76' = c - a'6yc' = (a + 6 + c) (1 + cosd)/(l + 3 cos 0y 

(7) If a cone whose vertex is the origin and base a plane section of the 
surface (u^ + 6y' + cz* ■ 1 be a cone of revolution, the plane must touch one 
of the cylinders 

(6-a)y«+(c-a)z' = l, (c~6)z" + (a-6)a:» = 1, (a-c)«« + (6-c)y««l. 

(8) The area of the section of the conicoid 

as^ + 6y" + cz" + 2a'ys + 26'«x + 2exy = 1 
by a plane through the extremities of its principal axes is 



2w // a-f6-|-c \ 

3 V3 V Uftc + 2a'6V - aa? - 66'« - cc"/ " 



(9) The surface whose equation, referred to axes inclined at angles a, /3, 7, 
is ayz + 6zx + cxy = 1, will be one of revolution if {± 1 + cos a) /a « (± 1 + cos^}/6 
e (± 1 -t- cos7)/c, one or three of the ambiguities being taken negative. 

(10) Apply the methods of Art. 409 and 416 to find the directions of the 
axes of a cone enveloping an ellipsoid ; and, independently, of the reciprocal 
cone, Art 402. 
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XXXI. 

(1) Discusft the different surfaces represented by the equation 

«• 4 (2fn* -I- 1 ) (y" -I- «■) - 2 (ya + sa: + a:y) = 2fn« - 3m + 1 , 
as m varies from ~ oo to + x ; considering particularly the critical values 
- 1, J, and 1. 

(2) The radius r of the central circular sections of the surface ayz^bzz-i^ext/=l 
is given by the equation aber* + (a* + 6* ■»- c") r* = 4 ; and the direction-cosines of 
the sections by the equations (m* + w*) l/a = (n*+ P) m/b = (/"+ m*) nje-- Imnr*, 

(3) The equation of every surface of revolution of the second de^ee which 
passes through the two lines x = 0, y *= 0, and y « a, s = is included in 

cos (y" -ay + zz) + sin ^ {yz ± ic (y - a)} = xz, 

(4) The surface whose equation, referred to axes inclined at angles \ ft, », 
is fl«* + fty' + c«P= 1, will be one of revolution if 

a cos\/(co8X - cos^ cos »') « 6 co8^/(cos fi- cos V cosX) = c cosV(co8 V - cos X COS/i). 

(5) The equation a** + 6y" + cz* = 1, may, when referred to oblique axes, be 
transformed into the equation 2m (yz^zx + xy) = 1 in an infinite number of 
ways. If a , b\ e* be the cosines of the angles between the axes, shew that 

ml a + m/6 + mjc = a' + 5' + c' - f , 
ni^(a\b\ c)/ahc = be* + cV + a'b' -a'-V - c', 
and 2my fl^ = l - o" - 6" - c'" + 2a'5V. 
If the oblique axes be mutually inclined at angles of 60°, shew that either 
- 2a s 6 B c, a = - 26 = c, or a = 6 = - 2c. 

(6) Shew that the hyperboloid, whose equation, referred to oblique axes 
inclined at angles whose cosines are a\ b% c', is 

(l-a')y8 + (l~6')«: + (l-c')xy = rf, 
is a hyperboloid of revolution, whose equation, referred to its principal axes, 
is a«"-y*-«*=2J, where 

a =1 2 (1 - a') (1 - 6') (1 - c')/(l - «'' - ^'* - ^y*" + 2a'6'c0- 

(7) If two conicoids 2oy« + 2bzx + 2city = 1 and 2a'y2 + 26'«x + 2c* xy a 1 can 
be placed so as to be confocal, 

ab€/{a* + 6« + c«) + a'Vc'/(a'^ + 6'" + O = 0, 
and 27a'6V/(a« + 6" + c«)» + a'*6'«c7(a'« + 6'« + cV « 1. 

(8) When the general equation represents a paraboloid of revolution, its 
focus and directrix plane are given by the equations 

a' (8x + a") = 6' (sy + b") = c' (w + c") = i (a"« + &"• + c"« - 9d)/{a"/a' + 676' + c'/O. 
and 

2 (a7a' + 67i' + c7c') {x/a' + y /6' + «/c') + (a"« + 6"« + c"" - (fo)/a'6'C = 0. 
where 2« s a + 5 + c, and a\ b\ c' are finite. 

(9) Three fixed rectangular axes are taken, and a fixed line through 
the origin whose direction-cosines are X, /i, v. If any rigid surface be turned 
about this line through an angle 0, the equation of such a surface in its new 
position may be derived from its equation in the old one by changing x into 
a: cos ^ + X (X« + ;iy + vz) (1 - cos 0) + (/« - »y) sin ^, with similar changes for 
y and 2. 

Hence, defining an axis of a conicoid as a diameter, such that by revolution 
about it through two right angles every point of the surface returns to the 
surface again, deduce the ordinary cubic equation for tbe determination of 
the axes. 



CHAPTER XVII. 



DEGREES AND CLASSES OF SURFACES. DEGREES OF CTJRTES 

AND TORSES. COMPLETE AND PARTIAL ' 

INTERSECTIONS OF SURFACES. 

432. Having already fully investigated the nature of the 
surfaces represented by the general equation of the second degree, 
we will proceed to the loci of equations of higher degrees, which 
we may consider as equations either in three-plane or four-plane 
coordinates: in the latter case we may suppose the equations 
homogeneous^ without loss of generality. 

433. Surfaces which are represented by rational and integral 
algebraical equations are arranged accoraing ta the degrees o^ 
these equations when plane coordinates are used, and according 
to classes when tangential or point coordinates are used. 

A surface is of the n*^ degree when the equation of which it is 
the locus is of the v!^ degree in the coordinates of any point of! 
the locus; the geometrical equivalent being that a surface is of^ 
the n^ degree when an arbitrary straight line intersects it in n 
points, real or imaginary. 

A surface is of the vfi^ class when n tangent planes, real orl 
ims^inary, can be drawn to it through an arbitrary straight line. 

if p\ q'j r\ s' and p", j", r", s" be the point coordinates of two 
planes, the coordinates of any plane passing through their line of 
mtersection will be 7p'4iwp", Iq' + mq''...^ Art. 128, l:m being 
an arbitrary ratio, ana the particular planes which touch a surface 
whose tangential equation is Fip^q^r^ s)=^0^ supposed a homo- 
geneous algebraical equation of the n^ degree, will be determined 
by the values of Z : wi which satisfy the eauation F{lp'-^mp'\ ...)»= ; 
the number of values of the ratio will be ti, and this will therefore 
be the class of the surface. 

434. Curves and Torses are arranged according to their degrees, i 
A curve of the n^ degree is one which intersects an arbitrary 

plane in n points, real or imaginary. 

A torse of the n^ degree is one to which n tangent planes, real 
or imaginary, can be drawn through an arbitrary point. 

435. Among the various methods of treating of curves which 
have been proposed, one is to consider them as the intersection 
of surfaces whose equations are given. In this method the diffi- 
culty arises, to which allasion has been made in Art. 14, viz. that 
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extraneous curves maj be introduced which are not the subjects 
of investigation. 

If any curve be supposed to be given in space, it is impossible 
generally to determine two surfaces which shall contain no other 
common points but points which lie on the proposed curve; but 
among all the surfaces which may be drawn through a curve, it is 
desirable to obtain the simplest forms of surfaces of which the curve 
shall be the partial intersection. 

436. The number of points in which three surfaces intersect, 
which are of the m^\ n^\ and p^ degrees respectively, is mnpj 
unless they intersect in a common curve, in which case it is infinite. 

For the proof of this proposition, the student is referred to 
Salmon's Treatise on Higher Algebra, Lesson Viil., on the number 
of solutions of three equations in three unknown quantities. 

The student may be able to satisfy himself of the truth of the 
proposition, by considering that the number of points in which 
the surfaces intersect will, by the law of continuity, be unaltered, 
if we substitute particular instead of the general forms of the 
surfaces. If the surfaces respectively consist of w, «, p arbitrary 
planes, it is obvious that the number of their common points of 
intersection will be mnp^ each point being the intersection of three 
planes, taken one from each system. 

437. The complete intersection of two surfaces of the m^ and 
n^ degrees respectively^ is a curve of the mn^ degree. 

Let a plane intersect the surfaces, the number of points of 
intersection of the plane with the surfaces is mn^ this is therefore 
the number of points in which the plane cuts the curve, and the 
curve is of the mn^ degree. 

438. To find the number of conditions which a surface of the 
«t^ degree may be made to satisfy. 

The number of constants in the general equation of the n^ 
degree is evidently the number of homogeneous products of four 
things of n dimensions, and is therefore (n+ 1) (n-f 2) (n + 3)/6; 
but in estimating the number of constants with reference to the 
number of conditions which the locus can be made to satisfy, we 
must diminish this number by one, since the generality of the 
equation is unaltered if we divide by any one of the constants. 

The number of disposable constants, so obtained, is . 
i(n + l)(w-f2)(n + 3)-l=iw(n' + 6n + ll)E<^(n), 
thus 4> (2) = 9, <^ (3) = 19, 4> (4) = 34, 4> (5) = 55, ^ (6) = 83. 

Since, when a point is given, we may substitute its coordinates 
in the general equation of a given degree, and thus obtain a linear 
equation of condition between the constants, a surface of the third 
degree may be made to pass through 19 arbitrarily chosen points, 
and one of"^ the fourth through 34, &c., and ^ (n) arbitrarily chosen 
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points win completely determine the position and dimensions of a 
surface of the n^^ degree. 

A surface of the n^^ degree is also determined by (n) inde- 
pendent linear equations of any kind between its coefficients. 

439. All surfaces of the n*^ degree which pass through ^ (n) — 1 
given points have a common curve of intersection. 

If M = 0, r = be the equation of two surfaces passing through 
the given points, Xw + /At; = will be the equation of another 
surface of the w^^ degree which passes through the (fi) — 1 given 
points ; and since, by giving proper values to the ratio X : /a, 
this surface may be made to pass through any additional point 
which is not common to the two surfaces t/ = 0, v = 0, this equation 
will be the general equation of all surfaces which contain the 
^ (n) — 1 given points. But this equation is also satisfied by the 
coordinates of all points which lie on the curve of intersection 
oi u^O and v^O; this curve, which is of the degree n% is 
therefore the common curve of intersection of all surfaces con- 
taining the ^ (n) - 1 points. 

440. By reasoning similar to the above, it can be seen that, if, 
a surface be of such a nature that m points or ra linear equations 
of condition completely determine it, we may assert, that if m — 1 
such conditions be given, all surfaces of this kind which satisfy 
these conditions will have a common curve of intersection. ; 

441. We shall give the name of cluster to the series of surfacesi 
of the n^ degree determined by the equation Xu + ftv — 0, and call 
the curve of the degree n', which is the common intersection of 
the surfaces, the base of the cluster. 

We have adopted duster as the equivalent of the term faisceau 
used by French writers. 

442. We may remark that, if <^ (n) - 1 points be given it will 
be possible to eliminate from the general equation of the surface 
of the n^ degree all the constants but one, which will enter into 
the resulting equation in the first power only. This equation will 
then be of the form w -f Xr = 0, where m, v are of the »i^ degree, 
and \ an undetermined constant. All surfaces represented by this 
equation will pass through the curve given by the equations u = 0, 
t? = 0, which curve is therefore completely determined. For 
example, eight points determine a curve which is the complete 
intersection of two conicoids. 

In the case of complete intersections of surfaces the nature of 
the curve is not given when the degree is given, except in the case 
of prime numbers, when it must be a plane curve. 

For example, a curve of the twelfth degree might be the com- 
plete intersection of pairs of surfaces of the degrees (1, 12), (2, 6), 
(3, 4), and these different species, belonging to the same degree, 
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would require a different number of given points to determine 
completely the surfaces. 

The following proposition serves to obtain the number of given 
points sufficient to determine a surface of the n^ degree which, by 
its coorplete intersection with a surface of a lower degree, gives 
a curve of the nq^ degree: this is given by Pllicker, but may also 
be proved directly by a theorem given by (Jayley.* 

443. All iur/aeea of the n^^ degree containing <^{h) - ^{n-q)'-\ given 
points of a surface of the q^"^ degree cut this last surface in one and the same curve. 

Of ^ (n) - 1 points, <P'{n- q) lie on a surface of the p^ degree, where n-p^g, 
whose equation is Up = 0, and if <p {n) - \ - <P { p) giTen points lie on a surface 
of the q^ degree, ti, - 0, upUq = is one of the surfaces of the n^b degree whieh 
contain <p{n)-l points. Therefore, if tf = 0,9 = be any two surfaces con* 
taining tlkese <f>{n)-l points, MRce u^^^-O is one of the cluster of surfaces 
represented by \ui fiv = 0, the base of the cluster will be a eunre whieh lies on 
the two surfaces u^^O and u, = 0. 

Hence if ^ (n) - ^ (n - 9) - 1 points be taken on any fixed surface «,« 0, all 
surfaces of the »th degree, which pass through these points, will intersect the 
surface of the g^ degree in the same curTC. 

Thus, if ^ » 2, the proposition is reduced to the following : 

All Burfacee of the n^ degree which pass through n (f» 4- 2) points on a eoni- 
toid intersect the eonicoid in the same curve, 

444. When it is said that a curve or surface is determined by 
a certain number of points, these points must be supposed arbi- 
trarily taken, for it is possible so to select the points that this 
number would not be sufficient. Thus, a plane cisbic is generally 
determined by ^ points, but, if those be the nine points of inter- 
section of two of such curves, an infinite number may be drawn 
Ihrottgh them. A curve of the fourth degree of one species, 
Bamely tl>e intersection of two conlcoids, can be determined 
eompletely by 8 arbitrary points, but if these given points be the 
intersections of three conicoids which have not a common curve 
of intersection, taking these surfaces twa and two, we may obtain 
three curves of that species passing through the same eight points. 

445. If two surfaces of the n*** degree pass through a curve of the 
*r^ degree situated on a surface of the r^ degree, they will also 
intersect in a curve of the w (n — r)^ degree, situated on a surface 
of the (fi'-ry^ degree, because one of the surfaces which passes 
through the intersection of the two rfi^ surfaces will be the complex 
lurface formed of two of the degrees r and n — r respectively. 

Thus, if a eonicoid intersect a cubic surface in three conies, the 
planes of each of these will intersect the cubic in a straight line, 
the conic and straight line forming the plane cubic eurve which 
is the complete intersection; and since the three planes form a 
cubic surface, part of whose curve of intersection with the original 
cubic surface lies on a eonicoid, the three straight lines will lie 
in one plane. 

• Aourtllet Annates^ xii., p. 396. 

BB 
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446. The theory of partial intersectioDs of surfaces was first 
discussed by Salmon.* Without an examination of such partial 
intersections it is not possible to analyse different species of curves 
of the same degree. If we considered only complete intersections 
of surfaces, curves of the third degree could only be considered 
as plane curves, whereas it will be seen that they may also be 
partial intersections of conicoids. 

447. To find the surfaces of which a given curve is the partial 
intersection. 

In order to find the surfaces which may contain a curve of the 
m^ degree, it is observed that a surface of the A**^ degree can be 
made to pass through 4>(k) points. Now, the total number of 
points which are common to a proper curve of the m^^ degree and 
such a surface, supposing the curve not to lie entirely on the 
surface, is vik^ since this is the number of points in which k planes 
intersect the curve ; and the law of continuity makes the statement 
general. If more than mk points lie on the surface, the curve will 
lie entirely on the surface. 

If (k) = w/c + 1, one such surface can be drawn containing the 
curve; if 0(A-)>7nA:+ 1, two surfaces of the k^^ degree can be 
drawn, and therefore an infinite number. Thus, for a curve of the 
third degree, if A- = 2, (i) = 9 > 3.2 -f 1, hence an infinite number; 
of conicoids may be drawn containing any curve of the third 
degree. 

When ^(A-) = ?wA;+ 1, one surface of the k^ degree contain^ 
the curve, and another of the (A;+l)^ must also contain it, for 
^ (A + 1) - ^ (A) = i (A + 2) {k + 3), therefore 

<^(A+l)-{m(i+l) + l}=i(i4-2)(A + 3)-*n, 

which is always positive, since wi = J (^" -f 6i + 11) — A:"*. 

Modifications are required when the surfaces are not proper 
surfaces. Salmon gives as examples of this modification a planch 
curve of the third degree through which it is possible to describe 
an infinite number of conicoids, but since each conicoid must neces^ 
sarily consist of the plane of the curve and an arbitrary plane, the 
intersection of the plane and conicoid will not determine the curve, 
Again, if a curve of the fifth degree, which, according to the above 
laws, ought necessarily to be determined by surfaces of the third 
degree, lie entirely on a conicoid, every surface of the third degree 
which contains the curve may be a compound of the conicoid and 
a plane, and we must advance to surfaces of the fourth degree to 
determine the curve. 

If a curve be given of the ivfi^ degree, and Ar, I be the lowest 
degrees of surfaces upon which it can lie, any surface of the k^ 

♦ Quarttrly Journal^ vol. v. 
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degree constructed to pass through mh + 1 points will contain the 
curve, and similarly for the other surface. 

If ml+l points known to lie on the curve be given, and ?>*, 
all the rest can be found. 

448. The number of arbitrary points through which a curve of 
the inf^ degree can be drawn cannot exceed a certain superior 
limit which is easily determined, for suppose k arbitrary points to 
be given, and a cone to be constructed containing the curve, and 
having its vertex in one of the assumed points, the degree of this 
cone will be ?» — 1, since any plane through the vertex must 
contain «i — 1 points of the curve besides the vertex, and therefore 
m — 1 generating lines of the confe, and the number of its generating 
lines sufficient tor its complete determination is the same as that 
of the number of points necessary to determine a plane curve 
of the (m - 1)*** degree, viz. \m (m+ 1) - 1. 

The greatest value of k for which such a cone can be con- 
structed is \m (w + 1) ; this is therefore a superior limit, although 
lower limits to the number k may be obtained in general from 
other considerations. 

Thus, a curve of the third degree cannot be made to pass 
through more than six arbitrarily chosen points. 

449. If <f> (n) — 2 points be given^ all surfaces of the n*^ degree^ 
zchich can be dravm through these points^ will pass through n'— ^w)+2 
additional fixed points. 

Let tt = 0, t? = 0, w = be the eauations of three surfaces of the 
rfi^ degree which pass through (w) — 2 points, and which have not 
a common curve of interaection, they will pass through n' common 
points, and Xu + Mi^-f vi^ = is the equation of another surface of 
the n^ degree, which passes through the same points, and by 
giving different values to \ : /a : v we can obtain alt surfaces which 
pass through these points. Any surface will be particularized when 
two points are given which do not lie on all three of the surfaces, 
or both on the same two; and all such surfaces will contain 
n' — (w) + 2 common points besides the given points. 

Thus, all conicoids which pass through seven points will pass 
through a fixed eighth, as is easily seen when each conicoid 
consists of two parallel planes, the seven points being angular 
points of a parallelepiped. 

A surface of the third degree, drawn through 17 points, passes 
through 10 others. 

450. The following propositions, connected with this part of the subject, 
are of importance in some investigations in which it is required to determine 
the number of points of intersection of three surfaces: the surfaces under 
consideration in particular cases may have common lines in any degree of 
multiplicity, and it becomes necessary to determine to how many points of 
intersection these lines are equivalent. 
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431. Three surfaeee of the iw<h, nth^ and p^^ degrees, contain a multiple 
straight. line in the degrees of multiplicity |i, v, and ir respectively ; ia find ikt 
nwr!ber of points of intersection to Ufhich this multiple line corresponds. 

The number of points of intersection of three surfaces will be unaltered 
if we suppose eaeh surface to degenerate into a set of proper surfaces of inferior 
degrees, so long as the sum of the degrees of the set is the degree of the 
surface so broken up. 

We will, therefore, suppose the surface of the mtl^ degree to consist of 
fi planes, and of a proper surface of the {fk-fi)^ degree; and similarly foi 
the others. 

The whole number mnp of points of intersection will then be made up of 
intersections, (i) of the three proper surfaces, (ii) of proper surfaces from two 
systems with planes from the remaining system, (iii) of a proper surface of 
one system with planes from the two remaining systems, and (iv) of planes 
from the three systems ; the numbers of these intersections are 

i. (m-fi]{n-y){p-7r), ii. (n- !») (/>-7r)/i+..., 
iii. (i»-^) •'ir+..., iv. fiw. 

If now we suppose all the planes to pass through the same straight line, 
we shall have the case of surfaces with multiple lines; and those of the 
mnp points, which will lie on the multiple line, will be clearly taken from 
the groups (iii) and (iv). 

The multiple line therefore corresponds to the number of points {m- fi) mr 
-i- (n - y) irfi -^ { p - tt) fiv + fivir = mf-ir + nirfi + pfiy - 2;iV3r, which coincides with 
the particular case given by Salmon.* 

452. Three surfaces of the m^\ n'\ and /?th degrees have a common curve 
line of the fi^\ »^^, w^^ degrees of multiplicity respectively, the curve being the 
intersection of two surfaces of the degrees k artd I ; to find the number of points 
to which this multiple line corresponds. 

Let the surfaces be broken up into proper surfaces, and the multiple lines 
be thrown out of gear. 

The Grst shall be composed of p. surfaces of the degree k and one of the 
degree m - pk, the second of v surfaces of the degree A;, » of degree / and one 
of the degree n-vk- vl, the third of ir of the degree /, and one of the degree 
p - irl. 

The number of points which lie on the intersection of surfaces of the degrees 
k and / will be (m - pk) vk.vl + (n-vl^ pk)pk.Tl+ {p - irl) phM -¥ irLfAk,{' k * W) 
= lk{my'jr-\-n7rfJi.*ppv-pv7r{l-¥ ki]f which is the number of points required, 
coinciding with the result of the preceding proposition when /»& = !. 

Application to the Four^point System, 

453. It is easy to express in the language of four-point coordi- 
nates the results of this chapter. 

Thus, a surface of the w**^ class is determined if ^ (n) tangent 
planes be given. 

If surfaces of the rfi^ class be drawn touching ^ (n) - 1 tangent 
planes, they will be touched by one common developable surface. 

If three surfaces of the rC-^ class touch ^ (w) «- 2 given planes, 
they will touch n' - (n) + 2 additional fixed planes. 

Similarly for other theorems. 

In illustration of the points which have been considered in this 
chapter, relating to the intersection of surfaces, we give here some 
elementary properties of cubic and quartic curves. 

* Camb. and Dub, Math. Jour, ii. p. 71. 
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Cubic Curves. 

454. If two conicoids have a common generating line, any 
plane which does not contain this generating line will intersect the 
two conicoids in two conies which have four points in common, one 
of which will be in the generating line ; hence the curve which 
with the generating line forms the complete intersection of the 
conicoids, being met by an arbitrary plane in three points, is a 
curve of the third degree ; such a curve is called a cubic curve. 

Conversely, if we take any seven points upon a given cubic 
curve and an eighth on any chord of the curve, we can make an 
infinite number of conicoids pass through these eight points, which 
will have for their common curve of intersection the cubic curve 
and the chord, for each conicoid meets the curve in seven points 
and the chord in three, and therefore contains both entirely. 

465. A cubic curve^ which is the intersection of two conicoids 
having a common generating line^ intersects all the generating lines 
of the same system as the common line in two points^ and those of the 
opposite system in one point only. 

Call the two conicoids A and B^ and the common line L. Any 
generating line of A intersects B in two points, neither of which 
will lie on Ly if it be of the same system as £, but one will lie 
on Lj if it be of the system opposite to that of £; but the points 
which do not lie on L must lie on the cubic curve, which proves 
the proposition. 

456. The common generating line of two conicoids which deter^ 
mine a cubic curve is twice crossed by the curve, 

A plane which contains the common generating line intersects 
each of the conicoids in a generating line of the opposite system, 
and these two lines intersect in one point only ; out the plane 
contains three points of the curve ; hence two of the three points 
must lie on the common generating line. 

457. When two cubic curves lie on a given conicoid^ to find the number of 
points in which they intersect, 

liach of the cubic curves is the partial intersection of the given conicoid 
with another which has a common generating line with it. 

Call the three conicoids A, B, and B'f and the curves (7, C\ and let 
the complete intersection of A and B be tlie curve C and the line X, and let 
that of A and B' be the curve C and the line L'. 

The eight points which are common to A, B, and B' must be the inter- 
sections of the complex curves CL and C'Z'; and two distinct cases arise 
according as L. L are of the same or of opposite systems. 

If they be of the same system, L will meet B' in two points both of which 
will be on C \ L and C will intersect in two points, therelore C and C will 
intersect in four points. 

If they be of opposite systems the two points in which L intersects B' will 
lie one on i' and the other on C; hence i, Z'; Z, C'\ and Z', C will inter- 
sect in three points, and therefore C and C in the five remaining points. 

If Z and L coincide, by Art. 451, the coincidence is equivalent to four 
points of intersection, and C, C will intersect in four points. 



190 QUARTIC CURVES. 

Quartic Curves. 

458. The intersection of two conicoids is a quartic curve, since 
a plane must meet the two conicoids in two conies which intersect 
in four points; but this is a particular kind of quartic curve. An 
arbitrary quartic curve will intersect an arbitrary conicoid in 2 x 4 
points, ana only one conicoid can be constructed which will contain 
nine points of the curve, and therefore the entire curve. 

The general quartic curve may therefore be considered as the 
partial intersection of a conicoid and a cubic surface drawn through 
3x4+1 points of the curve, and the remaining portion of the 
complete intersection must be either (i) two straight lines which 
do not intersect, or (li) a conic which may be two intersecting 
straight lines. 

i. In the first case a generating line of the conicoid which 
is of the same system as the two straight lines common to the 
two surfaces, meets the cubic surface in three points which must 
be on the quartic curve, while one of the opposite system meets 
the cubic surface in one point only, besides the points in which 
it cuts the two common hues, and therefore intersects the quartic 
curve once. 

ii. In the second case every generator of the conicoid meets the 
common conic in one point, therefore two of the three points in 
which it intersects the cubic surface lie on the quartic curve. 

If w, = be the equation of a conicoid containing the quartic 
curve, t/j = that of the plane of the common conic, the equation 
of the cubic surface must be of the form v^u^ + u^v^ = 0, and the 
quartic curve, in this case, must be of the particular kind which is 
the base of a cluster of conicoids, viz. that determined by the 
equation \u^ + fjLV^ = for all arbitrary values of \ and fju, 

469. To find the number cf poinU of intersection of two qvuirtie curves 
which both lie on the same cubic surface. 

Let the surface be denoted by ^^3 and the conicoids which contain the two 
curves by S^ and iS,', the remaining parts of the complete intersections may be 
two non-intersecting lines, or a conic, denote these by L. My and C,. 

i. Let the complete intersections of S^ and S^ be C^, Z, 3f, and that of 
8^ and S^ be C/, L\ M'\ the three surfaces iSa, &, S^ intersect in 12 points, 
of which two lie on L\ Z, viz the points in which L and «V intersect, and 
similarly two lie on X, 3f, and M\ and there remain only 4 which must be the 
intersections of C4 and C/. 

This supposes that the lines Z, L' do not intersect, but if they intersect, the 
modification is easily made; for example, if the four lines form a skew 
quadiilateral, the number of points belonging to these lines will be reduced 
to four, and C4, C/ will intersect in eight points. 

ii. Let the complete intersection be C^, C,, and Ci', Cj'j the section of 
8{ made by the plane of C, is a conic which intersects C, in 4 points, therefore 
8 of the 12 points lie on the two curves C^, Cj', leaving 4 ior the number 
of intersections of Ci and C/. 

If the three surfaces all contain the same conic, this will, by Art. 452, count 
as 8 points of intersection, and C4, (7/ will intersect, as before, in four. 
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XXXII. 

(1 ) Every cone containing a curve of the third degree, in which the vertex 
lies, is of the second degree. 

(2) No straight line can cut a curve of the n^^ degree, not plane, in more 
than n - 1 points. 

(3) If the base of a cluster of conicoids cross itself, all the conicoids will 
touch at the point of crossing, and if it cross itself twice it will consist of 
two conies. 

(4) Through a curve of the third degree, and a straight line meeting the 
curve in one point only, a conicoid can be drawn, of which the generating lines, 
which intersect the given line, meet the curve each in two points. 

(5) If P, Q be two points on a cubic curve, all the conicoids which contain 
the curve and the chord PQ have common tangent planes at P and Q. 

(6) Prove that an infinite number 6f curves of the third degree can be 
drawn through five points arbitrarily chosen in space, but that six determine 
the curve; what limitations are necessary that such a curve shall pass through 
the points? 

(7) Through any point in space a straight line can be drawn which meets 
a curve of the third degree, not a plane curve, in two points. 

(8) The projection upon any plane of a curve of the third degree, not 

Slane, by straight lines drawn from a given point, is a curve of the third degree 
avlng a double point. 



XXXIII. 

(1) A conicoid can be drawn through a given chord of a cubic curve 
containing the curve and touching a given plane through the chord at a given 
point of the chord. 

(2) Three conicoids which have a common generating Hne meet only in 
four points besides the generating line. 

(3) Through five points of a conicoid, we can draw two curves of the third 
degree lying entirely m the conicoid. 

(4) The locus of the centres of a cluster of conicoids is a cubic curve. 

(5) A quartic curve is the intersection of two conicoids, prove that a cubic 
surface can be constructed which contains the curve and two given conies, one 
on each conicoid, if these conies do not lie in the same plane. 

(6^ Shew that, if normals be drawn to a conicoid from every point of 
a straight line, their feet will lie on a quartic curve. 

(7) Among the conicoids forming a cluster there are four cones, real or 
imaginary ; each of these cones has four of its sides tangents to the curve which 
is the base of the cluster, and the four points of contact are in one plane. 

(8) The projection of the base of a cluster of conicoids on a plane is a curve 
of the fourth degree having two double points, real or imaginary. 
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XXXIV. 

(1) The eight points given by the equations h^ - my* = n^ - rw\ are »o 
related that any conicoid passing through seven of them will pass through the 
eighth. 

(2) Through a given straight line planes are drawn touching the sections 
of a conicoid made by a plane passing through a second straight line ; shew 
that the locus of the points of contact is a quartic curve passing through 
the four points in which the two straight lines intersect the conicoid, and four 
of whose tangents intersect both of these straight lines. 

(3) If three straight lines be the complete intersection of a cubic surface 
with a plane, three planes through these lines will intersect the surface in three 
conies; prove that one conicoid can be drawn containing the three conies. 

(4) Each of two quartic curves which lie on the same hyperboloid intersects 
the generating lines of one system in three points, prove that the curves inter- 
sect in six points if the generating lines be of the same system for both curves, 
and in ten points if the systems be opposite. 

(6) Find the number of points in which two curves of the fifth degree on 
the same surface of the third degree, and on two conicoids, intersect. 

(6) Prove that the projection upon a given plane of a quartic curve, through 
which only one conicoid can be arawn, by straight lines drawn through an 
arbitrary point on the conicoid, is a quartic curve having a triple point, 

(7) Through a chord AB of a quaiHc curve, which is the base of a cluster 
of conicoids, a plane is drawn determining a second chord ah ; shew that, as 
the plane turns round AB^ the chord ah generates a conieoid; shew also that 
a plane which passes through ah and a fixed point E of the curve also passes 
through a fixea chord EF, 

(8) Through every sextic curve in space one, and in general only one, cubic 
surface can be drawn. One of two sextic curves which lie on the same cubic 
surface, lies also on a conicoid, and the other lies also on another cubic surface, 
find the number of points in which they intersect 

(9) Three cones of the same degree have their vertices on a straight line, 
and parts of two of their three curves of intersection are plane curves ; shew 
that part of the third curve is also plane, and that the planes of the three curves 
intersect in a straight line. 
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TANGENT LINES AND PLANES. NORMALS. SINGULAB POINTS. 

SINGULAB TANGENT PLANES. POLAB EQUATION OF 

TANGENT PLANES. ASTlCPTOmL 

460. In this chapter we shall confine onrselveB to the con-* 
sideration of surfaces whose equations are given In Cartesian 
coordinates, and in discussing singularities of contact we shall only 
consider those of a simpler kind. 

461. It will be convenient to state here, that we shall often 
employ the following notation : when the function F(x^ y, z\ 
for which we shall write F. is used, K F, W will be written for 
dF dF dF ^ , , ,. d'F d'F d'F d'F 
^' d^\di ' "°^ ^' ^' ^> ^» ^' ^ ^^^ ^' ^ ' W^d^^ 

(bdi' d^ ' ^^ ^'^^^ «=/(^> y)y Pi ?, r, «, * will be written 
. dz dz d^ d^z d*z 
di' Jy' 5?' d^' d^' 

462. To find the relation between the direction'costnea of a tangent 
to a surface at a given ordinary point of a surface. 

Let the equation of the suriace be F=F(^^ jy, ^) — 0j f, i;, f 
being the current coordinates of a point, and let (a;, y, z} be the 
point P at which the line is a tangent. 

The equations of a line through P, whose direction-cosines are 
X, fi, V are (f - a:)/X = (17 - y)lfA = (?- «)/ v = r. (1> 

At the points where this line meets the surface, the values of r 
are given by the equation F{x + \rjy + fir^ z'+yr) = 0, and, since 
F{x^ y, «) = 0, this equation is rDF+ ir^Z)*-F'+...= 0, (2), where D 

denotes the operation ^3" + /*T~ + ''3"* 

One value of r is zero, whatever be the direction of the line (1), 
since P is on the surface, but if we so choose the direction of the 
line that I)F=\U'\'fiV+vW=^0 (3), a second value of r will 
vanish; therefore for this direction another point Q will become 
coincident with P, and the line will be a tangent line. 

At an ordinary point J7, F, W do not all vanish, but there 
may exist points on a surface for which this does happen ; such 
points are called singular points : we shall presently consider this 
peculiarity. 

CC 
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463. To find the equations of the tangent plane and the normal 
to a surface at an ordinary point. 

The equation of the locus of all the tangent lines which can 
be drawn through an ordinary point is found by eliminating X, /a, v 
between the equations (1) and (3), which gives 

(f-*)i7+(,-y)F+(r-^)Tr=0, 

shewing that the tangent lines all lie in a plane, which is called 
the tangent plane. 

The normal is perpendicular to this plane, and its equations 

are (f- ir)/J7=(i7-y)/F=(?-«)/Tr=r/V(I7'+ F'+ TP-); the 
equation (3) represents that the normal is perpendicular to every 
tangent line. 

464. To find the number of normali which can he drawn from a given point 
to a surface of the n^^ degree. 

Let F(i, VfD-O be the surface. The number of normals will be the same 
from whatever point they be drawn, the number may therefore be found by 
investigating the number of normals which can be drawn from a point at an 
infinite distance, which we may assume in Ox produced. 

The number will therefore be equal to the number of normals parallel 
to Ox, together with the number of normals to the section by a plane at 
an infinite distance. 

^ (^y y« >) he a point at which the normal is parallel to Ox, F" 0, and 
TF=0, which combined with the equation l^(x, y, «)«=0 give n (n - 1)' 
solutions. 

Again, any plane section of the surface will be of the n^ degree, and 
the number of normals drawn to any curve f{x, y) = of the n^ decree is, 
in like manner, the number of normals parallel to Ox, together with the 
normals which can be drawn to points at an infinite distance, the number 
of the latter is n, and the number of normals parallel to Ox is given by the 
number of solutions of y (y) = 0, and/(f , y) = 0, which is n (n - 1 ); hence, the 
number of normals to the plane section at an infinite distance is n'. 

Therefore the number of normals which can be drawn to the surface from 
any point is n (n - !)• -m'E n'- n* + n. 

465. To obtain the form of the equation of the tangent plant 
when F((^ rjy f) is represented as the sum of a series of hatno- 
geneous functions. 

Let ^(a?,y,«)Ei?; + jF;.i+...+ ^,+c, 

where F, denotes a homogeneous function of the s^ degree in «, y, « ; 
theUi bj a known property of homogeneous functionS| 

therefore the equation of the tangent plane may be written 

or, since ^^ + J'^^jH-...+ c = 0, 

466. To find the equation of a tangent plane to a surface^ when 
the direction of the plane is given. 
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Let (Z, m, n) be the given direction, and l^ + mrj + n^^p the 
equation of a tangent plane to the surface i^(f, i;, f) = 0; then 
if (xj y^ z) be the point of contact, since this equation most be 
identical with f ZZ+i/F-f ^W ^ xV -Y yV '\' zW^ we have 

Ujl^ Vjm^ Wln = (xU+yV+zW)lp, 

and these equations, with that of the surface, give the coordinates 
of the points of contact of any tangent plane in the given direction, 
and also determine a relation between Z, m, n and p^ such as was 
found in Art. 256 in the case of a conicoid ; this relation is the 
tangential equation with the Boothian coordinates Ijp^ ^IPi ^Ip* 

467, To find the locus of the points of contact of tangent planes 
dravm to a given surface from a given point. 

Let F=F((jrfj ^) — be the equation of the given surface of 
the n^ degree, and let (/, ^, h) be the given point. If (a?, y, «) 
be one of the points of contact, the tangent plane to the surface 
at (x^ y, z) must pass through (/, jr, h). 

This gives the condition (J-x) U-\- (g-y) F-l- (h-z)W (4), 
which, combined with the eauatlon of the surface, determines the 
required locus, or the curve o/contacL 

It has been shewn, Art. 465, that xU+yV+zWrnsLj by means 
of the equation of the surface be reduced to an expression of the 
(n - 1)*^ degree in Xj y, z; the equation (4) so reduced gives a 
surface of the (n- 1)*^ degree, called the first polar^ whose inter- 
section with the given surface is the curve of contact. The curve 
of contact for any conicoid is therefore a conic, the first polar being 
in this case a plane, and it is obvious that this plane is always real, 
whether the points of contact be real or imaginary. 

Singular Points. 

468. To find the relation between the direction^cosines of a tangent 
line at a singular point. 

Since at a singular point P, Z7, V and W separately vanish, 
the coefficient of r in equation (2), Art. 462, vanishes for all values 
of \, fly V, which shews that the line (I) meets the surface in two 
coincident points, in whatever direction it be drawn through P; 
in this case we find the direction of any tangent line by taking a 
point Q near the double point P, and moving it up to P until 
a third value of r vanishes, the direction of FQ will then be that 
of a tangent line, and the relation between its direction-cosines 
will be I/F^ 0, or, written in full, 

mX' + t>/A* + wv' + 2ufAV + 2vy\ + 2w\fJi, = 0. (5) 

If all the partial differential coefficients as far as those of the 
(s- 1)^ order vanish, the equation (2) will have s roots equal to 
zero, and the point will be a multiple point of the s^^ degree ; it is 
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eafiilj. seen that the direction-cosines of any tangent line will 
satisfy the equation I/F^O^ (6), which shews that the tangent 
lines all lie in a cone whose vertex is the point P. This cone is 
called a tangent cone, 

469. Equaiion of the tangent cone at a multiple point. 

If the multiple point be of the 8^ degree, the equation of the 
tangent cone is found by eliminating X, /i, v between the equations 
(6) and (l), we thus obtain 

{(f-»)|+(,-y)|+(r-.)|)V-o, 

where it must be remembered that in the performance of the 
operation indicated f — a?, ri-y and l^—z must be treated as con- 
stant ; in other words, the symbol of operation must be expanded 
before the diflferentiations are performed. 

470. Equation of the normal cone at a double point. 

The equation of the tangent cone at a double point is, by (5), 
Art. 468, 

+ 2u'(i7-y)(f-;5) + 2i;'(f-^)(f-a:) + 2i(?'(f-«)(i;-y) = 0, 

and that of the tangent plane at any point of a generating line 
of this cone whose coordinates are a? -f Xr, y + /ir, « + vr is 

(uk + w> + vv) (f - a?) + {w\ + v/A + m' I') (17 - y) 

. +(vX + M> + wv)(C-«) = 0; 
hence, if (^^D/X'^Cy- i;)//A'=i(«- J')^v' be the equation of the 
normal to this plane at (a;, y, z\ we obtam 

v)\ v\ X' 



Mr, 



V, u', 



= 0, 



(7) 



X', /i', v', 

and the equation of the locus of the normals to all the tangent 
planes to the tangent cone is, by eliminating X', /li', v', 

+ 2p'(,7-y)(f-i5) + 2j'(?-.i5)(f-a:) + 2r'(f-»)(,7.y) = 0, 
where p^vw - w", p = vw - mi*', &c. 

471. The condition that the tangent cone shall degenerate into two tangent 
planes is 

ti, «?', »' 

w\ V, u' =0, Art. 91, 

and the equation (7) becomes (joV + r'/ + yV)yp = 0, Art 392 so that the 
normal cone degenerates into two coincident planes; this may be accounted 
for geometrically in the following manner: the generating lines of the normal 
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cone are each perpendicular to the nlane containing two of the generating lines 
of the tangent cone taken indefinitely near to one another; if then the tangent 
cone become two planes, we can take the two generating lines on one plane, 
which gives a normal to that plane ; or we may take one on each ^lose to the 
line of intersection of the planes, which will give a normal in any direction we 
please in the plane perpendicular to the line of intersection, and a double 
plane will be formea, because these two generators may be on either side 
of the double point. 

The equations* of the line of intersection of the two tangent planes will, 
by Art. 92, be 

(t? V - utt) (f - «) = (irV - w') (n - y) = (ttV - wu/) (£ - «), 
or p'{IE-x) = q'{n-y) = r'a-z), 
and that of one of the coincident planes in which the normals lie 

and this plane is perpendicular to the line of intersection, since pp^^gy. 
Art. 391. 

It H, H' be the determinants, the vanishing of which give the conditions 
that the tangent and normal cone respectively may become two planes, and 
P, Q, -B, P', Q, K be the minors of H', K'^Tp\ Rr' + Q'q', but 
' P^qr-p**^ uH, P' = jV -pp' = u'H, &c., Art. 391 ; 
.-. H' ^ H{up^foV ^v'q')^ H\ 

472. To find the equation of the tangent plane and normal at any 
point of the surface given by the equation f =/(f, rj). 

Let a line be drawn through or, y, z^ whose equations are 

the points in which this line meets the surface are those for which 
f is given by the equation f— « =/{» + «i(f— «), y + «Cf-«)| 
r/(^j y) = (rnp + ^q)i't- «) + i ("«" + 2«wn + <w*)(^- «/ +..., and 
if the line be a tangent line two values of ^— a are zero; therefore 
1 s= mo + nq^ and eliminating m and n by means of the equations 
of the line, we obtain the locus of the tangent lines ^—z^pi f — a;)-f j(iy -y), 
which is the equation of the tangent plane, unless p and q assume 
the indeterminate form 0/0. The equation is deducible immediately 
from that of Art. 463 by means of the equations U+pW=0 and 
F+ q fF= 0. The equations of the normal are 

f-x+p(?-«) = and i7-y + j(?- «) = 0. 

473. Before we consider the properties of the curve of inter- 
section of a surface with its tangent plane, we should notice that 
among all the tangent lines drawn at an ordinary point, whose locus 
is the tangent plane, there are two whose direction-cosines satisfy the 
equation ffF= as well as DF= 0, and that for these lines three 
points become coincident, so that they have a closer contact with 
the surface than any of the other tangent lines ; these tangent lines 
are called inflexional tangents. In the case of a conicoid three 
points on one line cannot coincide, unless the line lie entirely in the 
surface, and the two inflexional tangents are the two generating 
lines wnich pass through the point of contact. 
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Among the tangent lines at a double point it will be seen 
similarly that there are generally six which nave a closer contact 
than the rest. 

474. Oeometrical explanation of the nature of the intersection 
of a surface vnth its tangent plane at any point. 

Every plane intersects a surface of the n*^ degree in a curve 
which is of the same degree ; hence a tangent plane at any point 
intersects the surface in a curve of the n^ degree, passing through 
the point of contact. 

ISow when a tangent plane exists, since It is the locus of the 
tangent lines at the point of contact, and each of these tangent 
lines contains two points which coincide in the point of contact, it 
follows that any line, drawn in the tangent plane through the point 
of contact meets the curve of intersection in two points at the point 
of contact. 

The point of contact is, therefore, a singular point in the curve 
of intersection. 

The singular point may be either a conjugate point, as in the 
case of contact with an ellipsoid ; or a multiple point, as in the case 
of a hyperboloid of one sheet ; or a point through which two coin- 
cident lines pass, as in the case of a cylinder. 

If the surface be of the second degree the curve of intersection 
will be of the second degree, and, since it must contain a singular 
point, the only admissible lines of intersection will be either an 
Indefinitely small circle or ellipse, or else two straight lines which 
cross one another, or are coincident. 

475. If a plane intersect a surface in a curve which contains 
a singular pointy the plane will generally he a tangent plane to the 
surface at mat singular point. 

For a straight line drawn in any direction in the plane through 
a singular point, meets the surface in two coincident points, and 
therefore generally satisfies the condition of being a tangent line 
to the surface. 

If the point which is a singular point in the curve of inter- 
section be also a singular point in the surface, the condition of 
passing through two coincident points will not be sufficient to define 
a tangent line. 

Thus, if at any point of a surface there be a conical tangent, 
there may be a singular point in the curve of intersection of a plane 
through the vertex of the conical tangent, which will not make the 
cutting plane a tangent plane at the multiple point. 

476. The form of the curve of intersection of a surface with the tangent 
plane at any point may be illustrated by taking the case of an anchor ring or 
tore, supposed to be generated by the revolution of a circle about an axis in its 
plane not intersecting the circle. 

The figure represenU the rin^» vlth the generating circle in different 
positions as it revolves about the axis Os* 
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The ])lane TJ is drawn through the axis Os» interftecting the surface in the 
circles Cflb, BLd, 

Suppose this plane to move, parallel to itself, towards the position F, the 
closed curves in which it intersects the surface become elongated until they 
meet one another in the point A^ forming for the position V of the plane 
a figure of eight, viz. jEPAqFQAp which has a double point at A. Here we 
observe that the concavities of the circles AKa and ACBD^ which are sections 
by planes perpendicular to V and to each other, lie in opposite directions with 
regard to the plane F", and that the tangent lines at A lie in that plane, which 
is therefore the tangent plane at A ; and it is a tangent plane at no other point 
of the curve of intersection. 

The sections by planes through A perpendicular to F* change the directions 




of their concavities as they pass from the position AKa to ACBD, when they 
pass through the tangents to the branches /7^Q, PAq at the multiple point. 

If the plane move past V to the position Wt the curve of intersection 
will gradually assume an oval form, which will degenerate into a conjugate 
point at a. 

It is clear also that a plane may meet the ring in the circle OHKL, in 
which case it is a tangent plane at every point of the curve in which It meets 
the surface; this curve is composed of two coincident circles, as may be seen 
by moving the plane inwards parallel to itself. 

It will be snewn also, that a tangent plane, drawn through a Un^ COD 
perpendicular to Oz, intersects the ring in two circles. 
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477. To find the equations of the tangent line at any point of the 
curve of intersection of a surface vnth its tangent plane. 

Let the equation of the surface be -F(f, iy, f)»0; that of the 
tangent plane at (a;, y, s) will be 

(f - X) r7+ (17 « y) r+ (C- «) W^ 0, (1) 

Let the equation of the tangent line at any point (x\ y\ z) of 
the curve of intersection be (f — a?')/A, = (iy-y)/;A = (5'-«')/i', since 
this line lies in (J), \ ?7+ /i 7+ v Ir = 0, (2), and since it meets the 
surface in two coincident points at {x*^y\z*\ XtT'+fiF'+F W^'=0, (3j; 
these two equations determine X : /i : f when {x\ y\ f!) is an 
ordinary point on the curve and the surface. 

478. To find the singular points of the curve of intersection with 
the tangent plane at any point. 

If tne point be a singular point on the curve of intersection, any 
line drawn through this point will have two points coincident at the 
point considered; hence, the two equations obtained in the pre- 
ceding article will be satisfied by an infinite number of values of 
X : /A : F ; this will happen in any of the following three cases : 

i. When 27, F, and W vanish simultaneously, which occurs 
when there is a singular point at (a;, y, z\ in which case every plane 
through that point has one of the characteristics of a tangent plane. 

ii. When 17', F', W vanish simultaneously in which case 
{x\ y\ z') is a singular point on the surface. 

iii. When ?7/E7'= F/7'= WjW', in which case the tangent 
plane at (or, y, z) is a tangent plane at {x\ y\ z) also. 

In case i. one of the tangent planes to the tangent cone touchmg 
it along a generating line (V, fi\ v) must be the plane considered, 
and the equation (2) must be replaced by 

(ttX' + w'/*' + vV) X + {uf\ + Vfi! + uv) fi + (t?'X' + uV + wv) 1/ = 0, 
thus the ratio \: fi: v will be determined, except in cases where 
(x'j y\ z*) is a singular point on the surface, or where the tangent 
plane considered is also a tangent plane to the surface at {x\ y\ z). 
In case ii. a third point at least must be coincident with 
(x\ y\ z*\ and the equation (3) must be replaced by 

where « Is 2, 3, ... according to the degree of multiplicity of the 
eingular point (x\ y\ «'). 

In case iii., if neither (xj y, z) nor («', y', z') be singular points 
of the surface, the equations which determine \: /i: y will be 

XU-^-fiV+vW^O, (^^.+/*/^ + ''^y^(«',y',O-0, whether 

(a?', y', «') be coincident with (a:, y, z) or not. 
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This case includes the singular tangent plane, a portion of whose 
curve of intersection consists of two coincident curve lines, which 
will be considered immediatelj. 

Ruled Surfaces. 

479. The student is already familiar with certain surfaces 
which are capable of being generated by straight lines, or through 
every point of which some straight line may be drawn which will 
lie, throughout its length, on the surface. 

For example, — a plane, a cone, a cylinder, a hyperboloid of one 
sheet, a hyperbolic paraboloid. 

He is aware that any portion of two of these, the cone and 
the cylinder, may, if supposed perfectly flexible, be developed into 
a plane without tearing or rumpling. 

We shall now give some account of the general character of 
surfaces which have this property, distinguishing them from those 
virhich, although capable of heme generated by the motion of a 
straight line, are incapable of development into a plane. 

480. Def. a Ruled Surface is a surface which can be generated 
by the motion of a straight line, or a surface through ever^ point 
of which a straight line can be drawn, which will lie entirely in 
the surface. 

A ruled surface, on which each generating line intersects that 
which is next consecutive, is called a Developable Surface^ or Torse. 

A ruled surface, on which consecutive generating lines do not 
intersect, is called a Skew Surface^ or Scroll. 

Developable Surfaces or Torses. 

481. Development of a torse into a plane. 

Let Aaj Bb^ C7c, ... be a series of straight lines taken In 
order, according to any proposed law, so as to satisfy the 
condition that each intersects the preceding, namely, in the points 
a, &, c, .... 

Since Aa^ Bb intersect in a, they lie in the same plane, 
similarly the successive pairs of lines Bb and (7c, Cc and Dd^ &c., 
lie in one plane; thus, a polyhedral surface is formed by the 
successive plane elements AaB^ Bb (7, &c. 

This surface may be developed into one plane by turning the 
face AaB about Bb^ until it forms a continuation of the plane BbG,^ 
and again turning the two, now forming one face, about Gc until 
the three AaB^ BbCy CcD arc in one plane, and so on ; the whole 
surface may, therefore, be developed into one plane without tearing 
or rumpling; the same being true, however near the lines 
Aa^ Bb^ ... are taken, will be true in the limit, when the surface 
will become what we have defined as a developable surface, this 
name being derived from the property just proved. 

DD 
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Edge of Regression. 

482. The polygon abed ... whose sides are in the direction of 
the lines Bb^ Ucj ... becomes in the limit a curve, always tortuous, 
which is called the Hdge of Begression^ from the fact that the 
surface bends back at this curve so as to be of a cuspidal form. 
Every generating line of the system is a tangent to the edge of 
regression, which is therefore the envelope of all the generating lines. 

In the case of a cylinder, the edge of regression is at an infinite 
distance. 

For a practical construction of a developable surface having 
a given edge of regression, see Thomson and Tait, Nat. Fhiij 
vol. I , Art. 149. 
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483. To find the general nature of the intersection of a tangent 
plane to a developable surface with the surface. 

The plane containing the element JDdE of the Burface repre- 
sented by the figure evidentlj becomes in the limit a tangent plane 
to the developable surface at any point D in the generating line 
Dd^ since it contains two tangent lines, viz. Dd and the limiting 
position of a line joining such points as Z> and Ej which ultimately 
coincide; and again, supposing DdE in the plane of the paper, Ff 
meets this plane in 6, t?^ meets it in some point/', Hhg in g\ &c., 
and similarly for Oc, Bb^ ... on the other side. 

The complete intersection of the surface and tangent plane is 
therefore the double line formed by the coincidence of jDrf, -Ee, and 
the limit of the polygon a'b'cdef'g' ... which is a curve touching the 
double line Dd at the edge of regression. 

Cor. To find the nature of the contact of the edge of regression 
and the tangent plane. 

The plane containing the generating lines Dd, Ee contains the 
three angular points c, S, e of the polygon in the limit, therefore 
the tangent plane contains two consecutive elements of the edge of 
regression, and is, as will be seen later on, what is called the 
osculating plane at that point. 

484. To shew that the equation of the tangent plane to a developable 
surface contains only one parameter. 

iSince the general equations of a straight line involve four arbi- 
trary constants, we must, in order to generate any ruled surface, 
have three relations connecting the constants, so that it may be 
possible, between these equations and the two equations of the 
generating line, to eliminate the four constants, and thus obtain 
the equation of the surface which is the locus of all the straight 
lines. In developable surfaces the generating straight lines are 
such that any two consecutive ones intersect, and the plane con- 
taining them is ultimately a tangent plane to the surface. The 
equation of this plane will then involve the four parameters, and by 
means of the three relations we may eliminate three, so that the 
general equation of the tangent plane to a developable surface will 
involve only one parameter, and we may write it in the form 
« = ouc + <^(a)y + Vr (a), 

a being the parameter, and (a), '^ (a) functions of that parameter, 
given m any particular case. 

Skew Surfaces or Scrolls^ and their Curves of Greatest Density^ 
or Lines of Striction. 

485. Let AA\ BB\ CG\ DD\ &c., be straight lines drawn 
according to some fixed law, such that none intersects the next 
consecutive; let aol^ hb\ cc\ dd\ ... be the shortest distances. 
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SappoBe now that we take two of the generating lines as CC\ DD\ 
and imagine DD twisted about e' so as to be parallel to CC\ and 
united with it by means of an aniform elastic membrane : if now 
DU be returned to its original position, the portion of the mem* 
brane near cc' being unstretched will be denser than any other 
portion. If the same process be adopted for every line, the series 
of membranes will generate a surface which will nltimately, as the 
lines approach nearer to one another, become a akevo or twisted surface. 
The curve which is the limit of the polygon formed by joining 
ay by c, dy.r. thc points at which the imagined membranes woula 
have the greatest density, is called the curve of greatest density ; 
the line o/strictian is a better name. 



It 




observed, 



shortest distances between the 



may ^ v^o....^, 
consecutive generating lines of a scroll are not generally elements 
of the line of striction. 



SK£W SURFACES OR SCROLLS. 205 

486. To explain the nature of a tangent plane to a scroll at any 
paint. 

Let P be any point of a scroll, AA' the generating line passing 
through P, suppose a plane to be drawn through P containing BB' 
the next consecutive position of the generating line, this plane will 
intersect the third line CG' in some point £, and, if PR be joined, 
it will meet BB' in Q ; PR will therefore be an inflexional tangent 
line at P, since it passes through three consecutive points, and, if 
the surface were of the second order, it would lie entirely in the 
surface. The tangent plane at P is the plane containing AA' and 
PR ; R will change its position for any change of position of P, 
thus the tangent plane at any point in AA' will always contain 
AA'^ but it will move about AA' through all positions, as the point 
of contact moves along AA\ 

Hence, the section of a scroll by a tangent plane at any point 
is made up of the generating line through that point, and of a 
curve of the (n — 1)^ decree, which must thus be a straight line 
in the case of a hyperboloid or hyperbolic paraboloid. 

487. A plane passing through a generator of a scroll touches the 
scroll at one and only one point in the generator. 

Since the position oi a tangent plane at a point P in the 
generator AA' depends only on the consecutive generators BB'^ CG\ 
the determinate conicoid, of which AA'^ BB'^ CG' are generators, 
will have the same tangent planes as the scroll at every point of 
AA'^ and for every plane through AA' there is only one point of 
contact with the conicoid. 

488. Th0 points in a generator of a eeroU, at which the tangent planes to the 
seroU are at right angles'/orm a system of points in involutiont the foci of which 
are imaginary ^ and the centre the point in which the line of striction crosses the 
generator. 

The first part has been proved by A. J. C. Allen* as follows. Take the 
generator as toe axis of s, any point O in it being the origin, and let Ox be in 
the tangent plane at O, Oy the normal ; the equation of the conicoid of the 
last article will then be 

!!«■ + fty« + 2a'yz + 2b'zx + 2c xy + + 21/ y = 0. 
Let P be any point in the generator, OP » 7, the tangent plane at P will 
be 7 {a'y -i- h'x) + ^y » 0, (1), and if be the angle between the tangent planes 
at and P, then tan^ = y/« = - 67/(6"+ a'7), (2); and if OF=i give a 
point at which the tangent plane is perpendicular to that at P, 
6'«77' + (6" + a'7)(6" + aY) = 0, 
whence {7 + aT/(a'* + 6'")} {7' + a'6'7(a'« + 6'«)} = - 6^6"«/(a^ + 6'«)«, 
which proves the first part. Also the centre C, for which « = - a'6"/(a'' + 6'*), is 
the point of striction ; for the consecutive generator has the equations 

« » X (6y + 2a « + 26") and y = - X (ojc + 26 « + 2c y), 
where X is indefinitely small, and thus, x and y being small, the projection on 
the plane of xy is h'x + a'y s 26'6"X; and thereK>re the projection or the element 

♦ Mess, of Math,, vol. Xil., p. 26. 
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of the line of striction Is a'x^l/y, hence at the point where it meets the 
consecutive generator x/b' = y/a » 2i'i"\/(a'* + b'^) and 2b'z = - y/\ ; 

It is also clear that, since CP.CP' is constant, the centre of the inTolution 
is the point where the tangent plane is perpendicular to the tangent plane at 
infinity along the generating line. 

489. If two scrolls have a eommofi generator and touch at three points along 
itj they will touch at all points along the generator. 

This follows from equation {%) of the last Article. 

490. If tangent planes to two scrolls at three points along a common generator 
be inclined at the same angle, they will make the same angle at aU points along 
the generator. 

This follows from the last Article hy turning one of the scrolls round the 
common generator. 

491. The normals along a generator of a scroll generate a hyperbolic 
paraboloid. 

For, by (1), the locus of all the normals is {b'y - a'x) z = 6"«. 

492. On every scroll represented by an eqttation of the n^^ degree there is 
generally a double curve which is intersected by every generator of the surface in 
n - 2 points,* 

Any plane drawn through a generator meets the surface in that generator 
and a curve of the (n - l)tb degree, which is cut by the generator in n- 1 points; 
of these n-1 points one is a unique point being the one point, Art. 487, of the 
generator at which the plane is a tangent plane; the remaining n-2 points are 
the intersections of the generator with n-2 non-consecutive generators of the 
scroll, and are fixed points for all positions of the plane. They are generally 
double points on the surface, and their locus for all the generators is a 
double curve. 

493. Taking the axes as in Art. 488, the plane xx being the tangent plane 
at the origin, the equation of the scroll may be written in ascending powers of 
X and 'y, 2b'zx + 2 f o" -f a'z) y + ax* + 2c'j:y + by* + &c. = 0, where b** is a function 
of z of the (ft - l)tii degree, and the remaining coefficients of the terms written 
are of the {n-^)^ degree. 

When b'z = and b" t a'z is finite, y ■ is a tangent plane, but the origin is 
the only point of contact of the plane y = 0, Art. 487, .". for the n-2 values 
of z given bv b' = 0, 6" + a'z must vanish, it must therefore be of the form 
h'{p + qz) = bu, and the equation must be 

2b' (zx + My) f ax* + 2c'j:y + by* + &c. = 0. 

Let Si be a root of b' « 0, Pi the corresponding point on Oz, then at all 
points near Pi, for which 2 = «i + J, 

2 ^^ I {ZiX + Uiy ) + a^x* + 2c'ixy + biy* = 0, 

which is the equation of the conical tangent at the double point P|. 

494. To find the line of striction of a scroll. 
Let the equations of a generating line be 

i7 = wf4a, r=wf + /3, (1) 

Inhere the constants are functions of one parameter 6 ; the equations 
of a consecutive generator corresponding to a value + dd of 

* Cay ley, Camb. and Dub. Math, Jeurn., vol vii., p. 171. 
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tbe parameter are 

i7 = (m + rf7w)f + a + rfa, ?= (w + rfn) f + /3 + diS. (2) 

Let P be a point in the line of striction, PQ being the shortest 
distance between (I) and (2), ar, y, «, and x-{- Sx^ y-\-By^ z-\- Sz the 
coordinates of P and Q ; PQ is perpendicular to both generators, 

.-. Sx-{-mSy + nSz — and Sx-{-(m + dm)St/ + (n + dn)Bz^Oi 

/. Syldn=:Bzl("dm)=iSxl(ndm — mdn)j (3) 

and, by the equations (1) and (2), 

Stf — mBx = xdm + da^ Sz— nBx = xdn + d/S ; 
hence 

if we eliminate from this equation, and the equations y = mx + a, 
z=snx + 0^iire shall have two equations, which will be those of the 
line of strictioD. 

Note. If the equation of the scroll be given, an equation 

UBx-\- F8y+ FrS2 = 

will be obtained, and (4) will be replaced by 

U(ndm — mdn) + Vdn — Wdm = 0. 

495. Line of striction of a kyperholoid of one sheet 

i. If we use the equations (1) of Art. 213 with the upper sign, the condition 
of perpendicularity of the line joining {x, y, z) and {x + d^r, y + iy, z + iz] gives 
a BUI adx-b cos aiy-\^eiz^O, and aco8ad« + 58in.a3j^ = G* 
.*. dx/- 5 sin a s iy/a cos a t= edz/ab, 

and xdx/a* + y^y/ft* - ziz/e* = 0, 

/. - X sin o/a' + y cos o/ft^ - s/c* = 0, 

also («Vc* +1) sin asy/6 + arg/ac, 

{z"/c* + 1) coso = x/a - y«/ftc, 

whence (6"* - a"*) xy/oJ = z/e («"/a* + y 76* + «•/<?• + O ? 

therefore the lines of striction of one set of generators lie in the intersection of 

this cubic surface and the hyperboloid. 

ii. If we employ the method of Art 210, we obtain a quartio surface on 
which the lines of striction of both sets of generators lie. 

For /aaf+...= 0, rf/^jp4...= 0, and a«dx+...aO, 
whence ax {mdn^- ndm) -f . . .= 0, 
also aW/+...= 0, W/+...= Oj 
.-. ldl/{b - c) = mdm/{e - a) = ndn/(a - 6) = mn (mdn - ndm) /a j 
/. to"a:+...»0, ^+...aO, ra+...= 0, 
and (b - c)V as^^ie- ay/by^ + (a - 6)V«^ = 0. (1) 

The equation of the lines of striction for both sets of .generators found by 
( j) is, with the notation of (ii), abs^y* + c:^ (a*a^ t b*y* + cV - 1)" = 0, apparently 
a sextic surface, but reducible to (1) by rejecting the factor 1 - cs* not zero. 
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Singular Tangent Planes, 

496. Def. a singular tangent plane is a plane which, instead 
of touching a surface in any finite number of points, touches along 
the whole of a curve line. 

If the curve of intersection of any plane with the surface be 
composed, in part at least, of two or more coincident lines, the 
other part being made up of simple curves, either the plane will be 
a tangent plane to the surface at every point of such a multiple 
curve, or it will contain a multiple line of the surface, such as 
would be generated by the rotation of a cross round any fixed line 
not passing through the angle of the cross. 

Conversely, if a tangent plane touch along a curve line on the 
surface, this curve line will be a multiple line on the tangent plane. 

Thus, in the case of the anchor ring, Art. 476, the plane which touches the 
ring along a curve has for its curve of intersection the two circles coincident 
in IjKH\ also the tangent plane to a cone contains two generating lines which 
ultimately coincide, and is therefore a tangent plane at every point of the 
generating line which it contains ; any more general developable surface is an 
example of the case of a tangent plane which contains a aouble line, at every 
point of which it is a tangent, combined, as shewn in Art. 483, with another 
simple curve. 

A surface of the fourth degree admits of the case of a double conic, as in 
the example of the anchor ring, or of a quadruple straight line, as when it is 
made up of two cones touching alons a generating line. 

A surface of the fifth degree might be composed of one of the third degree 
and one of the second, in which case a tangent plane might meet the former 
in a triple and the latter in a double straight line. 

497. To find the condition that a tangent plane may he singular. 
The conaitions of the existence of a singular tangent plane may 

be found by considering that the point of contact, as determined by 
the equations of Art. 466, may be any point in a curve line, and its 
coordmates are therefore indeterminate. 

498. The analytical conditions of the singularity may he investigated asfoUows^ 
Since a line, drawn in any direction in the tangent plane through any point 

of the double curve in which the tangent plane touches the surface, will contain 
two coincident points, but if it be drawn in the direction of the two coincident 
tangents to the curve of contact it will contain four coincident points, we have 
to express that at ever^ point of the double curve there are two coincident 
tangents, and that a line in their direction contains four coincident points. 
Hence i)-F=0, U^F^O, and D'JF'sO, D denoting the operation mentioned 
in Art. 462; moreover, the two inflexional tangents coincide; therefore, if 
X, /i, If be looked upon as current coordinates, 2>JF*=0 will be a tangent 
plane to the cone IrF=0; 

/. (ttX + uT'/i + v'v) /Cr« {u/X 4- r^ + fi'y) / F"= (r'X + «'/4 + wp) / W, 
and X U-\- fiV+»W=0 hold simultaneously ; 

tt, uf, r', U 

to', V, u\ V 

v\ «', uj, W 

u, r, fr, 

the condition that the fourth point may be coincident is found by substituting 
in D'jPs for X, fi, v the coefficients of U*^ V\ W* in the expansion of ^ s 0. 



A = 



.0; 



POLAR EQUATION OF THE TANGENT PLANE. 209 

499. For a surface given by the unsymmetrical equation J=/(f, n), the 
equation of a tangent plane at any point (x, y, z) is S - s = jo (^ - Jt) 4 ^ (ti - ^) ; 
and a tangent line whose equations are (f - x)/X = (»» - y)/fi -{l- z)/v = p meets 
the surface in points for which p is given by 

"^^ (i»X + y^)^ + J/»«(rX« + 2«X^ + ^^■) + Jf>'(X'5; + /* j) «+... • 

If the tangent plane be singular, for all the points in which it meets the 
surface, tf^pX-^ qfi, and for all the points of the double curve four values of p 
are zero, and the two inflexional tangents coincide ; .'. r\* + 2«\^ 4- </u' = and 

(\7-+;t— )« = 0, and the former has equal roots, therefore rt = «■, and either 

r\ + «/4 = or «X + </t = 0. 

500. Every tangent plane to a developable surface is a singular tangent 
plane, since it contains two consecutive generating lines, hence its curve of 
intersection with the surface consists of two coincident straight lines, and, as 
shewn in Art. 483, a single curve line. The analytical conditions of singularity 
are satisfied, since, if \, /i, v be the direction-cosines of the double line, which 
lies entirely in the surface, the coefficients of all the powers of p will vanish, 
and rt ^ 8* in consequence of the coincidence of the two lines. 

At any point of the single curve, the values of p, q being p\ q\ the direction 
cosines \,, fi, » of the tangent are given by y = \p -^ fiq and y = A./?' + m^, which 
are independent equations, since p\ p and ^, q are generally unequal. 

Pclar Equation of the Tangent Plane. 

501. To find the polar equation of the tangent plane to a surface 
at a given point. 

Let the equatioa of the surface be r'"* = u' =f{ff^ <f>'% and let 
Uy dy <f) be the coordinates of the point of contact of the tangent 
plane. 

The equation of the tangent plane is of the form 

pu! = cos a cos ^ + sin a sin ff cos (<^' - ^8), Art. 77, 
and the constants p, a, and are to be determined from the con- 
sideration that the tangent plane contains not only the point of 
contact but adjacent points which have moved up to and ultimatelj 
coincided with that point. 

Hence the values of -^ and -j- at the point of contact are the 

same for both tangent plane and surface, let v, w be those values ; 
/. pu =s cos a cos ^ -f sin a sin ^ cos (^ — )8), (1) 
2)w = — cosa sin ^ + sin a cos cos (^ — )8), (2) 
pw= — sinasin^ sin(0 — )8); (3) 

.*. p(u sin^ + vco8^) = sinacos(0 — )8), 
p (u cos — t? sin ^) = cosa ; 
the last three equations give readily the values of the constants ; 
and the equation of the tangent plane becomes 
w' = (m cos^ — V sin 0) cos^' 
+ (u sin 5 + 1; cos 0) cos (4> — i>) s**^ ^' 
+ w cosec sin (^' — <f>) sin 0". 

EE 
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This equation can also be written in the form 

r'lr' = ^lr {sin coaff - cos sin 0' co8(f - ^)}] 

dr 
- cosec^ sin ff sin (<^' — <^) :7t • 

502. To find Ae perpendicular distance from the pole upon the 
tangent plane. 

Bj equations (1), (2), and (3) of the last Article 

p' (m* + w* + tt?" cosec'^) = 1, 

603. We may arrive at the above result by the following process, which 
serves to shew the geometrical signification of the partial differential coefficients, 
and will be useful as an exercise. 

Let P be the point of contact. Pit a tangent line passing through OZ, and 
PQ a tangent line in the plane through OP perpendicular to the plane POZ\ 
take R and Q points very near to P, and in OQ, OR take Qp, Op each equal 




to OP J then Pp^r%ined<l» and Pp'^rdO ultimately, and Qp, -JRp' are 
respectively the values of dr due to changes of and <t», considering the other 

constant, .-. --^ =.-^a-cot OPU, and . ^ , ■ = ^«-cotOPQ. 
rdO Pp' rsmOd<t> Pp 

Draw Oy perpendicular to the tangent plane QP-R, and on a aphere, 

whose centre is P, let aifi be a spherical triangle with its angular points in 

PQ, PO, PR, join ^7, <y being the intersection of PY and afi, then ^7 is 

perpendicular to a/3, and aip is a right angle. Hence cot ad «: cot ^7 cos a^, 

and cot /3i ■ cot Ay sin 0*7 ; /. cot"aa + Qoi^fii = cot*i7 = (r" -p')/p^ j 



^■'=^^*^"'Q*+^''''«'''''(0- 
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Four-plane Coordinates* 

504. To find the equation of the tangent plane at any point 
of a surface referred to a four-plane or tetrahedral coordinate system. 

Let the equation of the surface be ^(f , 17, f, to) = 0, (1) in a 
homogeneous form, and let (or, y^ z^ w) be any point P on the 
surface, then, by Art. 103, the equations of any straight line 
through Pis (f — a)/X = (i7 — y)/^=...= r, where r Is the distance 
of any current point m the line from P. When this straight fine is 
a tangent at P two values of r are zero ; 

.-. \F\x) + fiF'(y) + rF\z) + pF'(w}^Oi 
hence, writing { — a; for X, &c., and observing that 

xF'(x)+yF'(y)+...^nF(x,y,z,w}=^0, 
we have, for any point in any tangent line at P, 

^F'(x) + vF'(f^) + ^'(z)-¥<oF'(w)^0; (2) 

this is therefore the equation of the tangent plane at P. 

505. Polar of a point vrith respect to a surface. 

From a point Q let a line QP touch the surface (1) in P, then, 
since Q lies in the tangent plane at P, the coordinates a^ fi^y^S of 
Qy and a?, y, «, w of P, satisfy the equation (2) ; 

/. aF'(x)-\'^F'(y)-^yF'(z) + Sr(w)^0 

is the equation of a surface which contains the points of contact of 
all tangents drawn from Q to the surface. It is called the First 
Polar of Q with respect to the surface, and is of the («— 1)^ degree. 

Cor. 1. If the surface be a conicoid the first polar is a plane, 
and its equation may be written 

xF' (a) + yF' (/3) + zF' (7) + wF' (8) = 0. 

Cor. 2. The centre of the conicoid, being the pole of the plane 
at infinity a; + y + « + M? = 0, is given by the equation 
P' (a) = i?" (i8) = i^' (7) = ^' (S). 

506. Conical envelope of a conicoid referred to tetrahedral 
coordinates. 

The equation of the conical envelope can be found, as in 
Art. 266, viz. ^F(a,l3,y,S)F(x,y,z,w) = {xF'(a)+yF\e)+...}\ 

507. Equation of the tangent cone at a multiple point of a surface 
referred to tetrahedral coordinates. 

At a multiple point for all values of X, /a, v, p the coeflScient of 
r must vanish, or \F' (x) +...= 0, but with tetrahedral coordinates 
X + /* + v-f p = 0. Art. 103; 

.-. F' (x) ^F(2/) = F (z) = F {w) = {xF' (x) ^...]l(x^-y^-z^w)^0, 

and a tangent line is obtained by making the coefficient of r' vanish, 



212 FOUR-POINT COORDINATES. 

and writing in the resulting equation ^ — a? for X, &c.} whence we 
obtain the equation of the tangent cone 

Four-point Coordinates. 

608. To find the equation of the point of contact of any tangent 
plane to a surface^ represented hy an equation in a four-point system. 

Let -?(», J, r, s) = 0, (1) be the tangential equation of the 
surface of the rfi^ degree, p\ q\ r\ s the coordinates of a tangent 
plane Z7', p\ q\ r", s" those of a plane V" through any line L in 
V \ by Art. 130, the coordinates of any plane k through L are 
p:=lp ^ mp'\ J = ?j' + mq\ &c. 

r is a tangent plane if FQp + mp\ ...) = 0, 

or rF{p', ?', r', s') + Jr'm [fF' {p') + ^'F' (j') +..-1 = 0. 

For all positions of X, determined by U'\ one position of V is 
given by w = 0, viz. where it coincides with U\ but, if L pass 
through the point of contact, two positions of V will coincide with 
U\ hence the coefficient of m will vanish, and the coordinates of 
U" must satisfy the equation 

fF' (/) + (i'F' (q') + r"F' (/) + s"F' (s') = 0, 
hence, the coordinates of all planes passing through the point of 
contact must satisfy the equation 

pF' {p') + qF' (q') 4 rF' (r') + sF' (s) = 0, (2) 

which is therefore the equation required. 

509. Pole of a given plane with respect to a conicoid given hy a 
tangential equation. 

Let (I) be the equation of the conicoid, and let (a, /8, 7, S) be 
a plane cutting the conicoid in a curve on which the point lies whose 
equation is (2), the tangent plane at which is (p\ q^ t\ s) ; 
.-. aF' (p') + I3F' (q') + yF' (r') + SF' (s') = 0, 
or p'F' (a) + q'F' (/S) + r'F' (7) + s'F' (S) = ; (3) 

hence, the tangent planes at every point of the plane section made 
by (a, ^, 7, S) pass through a point whose equation is (3), p, q\ r\ s 
being current coordinates, and this point is the pole of (a, ^8, 7, S). 

510. Centre of tJie conicoid given by a tangential equation. 

The centre is the pole of the plane at infinity, for which 
a = )8 = 7 = S, therefore the equation of the centre is 
F' dp') + F' (q') + F' (r) + F' (s) = 0. 

511. Tangential equations of an enveloping cone touching a coni- 
coid along a given plane section. 

Let (p'j 2, r, s) be the plane of the given section, and 
u'E.F(p^ <7, r, if) = the tangential equation of the conicoid, and let 
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u' = Fi^p^ y , /, s). The equation of the vertex of the enveloping 
cone is v ^pF' (/) + qF' {q) + rF' (r') + sF' {a) = 0. 

Since every tangent plane of the cone must touch the conicoid, 
and also pass through the vertex, their coordinates must satisfy 
both M = and t; = 0, which are therefore the tangential equations 
of the cone corresponding to the equations of the curve of contact 
in tetrahedral coordinates. 

512. Tangential equation of the curve of contact of the enveloping 
cone. 

The equation 4m'm = r* represents a conicoid which touches the 
surface w = 0, where the polar plane of v = meets it, and since it 
13 satisfied by p\ q^ r\ «', the polar is a tangent plane ; therefore 
the conicoid is a fiat surface bounded by the curve of contact, and 
the equation in this sense is the tangential equation of the curve 
of contact. 

513. To shew that if two tetrahedrons he so related that each angular point 
of one is the pole of a face of the other toiih respect to any conicoid^ the lines of 
intersection of corresponding faces will lie on one conicoid, which touches the faces 
of both tetrahedrons. 

Let A BCD, abed be the two tetrahedrons, and let the equation of the 
conicoid referred to A BCD be 

px* + qy* + rz* + sw* + 2lgz + 2mzx + 2nxy + 2l*xw + 2m'gw + 2n%w = 0. 
The equation of bed, being the polar of ^, is 

/>a: + «y + m« + ^tr = 0, 
and the equations of the line of intersection of planes BCD, bed are 

nyf me + I'w =0, 

of CDA, cda, ' nx+ Iz +m'«> = 0, 

of DAB, dab, mx-f fy -f n'u'aO, 

of ABC, abc, /'jr+«»'y+ «'« =0, 

Equations of any line intersecting (1) and (2) are 

kx -{■ ny ^ mz ^ I'w ^ 0, nx ■{■ k'y •¥ Iz + m'w = 0, (5). 

The conditions that this line may intersect (3) and (4) are 

h, n, m 
= Of and n, k', I « 0, 
/', m', n' 

the same for both; hence the four lines (1)...(4) are generators of the same 
system of the conicoid generated by (6). 

Eliminating k and k' from the equations of the line (5) and either of these 
determinants, we find the equation of the conicoid generated by it 

mnVx* + nlmY + Imn'z* + I'mWu^ + {mm' + nn') [lyz + Vxw) +...= ; 
since the faces of ABCD meet this surface in straight lines they will be tangent 
planes to it; and since it involves five constants, it may be considered as the 
general equation of a conicoid inscribed in ABCD, 

CoR. If W = mm' - nn, the conicoid in which the intersections of the 
corresponding faces lie becomes two coincident planes, viz. 

{//' {I'x 4 m'y + n'z) -h I'm'nw]* = 0, 
and the intersections lie in one plane. 
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Asymptotes. 

514. Dep. An asymptote to a surface is a straight line which 
meets the sarface in two points at least, at an infinite distance, 
while the line itself remains at a finite distance. 

An asymptotic plane is a tangent plane whose point of contact 
is at an infinite distance, the plane itself bein^ at a finite distance. 

An asymptotic surface is a surface which is enveloped by all the 
asymptotic planes to the surface. 

515. General considerations on asymptotes. 

If we imagine any tangent plane to a surface, and consider the 
result of supposing its point of contact to be at an infinite distance, 
we shall be led to the following conclusions : 

Since the plane at infinity intersects the surface In a curve, real 
or imaginary, there are generally an infinite number of directions 
in which a point of contact may be supposed to move off to infinity ; 
to each of tnese directions will correspond an asymptotic plane. 

Each asymptotic plane is the locus of all the corresponding 
asymptotes, and these asymptotes will all be parallel, since they pass 
through the same point at infinity at which tney are tangents. 

Since there are two tangents in every tangent plane at an 
ordinary point which pass through three consecutive points, viz. 
the tangents to the curve of intersefction at the point of contact, 
there are in each asymptotic plane two corresponding infiexional 
asymptotes which pass through three points at an infinite distance. 

Since any plane which passes through an inflexional tangent 
intersects the surface in a curve which has a point of Inflexion at 
the point of contact of such a tangent, the curve of intersection of 
the surface and any plane drawn through an inflexional asymptote 
has a point of inflexion at an infinite distance. 

516. The peculiarities which arise In the case of sinffular points 
at an infinite aistance can be examined without much difficulty by 
a comparison with what takes place at a finite distance. 

If, for example, there be a double point at infinity, in the place 
of the conical tangent at a finite distance, there will be a cylinder 
of the second degree formed by the asymptotes which correspond 
to the direction in which the double point lies. 

Of the generating lines of this asymptotic cylinder there are 
six which meet the surface In four points at infinity. 

The curve of intersection with an^ plane parallel to these 
generating lines has a double point at inimity. 

The curve of Intersection with any tangent plane to the cylin- 
drical asymptote has a cusp at infinity. 

517. To find the a$ymptotes to a given surface. 

Let i^= 1^(C, ii, S) a be the equation of the giyen surface, {x^ y, z) anf 

fioint in an asymptote, (t-ar)A = (»j -y)/^ = (S-z)/«' = r its equations; and 
et F{^, /I, v) be arranged in a series of homogeneous functions of the degrees 
It, n - 1, . ..^ so that F(K, /u, i') = «/>. + <t>^^ +. ..-h <t>^ + c. 
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The points in which th« asymptote meets the surface are given foy the 
equation -F (« + Xr, y + ^r, « + wr) ■ 0, or, if D denote the operation 

d d d 

^dk^ydi^^'d^* 

r^4>n + »■*-' (-0^. + *-i) + ^ ii^^n + ^^^, + ^^,) +...= 0. 

Now for a simple asymptote two roots are infinite ; 

/. <», = 0, (1) and 2>*„ + *^, = 0. (2) 

The equation (1) shews that all asymptotes are parallel to generating lines 
of the cone -F»(f, »j, S)«Ot (3) where F^ consists of the terms of the t(^ 
degree in F, 

The equation (2) shews that all the asymptotes parallel to any generating 
line of the cone (3) lie in one plane, which is the asymptotic plane parallel to 
the tangent plane touching the cone along the generating line. 

Again, corresponding to inflexional tangenu in tangent planes at points at 
a finite distance, there are generally two asymptotes in each asymptotic plane 
which meet the surface in Uiree points at an infinite distance, the condition of 
this is iJD*0» + JHn^i + *»-» = 0, (4) and the two inflexional asymptotes are 
the lines of intersection of the conicoid (4) with the plane (2). It can be shewn 
that the conicoid and plane insersect in two parallel or coincident lines by 
proving that, if {x, y, z) be any point in which they intersect, a line drawn 
through this point in the direction (K, fi, ») lies entirely in both surfaces. 

Write x-\^\r for x, &c., and A for ^ jT +/*3" + '' jj» ^ /*i " being 

considered constant in the differentiations ; then (2) becomes {D + rA) 0^ + ^^^ 
arA0„am<^^, and (4) becomes }(D + rA)'0, + (D + rA)^,^i + 0«j = rA2)0^ 
+ i»^AV» + r^<t>n.i = r (n - 1) {D<t>n + «,iux) + ir'n (n - 1) «/>„ = ir^n (n - 1)<>« j 
therefore, since <pn^O, (2) and (4) are satisfied for all values of r. 

518. Should the student be interested in the discrimination of the yarious 
singularities which may occur, he will find a guide in two articles by Painvin,* 
who has nearly adopted our method of treatment, and has carefully followed 
out the consequences of supposing the conicoid (4) to have the yarious forms of 
which it is capable. 

619. A singular asymptotic plane is one which teaches the 
surface along a line at infinity, if considered as the limit of a 
tangent plane ; and if considered as the locus of asymptotic lines, 
it is a plane such that lines drawn in any direction in it meet the 
surface in two points at an infinite distance. 

The analytical conditions are obtained by considering that the 
equation i'0, + ^._i = O must be independent of the values of 
X, /*, y. 

Asymptotic Surfaces. 

620. To find the asymptotic turfaee of a given surface. 

The asymptotic surface being the surface enveloped by the asymptotic planes, 
which are tangent planes whose points of contact are at an infinite distance, is 
a torse circumscribing the surface along the curve of intersection with the plane 
at infinity. 

Write U^ Fi, Wn and k, v, w, u', ©', to' for the first and second differential 
coefficients of <^« with respect to \, fif andi^; the equation of an asymptotic 
planeisP = arC/, + yr« + a^» + «/>n., = 0, by (2), where<^»»Oand V + /*" + »^ = l. 

♦ Crelle's Journal, vol. 65, 
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Consideriog a consecutive position of the asymptotic plane we have the equations 
dP ^ dP , dP. ^ 

iK^'T^^^'-dir^-''* 

. X<A.+ fidfjL^- vdif^O; 

Jp J7> JT> 

from which it follows that ^r- /U^ = -j-/F; = — /^«. (5) 
ax afi au 

These equations and (2) are equivalent to two distinct equations which are 
those of a generating line of the asymptotic Surface; that of the surface itself 
is found hy eliminating \, fi^ v from ^i. » and these two equations, all being 
homogeneous in \, /t, v. 

If ^-.iHO, since (n-1) Z7, = Xu + /iii?' + W, and -.z- = «i + yto' + zp*, the 

equations (5) are reduced to x/X^y/fA^z/v, and the asymptotic surface becomes 
the cone ^» « 0, as in the case of aa;" + iy' 4 c«* = 1. 

In the general case it is easily seen that the generating line passes through 
the centre of the conicoid which determines the position of the inflexional 

asymptotes, for which -^ = — = -y- = 0. 



d\ 



du 



621. To find the degree of the asymptotic surface. 

We shall find how many generating lines intersect an arbitrary straight 
line (a?-«)//' = (y-)3)/m'=:(z-7)/n' = r. If we equate to {n-\)p each 
member of equations (6) of a generating line, the equations may be written 
[x-\p) u +(y-/*/))w' + (z-i'/))i>'+ U^^ = 0, 
{x-\p)w'Jt{y'iip) V ^■(^-vp)u^¥ F'».| = 0, 

u, w\ v' I 
or, if H= w', Vt u' I , 
v\ u', to I 

therefore at the point of intersection 

(« + I'r) ff- \pH + (l^^i ^ +...) J = 0, 
and similar equations ; or, eliminating r and p, 

dJT 

now the degrees of ^— = iw - «'• and U^^ are 2 (n - 2) and « - 2 ; the degree 

of the equation is therefore 3n - 5, and the number of values of X, fi, w which 
satisfy this equation and 4>ii » is n (3» - d), which is the degree of the asymp- 
totic surface. 

622. Or we may proceed thus : 

The asymptotic surface contains 3n (n - 2) lines in the plane at infinity 
which are the intersections of the planes of inflexion of the cone </»»»0, 



METHOD OF APPROXIMATION. 217 

and contains, moreoYor, the curve of the nth degree, in which the plane at 
infinity intersects the cone ; hence, the number of points in which the asymp- 
totic surface is met by an arbitrary line in the plane at infinity 
= 3« (n - 2) + n = n (3n- 6). 
- For limitations of the number arising from the existence of singular points, 
see Painvin's second article/ 

Method of Approximation. 

523. Although it is necessary to know general methods of 
handling the equations of surfaces, yet in order to find the shape at 
particular points or at an infinite distance, it is most instmctive for 
the student to employ peculiar methods to suit peculiar cases. 

The method of approximation by tranaferrmg the ori^n to the 
particular point in question, and rejecting all terms which can be 
shewn to be small compared with those retained, gives immediately 
conical tangents or any other form which nearly coincides with 
a surface in the neighbourhood of a singular point. 

The form of a surface at an infinite distance may be found by 
a careful consideration of the relative magnitude of the coordinates 
in the same manner as the author has treated the subject in his 
treatise on Curve Tracing. The kind of consideration required 
may be seen by the following example. 

524. 2b find the plane and parabolic asymptotes of the surface whose 
equation is 

a" + y* + «* - Zxyt - 3<i (ys + sso; -^ dry ) s 0. 

The equation may be written {u-\^a)v- au?, 

where t*=ar + y + «, »=a!* + y* + a"-ya-ax-«y. 

For points at an infinite distance, two cases occur ; i. u may be finite while 
V becomes infinite, which gives u + a a a plane asymptote, ii. u and f> may 
both be infioite, in which ease o =» ati for a nrst approximation, and for a second 
approximation o = a (u - a), a paraboloid of revolution. 

The same results may be obtained by making the line x^y^t a new axis 
of x, so that the equation becomes {-J^x + a) (y* + a*) = 2£w:*, the asymptotes being 
V3a: + o = 0, and 3(y« + z«) = 2a(V3a:-a). 

We have selected the following illustrations of the points which 
have been considered in this chapter, and we call attention especially 
to those relating to cubic surfaces and the wave surface. 

625. Tangent plane to an anchor ring or tore* 

Let the plane containing tne centres of the generating circles be taken for 
the plane of xy, and the axis of rotation for the axis of s; and let r be the 
distance of any point {x^ y, z) from the axis, e that of the centre of the 
generating circle, a its radius ; ^en r^ = a^-\-y^ and i? + (r- c)*=a*; the equation 
of the anchor ring is (P + n* + S* + c* - «•)' - 4c" (£• + ij") = ; that of the tangent 
plane at a point (x, y, z) is 

a:(r-c)(f-ar) + y(r-c)(ii-y) + ar($-2) = 0, 

or {r-c) (xC + y»?)+ ra$ = r*(r-c) + ra^ = r{a* + c(r-c)}. 

• Crelle's Journal^ vol. Gb, 

FP 
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526. To find the curve of iniersection of the eurfaee wUh a tangent plafu 
which passes through the centre. 

Suppose that it passes through the axis of y, and is inclined at an angle a to 
that of X, so that a = e sin a • and at any point of the curve of intersection 
r = c - a cos ^, a = a sin ^, a; = z cot a ; 

/. y« = r» - a:* = c* - 2flc cos ^ + a* eo&^O - a* cot'a sin*^ 

= c" - 2ae cos ^ + a" cos*^ - (c^ - a") sin"^ = (c cos ^ - a)» ; 
/. (y±a)« = c*co8'^, and a:« + a* = c» sin V : 
/. «* + (y±a)« + a' = c«; 
hence the curve is two circles which intersect in the points of contact, forming 
two double points. 

627. To find the form of the curve JEJF in the figure of the ring, p. 199. 
The equation of the tangent plane is ^ = c^a, and the form of the curve 
of intersection is given by the equation 

{»!« + 2« + 2c (c - «)}« = 4c» {»»• + (c - a)*}, 

or (ii« + r)*-4acn" + 4c(c-a)J« = 0. 

When e = 2a, the curve is the lemniscate of Bernoulli. 

528. If a ring be formed by the revolution of any ellipse about any Ime in 
its plane which does not intersect it, ths double tangent planes intersect the ring 
in two ellipses, the projections of which on a plane perpendicular to the axie of 
revolution have each one focus in that axis. 

For, Oz being the axis of revolution, Oy the intersection of two double 
tangents to the ring, their traces on the plane zx must be tangents to the 
generating ellipse in its two positions on zx, making equal angles with Ox, so 
that if t^s 4 2ui -f «o B be the equation of one trace on ?x, tii 4 Uo « will be the 
polar of O, and UqU2 ~u*-0 the equation of the two tangents, which mast be 
of the form a* s z' tan'a, the coefficient of xz must therefore vanish. 
A convenient form for the equation of the ellipse is 
(« - a)" - 6* + 2«ixa + wz' - 2ca « 0, 
and for the two tangents through O 

(a" - 6") (*■ + 2»Mrz + na^ - (ax + ca)« = 0, 
hence m (a* - h") = ac, and n (a" - 6') - c» = 6« cot««. (1) 

If X B r cos 0, y-rsinO, the equation of the ring will be 

(r - ay - 6" + 2mrz + nt* - 2cz => 0. 
The ring is intersected by the tangent plane z = a; tanas r cos dtan a in a 
curve, the equation of the projection of which on the plane ofxy is, by (1), 
{a* - 6" - (a + c COS0 tana) r}" = r»6» sin«», 
or a* (a:" + y') = (a' - ft* - c* tan a q: by)*, 

i,e, two ellipses, each having a focus in the origin, the squares of their 
eccentricities being (c"tan"a + 6»)/a*. 

529. Tangent plane atid normal to a Helicoid. 

Def. The Helicoid is a scroll generated by the motion of a straight 
line which intersects at right angles a fixed axis, about which it twists with 
an angular velocity which varies as the velocity of the point of intersection 
with the axis. 

If the axis be taken for the axis of a, and that of x be one position of the 
generating line, the equation of the surface generated will be ^ » c tan'^n/E, and 
the tangent plane at a point {x, y, a) will be (ar* + y*) ( J - a) «= c {xn - vl\ j at the 
point (x, 0, 0), the equation becomes x\ = en, hence the tangent of tne angle 
which the tangent plane at any point makes with the axis varies as the distance 
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of the point from the axis. The equations of the normal at {x, y, e) are 

(£-^)/y = -(n-y)/a:-c(r-z)/(:c» + y«)j 
and for the normal at (:r, 0, 0), C = jr, x^i + e^ « 0, hence the locus of the normals 
at points taken along a generating line is a hyperbolic paraboloid ; which has 
been shewn to be true for any scroll. 

530. To find the sinyularitiee of the sufface whose equation is 

(8« + 2«« + 2y«)' - («• + y«) (x« + y« + 1)« = 0. 
We consider this surface as represented by the given equation, in order to 
illustrate the general methods given in Arts. 468 and 496, for discussing singular 
points and planes; but the student will see clearly the results to which we 
shall be lea, if he first trace the plane curve whose equation is z* = ar (1 - ar)*,* 
and then imagine the form of the surface which would be generated by its 
revolution round the axis of z, which it is easily seen is the surface proposed. 
To find a singular point we have, writing r" for a?* + y*, 
Z7-2x(4a»-l+4r»-3r») = 0, 
r=2y(4z«-l+4r«-3r«) = 0, 
Tr«48(B«+2r«) = 0. 
The systems of values of x, y, z which simultaneously satisfjr these eijuations 
and that of the surface are z = 0, and either i. a; « 0, y « 0, or ii. r* = 1 ; i. shews 
that the origin is a singular point — it will be found that the tangent cone 
of Art. 469 becomes an infinitely slender cylinder or cone, given by V -f /i* » ; 
ii. gives a circle of singular points — the conical tangent at any point {x, y, 0) 
of this circle becomes the two tangent planes (orf + yn - 1 )*= ?• 

To find a singular tangent plane we have, by Art. 498, the equations 
2(Xj: + /»y)(4z«-l+4f*-3r*) + 4z(a^ + 2r»)i' = 0, 
and 2(\*4/**)(4a»-l+4r"-3r*) + 4«'»(3z"+2r») 

+ 32z (Xa: + ^y) I' + 8 (Xar + /4y)'(2 - 3r^ = Oj 
there will be two coincident tangents if 

v^O and 42»-l+4r*-3r* = 0, 
also by the equation of the surface (z" + 2r*)" - r" (1 + r^" = 0, the only solutions 
of these equations are 2'= 0, r' = 1, and s^- A, r's J, the first solution gives 
no tangent plane, but two cones intersecting in a circle, any generating line of 
either of which is a tangent line ; the second solution gives two tangent planes 
z = + f V^y CAch of which is a singular tangent plane touching along a circle 
«* + y* = 9> ^e direction of the tangent to which is ^ven by X* + yuy = and 
I'^O, the remaining part of the curve of intersection is a single circle of 
radius f. 

In this case the condition of four points being coincident is 



I L d d\^ - ^ 



which becomes *8^ (\x 4 fiy) {\* + ^*) - 8 (X« + /*y)* = 0, 
it is therefore satisfied by Xa; + ^y a 0. 

Wave Surface. 

531. The equation of the Wave Surface may be written in 

either of the forms xV(r*~a*)4yV6-"- J') + «7(^'-c*) = 1» ^^ 
ayi(r' - a') + by Kf - 6") + d'z'l(r' - c*) = 0, Art. 261, where 
*•* = a;* +y* + a* ; and we shall suppose a> b>c. 

♦ Frost's Curve Tracing, Plate li., Fig. S. 
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The existence of singalar tangent planes to this surface is of 
great importance in explaining a peculiarity in the transmission of j 
light through a biaxial crystal. 

In order to shew that such planes exist, we shall employ the i 
method of Art. 497. 

632. To find the point of contact of a tangent plane whose equation 
is Zf + 7Wi7 + wt=/?, and the relation between /, tw, n and p. 
Taking the first form of the equation, by Art. 466, 

Ul I = V/m = Wln^(Vx-\-Vy-\^ Wz) Ip = 2o-, suppose, 

where [7=2x/(r»-a*)-2a;P, (Sec, (1) 

and P= afl(r' - ay+y'l(r* - bj + «7(7^ - c*)' ; 

i(Z7" + F« + Pr') = a' = P-2P+r"P» = -i5?<r; 

.-. = l-(7^-;>*)P, o-(r'-p«) = -l>, 

by(l), aZ = a:/(r«-a')-a:/(r'-/); 

... Ip (r* - a") = xip* - a-), &c., (2) 

and, multiplying by Z, w, «, since Ix-^my + nz^pj 

P(r'-a'')/(p'-a')+...= l = Z' + m' + n', 
.-. P/(/ - a") + mV(/ - y) + n'Kp' - c') = 0, (3) 
aj = Zp{(r»-/)/(/-a") + l}, &c; (4) 

hence r*— p* is known, and by (4) a?, y, z are determined in terms 
of the constants, (3) being the required relation between the 
constants. 

533. If a, /3, 7 be the. Boothian coordinates of the tangent plane, viz. 
J/p, m/pf n/pf and a', I/, & be the reciprocals of a, b, c, the tangential equation 
of the wave surface will be, by (2), 

where />*» a' -f /S" -i- 7** an equation of the same form as the Cartesian. 

534. To find the singular tangent planes of the wave surface. 
The point of contact, in the case of a singular tangent plane, 

being indeterminate, suppose y of the form 0/0, or m = and p^h\ 
hence, by (2), Jb (f-cf) = x (A'-a*) and nb (f-i?) = z (i'-c*), (5) ; 
/., eliminating r*, a*-- c* — (a*—b*)x I lb ■i-(b*—c*)zlnb and b^lx+nzy 
/. P/(a'-J') = nV(6«-c-)=l/(a»-c-), (6> 

The curve in which the plane touches the surface is a circle 
which is the intersection of the plane lx-\- nz = b with either of 
the spheres (5). 

If a, i, be in order of magnitude, Z = 0, ;? = a, and n = 0, /? = c 
give imaginary tangent planes. The four real singular tangent 
planes are given by (6) and w=0. 
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53d, Tojind the aingtdar points and the corre$ponding normal cones. 

The singular points may be found by investigating for what definite points 
of contact with the plane /^ + m»j + nS = ;>, /, m, n can be indeterminate j by 
making m indeterminate, y = 0,r = b, and 

a'x'/ia* - &•) = cV/(6« - ^ = oV/(a* - c«). (7) 

But, by (2), -{a^'h^)l/x^p-ayp and (6«-c») n/«-i»-c"/|i; 

/. (a« - 5«) //« + (6« - c«) n/» - (a« - c»)/p, 

and, by (7), (a*lx + cSiz) (^r + nz) = aV (^ + m' + n") 5 

by substituting the values of x and 2, this reduces to 

(a* - 6«) r + (a« - c«) m« + (a« - 6«) «« = (a/c + c/a) V(a« - 6") V(&' - c*) /«, 

which, being a homogeneous equation, gives the equation of the normal cone 
at the singular point. 

The four real singular points are given by y = and (7). 

Cvhic Surfaces. 

536. On every surface of the third degree there are 27 straight 
lines and 45 triple tangent planes^ real or imaginary. 

This theorem was first discovered by Cayley.* 

An arbitrary straight line intersects a cubic surface in three 
points, given by an equation of the form 

u + Du.r + \JD^u.7^ + ll^u.r^ = 0, 

Now the four constants in the equation of a line may be chosen 
so as to satisfy the equations t* = 0, Du = 0, />*u = 0, Z^m = 0, and, 
since the above equation will then be satisfied by all values of r, 
all straight lines having such constants will lie entirely in the 
surface; and the number of such straight lines will clearly be 
limited, speaking generally, although in particular cases, as in that 
of a cylindrical surface, it may be infinite. 

If a plane be drawn in any direction through such a straight 
line, its curve of intersection with the surface will be composed of 
that straight line and a conic forming a group of the third degree ; 
and the two double points in which the straight line intersects the 
the conic are two points of the surface at which the plane is a 
tangent plane to the cubic. Art. 475. 

Now, there will be five positions of the plane for which the 
conic will become two straight lines. 

For, if the axis of a; be a line which lies entirely in the surface, 
the equation of the surface will be of the form yu^ + «v, = 0, where 
tf,, v, are quadrics ; and if the surface be cut by a plane whose 
equation is y/i* = «/'' = »•» the conic, which is part of the line of 
intersection. Will have for its equation /itw', + vv', = 0, where t*'„ v\ 
have each the form a^ + \x^ + c^, + Srf^x -t- 2e^r + ^f^rx = 0, in 

* Cambridge and Dublin Maikematical Joumaly vol. iv. 
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which a„ e^^f^ are homogeneous functions of /i and v of the degrees 
denoted by the suffixes. 

Hence the equation of the conic will.be of the form 

o,r" + )8,a;' + 7, + 28,x + 2e,r + 2(;ra: = ; 

it will therefore become two straight lines if 

which gives five values of the ratio /i : v. 

In each of the five particular positions of the plane the complete 
intersection is three straight lines, which give three double points, 
and the plane is a triple tangent plane touching the surface at each 
of these double points. 

Through each of the three straight lines in a triple tangent 
plane four other triple tangent planes besides the one considered 
can be drawn, giving rise to 12 new triple tangent planes and 24 
new straight lines, making in all 27 ; and the surface cannot contain 
any but these 27 lines, for the point in which any line on the 
surface meets a triple tangent plane ABG must lie on one of the 
three lines AB^ BC^ CAy which form the complete intersection 
of ABC with the surface, and the plane which passes through the 
new line and AB supposing this to be the line which it cuts, must 
contain a third line, and, therefore, must be one of the five triple 
tangent planes drawn through AB] the line considered must 
therefore DC one of the 27 lines. 

Five triple tangent planes can be drawn through each of the 
27 lines, which would make 5 x 27 planes in all ; but since each 
plane contains three of the lines, we nave in obtaining this number 
reckoned each three times, hence the number of triple tangent 
planes is 45. 

637. Tojind the equatunu of the 27 lines on the general cubic surface. 

The general equation of the oubio surface may be put into the form 

Hvw + ttVto' = 0, where u, v, &c. are, when equated to zero, equations of planes, 

since it contains 19 constants, the requisite number. 

Now, whatever u, o, &c. may be, a, 5, c, a, p, ry, a\ &c. can always be chosen 

sueh that the two following equations are true identically, viz* 

au -^ bv •\- cw '\' a'u' + h'v' + c V «» 0, 

and «« + /3t> + 71^ + a'a' + pv' + 7V ■ ; 

and therefore, for all values of ^, {ap - o)u ^(hp - p)v ^,,J=Ot which may be 
written Xm + ftp -1- vio + X'li' + fLv' + vu/ = 0, hence the line of intersection of 
Xtt 4 W = 0, /t© + fi't?' = lies in the plane vw + t^w = 0. 

Now this particular line will lie altogether on the surface, if XpM » X'/ciV* ^^ 
if p be chosen as one of the three roots of 

(fl/>-a)(6p-^)(c^-7).(fl>-«0(6>./3')(c>.7'). 

And, this being true of any other similar combinations, such as Xii + XV a 0, 
11(7 + ir'tr' = 0, vfo-i-^V-O, since there are six such combinations, we have 18 
lines out of the 27, the remaining 9 being the obvious ones tfsO, u'-O; 
oaO, v' = 0; &c. 
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If XXiXs, ftfiifin &c. be successively written for X, fi, &c. corresponding to 

the roots ppip^ of the cubic, in the following table of equations : 
Xm + XV \ Xt* + XV I \u + /*V J 

/*i> + /iV|=0, (1) fiv + »'u/\^0, (2) fi» + i/V|=0, (3) 

»w + »v) vw + fi'v) inr + XV) 

Xtt + fi'v' \ Xu + 1' V ^ Xt* + v V "J 

/iv + Xv|=0, (4) ^t7 + Xv|=0, (5) A*r + AiV|=0, (ft) 

the equations of the 18 lines are found. 

538. Let these lines be named 1, li, I3; 2, 2i, 2,; &c., each of the lines 
1, 3, 6 lies in the same plane as, and therefore intersects, each of 2, 4, 6; but 
1, 3, 5 do not intersect, nor do 2, 4, 6. Again, 1 intersects 3i, 3,, and 5i, 6,, 
2 intersects 4p 4,, and 6p 62, to prove which we shew that 1 and 3, intersect ; 

(Xtt + XV) ^/X + {fiv + /*V) B/fi + (w + mV) C/«' = 0, (i) 

and (Xjt* + A»',»') -4 Ai + (a«iC + »'ii^') B/f*i + ("iW + ^'iW') C'/y, « 0, (ii) 
represent two planes containing respectively 1 and 3„ unless A: JBiC^^Xmiv, 
or Xi : /*! : v^ and these planes coincide if A\*/\ = C\\/»y9 Bfi'f^ = -4/i/X,, 
and Cv'/jf = Bi/Jfi^ can hold simultaneously, which is the case since Xfti' = XVi#' 
and X,a«iI'i=X'im'iI''i. 

It follows that 1, 3i, 6, lie in the same plane, for 1 and 3i, 3i and 5^ 
5^ and 1 intersect. 

539. To find the Bquations of the 45 tripU tangent platiM. 

6 are such as u » 0, ti' « 0, &c, 

9 Xfi + XVsO, A«t? + i^w' = 0, for each root, 

6 13i52, l236„ (i) or (ii) 

6 2i46a,24.6„ 

making 6 + 3x94 6 + 6=46. 

540. Let uu' denote the line of intersection of tt=0, tt' = 0, «u' is intersected 
by 10 lines, which lie by pairs in 5 planes, viz. 110', uv>\ vu\ %ou'\ 1, 2; It, 2^ ; 
1,, 2,; 1 is intersected by vu', 2; vv', 6; ujuf^^\ 31,5,; 3,, 5,; which classifies 
the 135 points of intersection. 

541. Consider an arrangement of 12 lines such as 

1, 3, 6, 2i, 4i, 61, 

]], 8„ 5„ 2, 4, 6, 

any line in the top row, such as 5, intersects every line in the bottom row, 

except 5, the one beneath it. Such a combination is called a double sixer, of 

which there are 36, 3 such as that given above, 

27 such as uu, vt/, 5, 3, 4i, 4^, 

6, 2, uv% vu\ I3, li, 

and 6 such as uu', w\ uno\ 3, 3„ 32, 

vw', tovf, uv\ 1, Ip If 



XXXV. 

(1) Prove that the tangent plane to the surface xyz^t? forms with the 
coordinate planes a tetrahedron of constant volume. 

(2) If tangent planes be drawn at every point of the curve of intersection 
of the surface a (^s + au? + xy) = xyz, with a sphere whose centre is at the origin, 
shew that the sum of the three intercepts on the axes will be the same for all« 
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(3) Find the points on the surface (a:* + y* + «■ + c" - a«)» = 4c' («■ + y*) the 
normals at which make angles a, /3, 7 with the axes, and the loci of points for 
-which (i) 7 is constant, (ii) a is equal to /3. 

(4) A surface is given by the elimination of a between the equations 
F(Xf y, z, a) = and /(^, y, s. a) « ; shew that the direction^cosines of the 
normal at a point (Zy y, z) are in the ratio 
F'[x)f'ia)-f'{x)r(a):F'{i/)ria)-r(y)r(ahr(z)r(a)^f'(z)F'{a). 

(5) Prove that the projection on the plane of xy of the normals to the 
ellipsoid 2'/a'-i-y'/6'4-s^/r=l, at points whose distance from that plane is 

c cosa, touch the curve (axy + (byy a (a* - 6*)" sin'a, 

(6) Find the tangent cone at the origin to the surface 

and shew that as a diminishes and ultimately vanishes, the tangent cone 
contracts, and ultimately becomes an infinitely thin cylinder, and as a increases 
up to c, it expands, and finally becomes two coincident planes. Find the 
singular tangent plane ; and give a construction for the surface. 

(7) Prove that the condition that the surface 4u^ + &y' + cs" ^ 1 should cut 
the tangent plane at a point (a, /?, 7) in a curve having a double point with 
two branches at right angles is a*a* (6/3 + 07) + 6"/3* (^7 + a«) + c^y* (aa + 6/3) = 0. 

(8) Shew that the asymptotic surface of 8(« + y]P-<u^ + &B' = is a para-' 
bolic cylinder. 

(9) Find the asymptotic planes and the asymptotic surface of the conicoid 

(10) From different points of the straight line a;/a = y/5, s s 0, asymptotic 
lines are drawn to the hyperboloid a:*/a* + y*/b* - a^/c' = 1 ; shew that they will 
all lie in the plane x/a- y/b » ± V2 z/e. 
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(1) Prove that the surface (ax* + Jy* + a*)' - 3 {aa^ + hy^ - ct* + J « 0, has 
two conical points, and two singular tangent planes. 

(2) Prove that, for surfaces generated by a line which is always parallel to 
a fixed plane, the line of striction is the locus of points at which the normals 
are parallel to that plane. Hence, shew that the lines of striction of the para- 
boloid a^/a* - y*/b* = z/c lie in the planes x/a* ± y/ft* = 0. 

(3) Shew that the coordinate planes are the three singular asymptotic 
planes of the surface xyz = a\ 

(4^ Shew that the surface whose equation is s («* 4 y') ^aa^^h^ is a scroll, 
and give the form of the sections by planes perpendicular to the axes of x and 
y; and shew that there is an evanescent cylindrical asymptote. 

(5) Discuss the form of the surfaces 2(x + y)'-a(jc'-y')±6'8 = at an 
infinite distance. 

(6) If tangent planes be drawn to the surface (a: + y + «-c)* = 4(yz4-«r + ^) 
at all points wnere it is met by the surface Axyz + c (x 4 y -l^ s - c)* = 0, the sum of 
the intercepts on the axes of coordinates will be constant. 

(7) If a series of straight lines, generating a surface, be described according 
to a law such that the shortest distance between two consecutive lines is of a 
degree superior to the first, it will be at least of the third. 
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(8) A generating line PQ of xyz = a (x* + 1^) meets the hxU of i» in P, 
proTe that the tangent plane at Q meeU the surface in a hyperbola which 
passes through P. Also, aa Q moves along the generator, prove that the 
tangent to the hyperbola at P generates a plane. 

(9) An ellipsoid stands on a horizontal plane with its least axis Tertical, 
find liie locus of a luminous point which casts a circular shadow. Shew that 
it is a hyperbola, and that the radius of the circular shadow is independent of 
the mean axis of the ellipsoid. 

(10) Prove that the torse eircumscribing the conicoids a^/a + y'/b + i^/c = 1 
and «"/a' + y"/6' + s5*/c' =1 is the envelope of the family of conicoids represented 
by «»/(a cos'^ + a' sinV) + y */(* toB*0 + 6' sin'^) + ««/(c cos*^ + c' siu"^) « 1 . 
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(1^ The torse which passes throus^h the two circles 2* 4 y* » a'l s = 0, and 
d:* -f r = e*, y = 0, passes also through the rectangular hyperbola ^hose equations 
are »* - y* « aV/(a» - c*) and « = 0. 

(2) Obtain a construction for the form of the surface 

(a:* - «•) (a:« + 3/ - «« + 9a7 = {6rf («• + y« - «») + 4<i«)», 
and shew that it has a hj'perbolic conjugate line in the plane of 2x. 

(3) If the cone of asymptotic directions have a double side, shew that the 
surface will generally touch the plane at infinity, and that the section by ^is 
plane will have its inflexional tangents in the intersection with the tangent 
planes at the double side of the cone. 

(4) Shew that the conicoid which determines the inflexional asymptotes of 
the surface, whose equation is x* - y V - 2a'ys = 0, is a hyperboloid of one or 
two sheets, the latter giving imaginary asymptotes. 

(5) The envelope of the polar plane of a fixed point with respect to a 
system of confocals is a torse. Prove this, and shew that the torse touches the 
six tangent planes to any one of the confocals at the points where the normals 
to that confocal through the fixed point meet that confocal. 

(6) The edge of regression of the imaginary developable, circumscribed to 
a system of confocals, projects orthogonally upon any principal plane of the 
system into the evolnte of the focal conic in that plane. 

(7) Shew that on the cubic surface xyt + 2 = xi-v + s, there lie nine straight 
lines, three on an ordinary triple tangent plane and three double lines which 
are generating lines of the tangent cone at the singular point. 

Also shew that, when Ix-i^myvnz^p is a tangent plane to the surface, 
p = 2{(OTn)* + (n/)4 + (/m)4}. 

(8) A chord of a conicoid is intersected by the normal at a given point of 
the surface, the product of the tangents of the angles subtended at the point by 
the two segments of the chords bein^ invariable. 

Prove Uiat, O being the given point P, P* the intersections of the normal 
with two such chords in perpendicular planes containing the normal, the sum 
of the reciprocals df OP, OP" is invariable. 

(9) A straight line intersects at right angles the arc of a fixed circle, and 
turns about the tangent with half the angular velocity of the point of contact 
round the circle. 

Prove that the surface so generated intersects itself on a straight line, and 
find the tangent planes at any point of this line. 

Shew that the line of striction is a plane curve, whose plane is inclined to 
the plane of the circle at an angle tan~*2. 

GG 
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(10) Prove that the line of striction crosses the generator of the hyperboloid 
£ix* + 6y* + cz"= 1, which is defined by the parameter o, Art 213, at a point for 
which z is given by {a + 5 - 2c + (6 - a) co8 2o) z y/{- c) = (6 - a) sin 2a. 

Prove that the greatest distance from the principal elliptic section to which 
the line of striction can run is given by tan*a = (6 - e)/{a - c). 

(11) Prove that the developable, which is the envelope of the polar planes 
of a fixed point P with respect to a system of confocal conicoids, meets Q the 
polar plane of P with respect to one of the confocals in a line, whose polar line 
with respect to the same conicoid is perpendicular to Q; and that these polar 
lines generate the quadric cone, six of wliose generators are the normals at P 
to the three confocals through P, and the three lines through P parallel to 
their axes. 
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(1) O is a fixed point, P a point such that the polar planes with respect t^ 
a given conicoid are at right angles; shew that the locus of P is the plane 
diametral to all chords of the conicoid perpendicular to the polar plane of O. 

(2) If two hyperboloids have two common generating lines of the same 
system, they will have two other pommon generators and touch each other in 
four points. 

(3) If two arbitrary points be taken on each of four straight lines meeting 
in a point, the only conicoids which can be described through the eight points 
will be cones or combinations of planes. 

(4) A conicoid passes through the sides of a skew quadrilateral ABCD, 
shew that the polar plane of the centre of gravity of the tetrahedron A BCD 
IB parallel to ^ C and BD. 

(6) The surface l/x + m/y ■^n/z-\- r/u> = has a tangent cone at each of the 
angular points of the fundamental tetrahedron. Shew that any two of these 
cones have a common tangent plane, and also a common plane section contain- 
ing the edge opposite to their common generating line, the six plane sections 
meeting in a point. 

(6) The surface hz + mrw + nyz + ryw = 0, of which AB, CD are generating 
lines, will be a paraboloid, if / -f r = m + n, and the straight line joining the 
middle points of AB, CD will lie on the surface ifZ+m + n-frsO. 

(7) The surface Ixy^mzw passes through the edges BC, CA, AD, DBi 
]. Find the points in CAt DB at which the tangent planes are parallel, and 
thence shew that the centre is on the line joining the middle points otABy CD. 
ii. If that line meet the surface in P, Q, shew that the tangent planes at P, Q 
will be parallel to AB and CD. 

(8) The equation of a conicoid referred to tetrahedral coordinates is 

lyz + mzx + nxy + Vxw + myu> + n'zw = 0, 
find the equations of the tangent planes at the angular points A, B, C, D of 
the fundamental tetrahedron, i. If Aa^ Bh intersect, Cc, Dd will also intersect, 
ii. If these four planes form a tetrahedron a6c</, shew that Aa, Bb, Ce, Dd will 
meet in a point, when W t^min - nn\ 

(9) Prove that the surface whose equation is 

yz/mn + zx/nl + xy/lm -t xto/lr + yto/mr + zta/nr = 
cannot be a ruled surface, and that it will be an elliptic paraboloid if 
^ 4 m* + »■ + r* = mn + nl + /m 4 /r + mr + nr. 
Shew that the tangent planes at A, B, C, D to the surface intersect the 
opposite faces of the iundamental tetrahedron in straight lines which all lie in 
the plane x/l-\ y/m 4 z/n 4 w/r = 0. 



CHAPTER XIX. 



RECIPROCAL POLARS. 



542. In the eighth chapter it has been shewn that a dual 
interpretation can be given to an equation involving unknown 
coordinates, according as these are looked upon as coordinates 
of a point or plane, and in these dual results tne point and plane 
may be said to correspond. In this chapter we give other methods 
of obtaining duplicate results by shewing how two systems of 
planes and points can be so connected that when a point or plane 
in one system is given, a single definite plane or point is determined 
in the other system, the point in one system e^i plane in the other 
being said to correspond. 

643. The most general analytical machinery for effecting this 
is to refer each of the two systems of planes and points to its own 
coordinates, for example, let P and 11 be two points in the two 
systems, which we will call and X2, and let them be denoted by 
(x, y, z)j (f, i;, f ), each with reference to a set of coordinate axes, 
chosen arbitrarily tor the two systems; the systems are then 
connected by supposing the two sets of coordinates to have a 
fixed relation of the form 

t*= (OjX + 4jy + Cj« + d,) f + (a,aj+...) 17 + («,»+...) (r+a^«+...= 0, 

which may be also written In the form 

tt5(ajf + a,i7 + a,{:+aJa;+(Jjf+...)y+(c^f + ...)« + rf,f+...= 0, 

the coefficients a^ (,, &c. being constant. 

The reauired correspondence between the two systems is estab* 
lished by tnis means, for, take a point FI in the system 12, f , 17, f 
are then constant, and u = is the equation of a definite plane p, 
and the point IT and plane p correspond in such a manner that the 
coordinates of 11 and every point in p satisfy simultaneously the 
equation of condition ti = 0. Similarly, when any point P is taken 
in the system 0, a plane «r corresponds to it in G, and if P be a 
point in p, vr must pass through 11. 

544. If we take any plane in the system Q, the ratios 
aja? + ... : 0,05 + ... : ci,a5 4-... : a^a;+... 
arc known, and the coordinates a?, y, « of a point corresponding to 
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the plane determined. Or we may take three arbitrary points 
n, n', n" in O, to which three planes correspond, and the point 
of intersection of these three planes is the point corresponding to 
the plane nn'n", since its coordinates and those of each of the 
points satisfy the fundamental equation u = 0. 

Take two points nn' in ii, and p, p the corresponding planes 
in (7, then 11 n' a definite line in 12 determines in a definite line 
( p, p') the intersection of the planes p and »', and the two lines 
nn' and (j?, p') correspond in the sense that to every point in 
either corresponds a plane through the other. 

545. Beciprocal polyhedrons. Consider any system of points 
Pj, il, ... as the an^es of a polyhedron in the system 0, the corre- 
sponding planes id-., id-,... in the system 12 will be the planes of the 
faces of another polyhedron. 

If P,, P, ...P be the n angles of a polygonal face whose plane 
p corresponds to tne point 11 in 12, the planes of the corresponding 
faces of the polyhedron in 12, viz. Wj, id-,... will all pass through 
the solid angle n which corresponds to p. Thus we have two 
polyhedrons, one in each system, which have the reciprocal 
properties that each angular point of one corresponds to a face 
of the other, that the edges are corresponding lines, and that the 
number of sides in any face of one is equal to the number of faces 
in the corresponding solid angle of the other. 

546. Beciprocal surjaces. If the planes «r^ «-,,.. in Q touch 
a given surface S, the corresponding points P,, P„ ... in will lie 
on some surface S. Suppose that three of these planes fir^, «r„ 9, 
move up towards coincidence, their common point will be ultimately 
a point on S, the corresponding points P„ P,, P, will move up 
towards coincidence on 8^ and the plane passing through them will 
be a tangent plane to Sj at the point corresponding to the ultimate 
position of v^. 

Hence, 2 and S are reciprocal surfaces in the sense that each 
may be generated from the other, either as the locus of points 
corresponding to tangent planes to the other, or as enveloped by 
planes corresponding to points on the other. 

These reciprocal properties of the two surfaces follow also from 
the last Article by treating the surfaces as the limits of polyhedrons 
when the faces are diminished, while their number is increased 
indefinitely. 

547. If one of the surfaces, as 2, be of the n^ degree, it will 
be met by an arbitrary straight line in n points, but the reciprocal 
surface 8 will have n tangent planes passing through the reciprocal 
of the arbitrary straight line, it will therefore be of the n*^ class. 

Hence, since conicoids are both of the second degree and second 
class, it follows that the reciprocal of a couicoid is a conicoid. 
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648. Beciprocal of a Cone. If S be a cone with vertex F, 
sliice all the tangent planes pass through F, all the points of the 
reciprocal figure 2 will lie on a curve in the plane which corresponds 
to F, and since each tangent plane to 8 has an infinite nuniber of 
points of contact which lie in a straight line passing through Vj 
there will be at each point of 2 an infinite number of tangent 
planes passing through a tangent of the plane curve, being drawn 
as it were to a flat surface nearly coincident with the plane of the 
curve, and bounded by the curve itself. 

Note. Consider the cone as the limit of either of the hyperboloids of which 
it is the asymptotic cone, the reciprocal of one of the hyperboloids will be ulti- 
mately a flat ellipsoid, and the other a flat hyperboloid having the curve 
corresponding to tne cone as the boundary. 

649. Reciprocal of a Torse. If iS be a torse, every tangent 
plane will have an infinite number of points of contact lying on a 
straight line, and every point of 2 will have an infinite number of 
tangent planes intersecting in one straight line. 2 will therefore 
in this case be a tortuous curve, whose tangent lines will correspond 
to the generating lines of S. It follows that the torse generated 
by the tangent lines to 2 will correspond to the edge of regression' 
of S. 

650. Beciprocal of a plane section of a surface. Since every 
point of the section of B lies on the surface and also on a fixed 
plane j?, the corresponding plane must touch the surface 2, and 
also pass through the point n which corresponds to p ; the reciprocal 
of the section must therefore be the cone enveloping 2, the vertex 
of which is 11. The line corresponding to the tangent at any 
point of the section will be a side of the cone. 

If the cuttinff plane be a tangent plane the reciprocal of the section by this 
plane, which will have a multiple point at the point of contact, will be a cone 
whose vertex is a point on 2, and the tangent plane to 2 at the vertex will 
touch this cone along two generating lines which will correspond to the tangents 
at the multiple point of the plane section. 

Cob. Beciprocal of a pole and its polar plane vnthrespect to a 
conicoid 8. n 2 be the reciprocal of 8^ the plane and point corre- 
sponding to the pole and polar plane, will be a polar plane and its 
pole with respect to S. 

551. Beciprocal of a multiple point. Since there are an infinite 
number of tangent planes at such a point each touching a cone, in 
the reciprocal surface there will be an infinite number of points of 
contact lying in a curve on the tangent plane. 

And, if the tangent cone be two planes, the tangent plane will 
be a double tangent plane, having two points of contact. 

552. By referring to Art. 394, it will be seen that the relation 
between the coordinates of a point and those of any point in its 
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poiar plane with reference to a conicoid is of the k!nd given above, 
Art. 543, and the following geometrical method of establisliing 
reciprocal relations between points and planes is a particular case 
of the preceding. 

553. Auxiliary Conicoid. Let a conicoid be chosen, fixed in 
position and magnitude, then corresponding to every point P there 
IS a definite plane 27, viz. the polar plane with respect to the fixed 
conicoid; and, by Art. 264, the polar plane of any point iq U 
passes through P; or, by the definition given in Art. 280, if PQ 
cut the conicoid in Q, Q\ and the polar plane Um -B, PQ : PQ' :: 
QR : RQ\ .'. P and R are each in the polar plane of the other. 

The conicoid employed as the machinery for fixing the corre- 
spondence of points and planes is called the auxiliary conicoid^ and 
the reciprocal of a surface with respect to it is called the jpolar 
reciprocal of the surface. 

554. Reciprocation with respect to a point If, as a particular 
case of the auxiliary conicoid, we take a sphere, whose radius is R^ 
and its centre 5, and SY be drawn perpendicular to the polar plane 
of a point P, then 8Y.8P=R*] hence, we may reject the idea 
of the sphere, and speak of reciprocating with respect to a point, 
the plane corresponding to a point, and vice versdj being determined 
by the equation given above. 

The centre of the auxiliary sphere is called the origin oj 
reciprocation. 

If the auxiliary conicoid be not specified it is always supposed 
to be a sphere, and any change in the radius of the sphere not 
altering the species of the reciprocal surface, but only its dimensions, 
one surface is said to be the polar reciprocal of the other with 
respect to the point which is the centre of the sphere. 

555. The construction for the reciprocal of any surface with 
respect to a point S is as follows. Let fall a perpendicular 8Y on 
any tangent plane to the surface, and in SY ox SY produced take 
a point Pj such that SP. SY is constant, the locus of P is the 
reciprocal surface. 

Or, the reciprocal construction may be made, viz. in SP take 
SYy such that SP, SY is constant, then the envelope of the plane 
through Y perpendicular to SP is the reciprocal surface. 

556. Equation of the reciprocal with respect to a point of a 
given surface. 

Let the equation of the surface be F{xy y, a) = 0, (1), (a, /8, 7) 
the origin of reciprocation S^ the equation of a tangent plane may 
be written Z(a?-a) + m(y-y3) +n(«-7) =j5, and if p be the 
distance of the corresponding point (j, rj^ ^), yp = fi*; 

.-. {|-a)(a;-a) + (v-/9)(y-^)4(r-7)(«-7) = -B', (2) 
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and, if [xj y, z) be the point of contact of the tangent plane, 

{^-oi)lir={v-0)IV={^-y)IW. (3) 

The equation of the reciprocal is found by eliminating x^ y, and 
z from the four equations (1), (2), and (3). 

557- Species of the polar reciprocal of a comcoid. 
The reciprocal of a ruled surface must be a ruled surface, since 
to every straight line on one must correspond a straight line on 
the other. Hence the reciprocal of a hyperboloid of one sheet or 
a hyperbolic paraboloid is a paraboloid or hyperboloid as the centre 
of the auxiliary conicoid is or is not on the surface ; for, when it 
is on the surface, its polar plane, which is a tangent plane of the 
reciprocal conicoid, is at an infinite distance. 

U^he reciprocal A' of an umbilical surface A^ that is, of an 
ellipsoid, hyperboloid of two sheets, or an elliptic paraboloid, will be 
an ellipsoid, an elliptic paraboloid, or a hy[)erboloid of two sheets, 
according as the centre of the auxiliar}"^ conicoid is within, upon, or 
without the surface A, For, if the centre be without the surface, 
the conical envelope of A with the centre as vertex will be real, 
and its reciprocal will be a curve on the plane at infinity, every 

Eoint of which corresponds to a tangent plane of Aj therefore A* 
as a real plane section at infinity, and must be a hyperboloid of 
two sheets, since it is not a ruled surface. 

If the centre be on the surface -4, the conical envelope will 
become a tangent plane, and the plane at iiifinlty a tangent plane 
to^'. 

If the centre be within A the conical envelope will be imaginary, 
and there will be no real points at infinity on ^'. 

558. Centre of the reciprocal conicoid. 

Every plane through the centre has its pole at an infinite 
distance, therefore every point in the plane corresponding to the 
centre has for its polar plane a plane passing through the centre 
of the auxiliary conicoid ; hence, the polar plane of the centre of 
the auxiliary conicoid with respect to the given conicoid corresponds 
to the centre of the reciprocal. 

This can also be deduced from the consideration that the centre 
is the vertex of the real or imaginary asymptotic cone. 

559. Reciprocal of a conicoid with respect to a point. 

The reciprocal polar of a sphere with respect to a point is a 
surface of revolution, about the transverse axis, of which the point 
is the focus, and the line joining the point and the centre of the 
sphere the axis ; for, taking any plane through this line, the section 
of the reciprocal polar by this plane is a conic of which the point 
is the focus and the line before mentioned the major axis. The 
reciprocal of the polar of the point, with respect to the sphere, will 
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be the centre, and the reciprocal of the centre, the directrix 
plane of the surface of revolution, exactly as in two dimensions, 
i^roperties of conicoids of revolution having a common focus may 
be immediately obtained in this manner. These are, however, 
generally at once deducible from the corresponding properties of 
plane curves. It is shewn. Art. 361, that the enveloping cone 
from a point on a focal conic of a conicoid is a right cone ; if we 
take such a point for the origin of reciprocation 5, the point corre- 
sponding to any tangent plane to the conical envelope will be at an 
infinite distance in the perpendicular from 8 to the tangent plane, 
and will therefore be in the direction of a generating line of the 
asymptotic cone of the reciprocal j this asymptotic cone is therefore 
also a right cone, and the reciprocal surface a surface of revolution. 
This result is of course true whether the asymptotic cone employed 
in the proof be real or impossible. Conversely, the reciprocal polar 
of a surface of revolution with respect to a point will be a conicoid 
of which the point is a focus. 

Hence, from a sphere may be obtained, by successive recipro- 
cations, any of the umbilical conicoids, but, as before shewn, the 
ruled surfaces cannot be obtained in this manner. 

For any position of the origin of reciprocation 8 consider the 
cone, enveloping the conicoid, ol which 8 is the vertex, the points 
which correspond to the tangent planes common to this cone and 
the conicoid are at an infinite distance, therefore the asymptotic 
cone of the polar reciprocal of the conicoid is a cone reciprocal 
to the enveloping cone whose venex is 8. Hence the principal 
axes of the polar reciprocal are parallel to those of the envelop- 
ing cone. 

The analytical proof of all these propositions is included in the following 
articles. 

660. Reciprocal of a given conicoid with respect to a point. 
Let the equation of the given conicoid U be 3^ /a 4 y*/b + ^/c = 1, («, /3, 7) 
the origin of reciprocation S^ (f , n, I) any point in the reciprocal surface, p its 
distance from S, ir//> the perpendicular upon the corresponding plane, {I, m, n) 
the direction of p, so that ^-ar^lp, &c., 

.-. ;(a?-o)+w(y-/3) + n(a-7) = J?//» 
is the equation of a tangent plane to U, and the perpendicular upon it from 
the centre of (7 is fc + m^ + 117 + IP/pt 

.\ ra^tn*b k n*e^(la ^ mp ^ n^ ^ JS^/p)\ ArL 256, 
and the equation of the reciprocal conicoid is 

a(£-«)* + i(n-^)* + ca-7)« = {«(C-a) + y3{»i-/3) + 7«-7) + ^/. 

561. If the conicoid be a sphere, radius a, and the origin S of reciprocation 
be in the axis of x, at a distance ^. from the centre of the sphere, transferring 
the origin to 8 the equation becomes, a" (p + n" + D « (c5 + -R')*, 

or (a« -«•){?- cH'/ia* - c«) j« + a* (n* + ?«) = a«JR*/(a« - c^, 
or, if <? = fl, »?"4 r= 25/?'/a + E*/a\ the reciprocal is therefore a prolate spheroid, 
paraboloid of revolution, or hyperboloid of revolution of two sheets as c<«Qr>a, 
the eccentricity being c/a, and focus S. 
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662. Centre of the rtdproeal conieoid. The centre (f«, ^oi ^) is giten by 
three equations such as 

.-. <r. = ^JaVa + /3*/6 + 7Vc) + J?, 
and is positire or negative as 8 is within or without U. 
Let r, be the distance of the centre from 8, then 

The equation of the polar plane of 8 with respect to U being 
aar/a + /3y/S + 7«/c = l, the perpendicular po froro 8 on this plane is 

''- ^'oPq'^^f ^^d ^0 is directed perpendicular to the polar plane^ hence the 
centre is the point corresponding to this plane. 

663. Principal axes of the reciprocal conicoid. The equation of Art 660 
becomes, when the origin is transferred to the centre, 

(a-««)p+...-2^n£-...= a'o(l-aVa-/3«/5-77c) = i2*/(l-aVa-/8«/6-«//c). 

When the surface is referred to its principal axes, the equation is 

..P+.,n» + .,r = -R'/(l-»V«-/3'/6-7'/«), (1) 

where, since, in Art. 411, X = a, /a » 5, and v = c, e^, e^, «3 are the three real roots 
of a*/(a - «) + /8V(ft - «) + 7V(c - ») = 1 , (2), a - *„ a-s„ a- *, are therefore 
the squares of the primary axes of the confocals through 8. 

The asymptotic cone has its sides parallel to those of the reciprocal cone 
of the conical envelope of 27 with vertex 8. 

The expression h'c' ^ {<*-*) <>' in Art. 416 becomes {a-e) ^37, therefore the 
direction-cosines are in the ratio «/(«-«) ^ /3/(*-») • 7/(c-»)f that is, the 
principal axes are in the directions of the three normals to the confocals 
through (a, /3, 7). 

664. Origin of reciprocation a point on one of the focal conice of an ellipsoid* 
i. If 8 be on the modular focal curve of an ellipsoid, a*/ {a - c) + /3*/(6 - c) = 1, 

7 = 0, two of the values of » in (2) are c, and the third »j is a + i - c - «• - /3*, 
but a* + ff<a-c; ,\ »^>b, and (1) becomes c (a:* + y*) + »,»"« +, .'. the 
reciprocal is an oblate spheroid. 

ii. If i9 be on an umbilical focal conic ^ = 0, and a'/{a - 6) - 7'/(6 - c) = 1, 
«j= a - 6 + c - a«- 7*, «j5= 6 = «j, if S be within the ellipsoid, a* + 7">a-6<a + c-6j 
.'. »,<c and positive, (1) becomes »j«* + 6 (y* + »*) = +, and the reciprocal is 
a prolate spheroid. 

If 8 be without, o' + 7*>a + c-5 and e^ is negative, .'. (1) becomes 
- *iX* - 6 (y* + 2") = -F, and the reciprocal is a hyperboloid of revelation of two 
sheets about the transverse axis. 

565. Examples of the method of reciprocal polars. 
In the subjoined lists, the theorems to be proved by the method 
of reciprocals are placed first, and side by side with them the 
simpler theorems from which they may be deduced. 

i. If two conicoids have one com- If two conicoids have one common 

mon enveloping cone, they will plane section, they will also have 

also have another. another. 

ii. Any straight line through a Any straight line through a point 

point is divided harmonically by is divided into two equal parts by 

a conicoid, and the polar plane two parallel tangent planes to a coni- 

of the point with respect to the coid, and the parallel plane through 

conicoid. the centre. 

UH 
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liL If three conicoids have one com- 
mon enveloping cone, the second 
enveloping cones of those sur- 
faces, taken two and two, will 
have their vertices in the same 
straight line. 

iv. Two conicoids, each touching 
another conicoid along a plane 
curve will have two common en- 
veloping cones, whose vertices lie 
on tne same straight line with the 
poles of the planes of contact. 
Y. Two conicoids, touching each 
other at two noints, will have two 
common enveloping cones, whose 
vertices lie on the line of inter- 
section of the tangent planes at 
those points. 

vi. If a conicoid touch seven given 
planes, the locus of its centre will 
be a plane. 

vii. Two cones, having a common 
vertex, and a common focal line, 
cannot have more than two real 
common tangent planes. 

viii. If two prolate surfaces of revo- 
lution have a common focus, their 
points of intersection will lie on 
plane sections. 

ix. If, in a prolate surface of revo- 
lution, a cone he described with a 
focus of the surface as vertex, and 
a plane section as base, it will be 
a cone of revolution. 
X. If two prola.te surfaces of revo- 
lution have a common focus, their 
planes of intersection will pass 
through the line of intersection of 
their directrix planes. 

xi. If two tetrahedrons be such that 
each angular point of one is the 
pole of a face of the other with 
respect to a given conicoid, the 
lines joining corresponding angular 
points will be generators of one 
conicoid circumscribing both tetra- 
hedrons. 

xii. If a paraboloid of revolution be 
described passing through a given 
ellipse, and a right circular cylin- 
der be described also passing 
through the ellipse, the axis of 
the cylinder will be parallel to 
that of the paraboloid, and will 
pass through the pole of the plane 
of the ellipse. 



If three conicoids have one com- 
mon plane section, the second planes 
of intersection of the surfaces, taken 
two and two, will intersect in the 
same straight line. 

Two conicoids, each touching 
another along a plane curve, will 
themselves intersect in two plane 
curves, whose planes pass through 
the line of intersection of the planes 
of contact. 

Two conicoids, touching each other 
at two points, will have two plane 
curves of intersection passing through 
those points. 



If a conicoid pass through seven 
fixed points, the polar plane of any 
other fixed point will pass throngb 
a fixed point. 

Two circles, lying in the same 
plane, cannot have more than two 
real common points. 

Two spheres have two common 
enveloping cones. 



Any enveloping cone of a ^cre 
is a cone of revolution. 



The vertex of a common envelop- 
ing cone of two spheres lies on the 
line joining their centres. 



If two tetrahedrons be such that 
each angular point of one is the 
pole of a face of the other with respect 
to a given conicoid, the lines of inter- 
section of corresponding faces will lie 
on one conicoid which will touch the 
faces of both tetrahedrons. 

If a sphere be inscribed in a right 
circular cone, the section of the cone 
made by any plane touching it will 
have the point of contact as a focus, 
and its directrix will lie in the plane 
of contact of the sphere and cone. 
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xiii. If with any point on the focal If a sphere be inscribed in a coni- 

hyperbola of an ellipsoid as focus coid of revolution, the section of the 
be described a paraboloid of revo- conicoid by any plane touching the 
lution enveloping the ellipsoid, sphere will have the point of contact 
the axis of this paraboloid will for a focus, and the corresponding 
be parallel to the generating lines directrix will lie on the plane of 
of one of the right circular cylin- contact of the sphere and conicoid. 
ders which envelope the ellipsoid, 
and the axis of this cylinder will 
pass through the pole of the plane 
of contact of the ellipsoid and 
paraboloid. 

Reciprocating this last with respect to an arbitrary point, we obtain the 
following proposition, which is due, we believe, to M. Chasles. 

If two conicoids touch each other along a plane curve, and a tangent plane be 
drawn to one of them at an umhilic, the section of the other made by this plane 
will have the umbilic for a focus, and its corresponding directrix in the plane 
of contact of the two conicoids. 

Let O be the origin of reciprocation, the surface corresponding to the 
paraboloid will pass through O, Art. 557 ; also O will be a point on its focal 
curve, Art. 669 ; O will then be an umbilic, Art. 349. The tangent plane at 
O will correspond to the point at infinity on the paraboloid, and therefore to 
the vertex of the right circular cylinder ; hence to the right circular cylinder 
will correspond a plane section of the reciprocal of the ellipsoid by the tangent 
plane at O. Since the cylinder is a right circular cylinder, the corresponding 
curve will be a conic whose focus is O, and since the axis of the cylinder passes 
through the pole of the plane of contact of the ellipsoid and paraboloid, the 
directrix of the corresponding conic will lie in the plane of contact of the two 
corresponding surfaces. 



XXXIX. 

(1) Prove that the reciprocal of a circle with respect to a point is a cone 
of which one of the focal lines passes through the origin of reciprocation. 

(2) Prove that the reciprocal of a conic section with respect to a focus 
is a right circular cylinder. 

(3) Shew, by reciprocals, that the focal lines of a cone pass through 
the foci of the sections of the cone made by planes perpendicular to the 
focal lines. 

(4) If a conicoid touch the faces of the fundamental tetrahedron A BCD 
in a, 6, c, d; shew that if Aa, JBb intersect each other, Cc and.Dd will isdso 
intersect each other. 

(6) The reciprocal polar of the surface ox' + 5y* + cz" = 1 with respect to 
the surface 2a'yz -)- 2b'zx + 2c'xy = 1, is 

(b'z + c'yY/a 4 {c'x + a'zy/b + (a'y + b'xY/c = 1. 

(6) Shew that the surfaces, whose equations are «y« = a (x* 4 y*) and 
2 (x* 4 y*) = cxg, are reciprocals of one another with respect to the origin, 
where ac is the constant of reciprocation. 

(7) If a series of straight lines be drawn through a point O, such that 
the straight lines reciprocal to them, with respect to a given conicoid, are 
respectively perpendicular to them, these straight lines will lie on a cone 
of the second degree, and the reciprocal straight lines will be tangent lines 
to a parabola. 
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(8) If three cones of the second degree have a common vertex, and a 
oommon focal line, the lines of intersection of the common tangent planes 
to them, taken two and two, will lie in a plane. 

(9) The reciprocal polar of the hyperboloid xy = hzw with respect to the 
oonicoid d:* + y* = s" + 1^ is kxy = zw. 



XL. 

(1) If two hyperboloids of revolution of two sheets, or two prolate 
spheroids, have a common focus, and equal minor axes, they will have a 
common enveloping cylinder, one of whose focal lines will pass through the 
common focus. 

(2) If BCf CA, AB be three chords of a conicoid, each of which subtends 
a right an^le at a fixed point 8^ the plane ABC will touch a prolate conicoid 
of revolution, of which iS is a focus, and the polar plane of & with regard to 
the given conicoid the corresponding directrix plane. 

(3) If three tangent planes to a cone of the second degree intersect in 
three straight lines VP, VQ, VB, and if P, Q, B be points such that QR, 
BPf PQ each subtends a right angle at a fixed point O, the plane PQR will 
envelope a conicoid of revolution. 

(4) The reciprocal polar of the conicoid 

mnyz + nlzx + Imxy + Irzto + tnryto + nrzw = 0, 
with respect to the auxiliary conicoid ax* ■\- by* -t- cs* + dw* » 0, 
is aV//'+...-a6xy//7/»-...= 0. 

(5) Prove that the equation of the reciprocal of the anchor ring with 
respect to the centre is 

{(c» - a*) («• + y") - aV + B^}* - 4c"i? {a^ + y^. 
Shew that the angle of the conical tangent at the multiple point of the 
reciprocal is the supplement of the angle of the cone containing all the points 
of contact of the two singular tangent planes of the anchor ring. 

(6) The reciprocal polar of the conicoid 

««■ + V + ^2* + 2a ya + 2b'zx + 2o'xy = 1 , 
with respect to a sphere, radius B, and centre (<*, /3, 7) is, with the notation 
of Art. 391, 
A{«(«-a)+/3{y-/8) + <y(x-7) + J?}- = ^(af-a)«+...+ 2^'(y./3)(«-7)+..., 

(7) From the reciprocal of the last problem, obtain the equations of the 
focal curves of the given conicoid in the torm 

{Ayt + * (A'x -By- C'f)}/(Ay« -^') =...=... . 

(8) Determine the foci of a central conicoid of revolution from the con- 
sideration that the reciprocal with respect to a focus is a sphere. 

Shew that a one of the coordinates of a focus is given by the equation 
AV- (2^- j&. C) Aa«+ (^- j&) {A - C) -^'* = 0. 



CHAPTER XX. 



CLUSTERS OF CONICOIDS. CONICOIBS AND SPHERES REFERRED TO 
A TETRAHEDRON. TANGENTIAL EQUATION OF A SPHERE. 

566. In this chapter the properties of the clusters of conicoids 
are discussed, which have been mentioned in Arts. 441 and 449 ; 
we have also applied the method of tetrahedral coordinates to 
conicoids satisfying given conditions, and in particular to spheres 
inscribed in and circumscribed about a tetrahedron. 

The statement of the reciprocal propositions and the interpre- 
tation of the equations as tangential equations in four-point 
coordinates has generally been left to the student ; the reciprocal 
propositions being obtained by the substitution of plane for point j 
point for plane^ polar plane for pole^ and vice versdy conicoids 
inscribed in the same torse, for conicoids having a common curve 
of intersection^ &c, 

567. Cluster of conicoids passing through eight given points. 
Let Z7==0, 1^=0 be the equations of two particular conicoids 

U and V which pass through the eight points, then XZ7+^F=0 
-will be satisfied for all points of the curve of intersection of U and 
F, on which the eight points must lie ; and, by choosing properly 
the ratio X : /t, the particular conicoid of the cluster can be repre- 
sented which satisfies any ninth condition, such as touching a given 
plane, or passing through a ninth point not on the curve of 
intersection of U and V. 

568. To find the cones of the cluster of conicoids having the same 
hose passing through eight arbitrary points. 

It XC/'+^F=0 be the equation of one of the cones of the cluster, 
the value of the ratio \ : a^ is found by equating the discriminant 
to zero, or, using the notation of Art. 392, ii(\t7+/AF) = 0, from 
which generally there are four values of the ratio, that is, there are 
four cones of the cluster. 

Since the values of \ : /a are the same by whatever system of 
coordinates the surfaces Z7and V are represented, the mutual ratios 
of the coefficients of the biquadratic are invariants of the system 
of two conicoids ?7=0 and F=0. The equation for determining 
X : A* is written by Salmon AX* + 0XV + OXy -f 0'Xa*' + AV=: 0, 
and he shews that will vanish whenever it is possible to inscribe 
in F a tetrahedron which shall be self-conjugate with regard to i7, 
and that 0^ will vanish whenever it is possible to find a tetrahedron 
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self-conjugate with regard to V whose faces touch F. This la 
proved by referring t/'to a self-conjugate tetrahedron, so that 

F=aa;*+...+ 2a'ya+...+ 2a"iCM;+... ; 
.-. 0=:a^7S + 67Sa + cSa/8 + rfa)87, 
which vanishes when a, i, c, d2 all disappear, 

and 0' = aP+/Se + 7^ + 8/9, 
where P«= is the condition that the face BCD of the tetrahedroc 
may cut the surface V in two straight lines real or imaginary. 

<I> vanishes when the edges of a self-conjugate tetrahedron, with 
respect to either, touches the other. 

569. The conicoida of a cluster passing through eight given 
points^ or having a common curve oj intersection^ have the same 
self -conjugate tetrahedron. 

The equation of the polar of any point (ar, y, «, w) with regard 
to the conicoid X?7+/a7=0 is {\dUjdx-{- fjdVjdx)^ -{■... = 0^ and 
the vertex of one of the four cones passing through the base is 
given by \dUldx-{- fi^dVjdx^^ \dUldt/'\' /JL^dV/dy^O, &c., 
hence the polar of the vertex of this cone with respect to any 
conicoid of the cluster is (X/a, - /i\j)(frfZ7/ rfb + iyrfZJ/ ay +...) = 0, 
and is the same for every conicoid, and in particular for the other 
three cones. Also, the polar of a point with respect to any cone 
passes through the vertex of that cone, it follows therefore that the 
polar of the vertex of each of the four cones with respect to any 
conicoid of the cluster is the plane passing through the vertices of 
the three remaining cones. 

When the cluster is referred to the common self-conjugate 
tetrahedron, the equation of each member is of the form 

&" + my' + m* + rw* = 0, 

and the polar of (a;, y, z^ w) is 

Ix^ + myvj + Wisf + ru)(o = ; 

.-. ft) = is the polar of A (0, 0, 0, 1). 

NoTB. If in particular cases there be not four cones, the argument fails. 
For example, if the base be a straight line and a cubic curve, there will be 
only two cones, and the conicoids cannot have a common self>conjugate 
tetrahedron. 

670. If a cluster of conicoids pass through eight given points^ the 
jpolars of any other given point with respect to every one of the cluster 
toill intersect in a fixed straight line. 

Let P=0, Q = be the polars of the point with respect to 
?7=0 and F=0, then XP+fiQ^O will be the polar with respect 
to X£/'+/LtF=0, and for all values of X : /* the polars pass through 
the line P=0, ^ = 0. 
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To find whether the given point can he so sitoated that the polar 
plane is fixed for all the cluster, refer the cluster to the common 
self-conjugate tetrahedron, the polar of (x\ y\ z\ w') with respect 
to any conicoid of the cluster given by the equation 

\ (oaj' + ly^ + C2' + dw^) + /* (a V + Vy" + cV + dv?) = 

is \{ax'Q[i + hy'y +...) '\' ti{dxx + Vify +...) = 0, 

this polar will be fixed for all the couicoids when 

aaj7aV = Jy7jy=... . 

Hence, there are generally only four such points, viz. the 
vertices of the self-conjugate tetrahedron. 

571. If a conicoid pass through eight given points the pole of any 
given plane will lie in a cubic curve. 

Referring the cluster to the common self-conjugate tetrahedron 
ABCD^ let the equation of the given plane be Ix-^-my-^-nz+rw^Oy 
this must be identical with (Xa 4- fta') «'«+... = 0, \x\ y\ z\ w) 
being its pole with respect to \w -f /av = ; 

/. {'Ka + /ia'}x'll = (7d) + /jLa')y'lm==...; (1) 

by eliminating X : /a, we shew that the pole lies on the intersection 
of the two cones 

(b'c - bc)llx + (ca - ca')mly + (a'b - aV) njz = 0, 

and Q/d-hct)ljx-\-(cta-da')mjy-\-{ah-aV) r/w^O, 

which have a common generating line (7Z>, not part of the locus 
of the pole, since it does not satisfy the equation (1). 

Cor. 1. The locus of the centres of conicoids passing through 
eight points is a particular case, the fixed plane being at an infinite 
distance. 

Cor. 2. There will be four planes whose poles with respect to 
all the conicoids of the cluster will be the same, viz. the faces of 
the self-conjugate tetrahedron. 

672. Number of conicoids passing through eight points and touching a given 
plane. 

Let the equation of any conicoid through the eight points, referred to the 
common self-conjugate tetrahedron, be (Xa + /ca')2* + (Xi + ^6')y*+...«0, and 
px + qy'\-rz + sw='0 that of the given plane, then, if {x\ y\ z*, u?') be the point 
of contact, (Xa 4 fia') x' /p = (X6 + fib') y/q=...'t whence 

pV(Xa + ^a') + ^/(Xi + ^6') + r*/(Xc + ^') + «VP^^ + A«i') = 0, 
which is a cubic for determining X:/*j there are, therefore, generally three 
such conicoids. 

When p = 0, one value of X : ^ is given by Xa + ytui' = 0, the corresponding 
conicoid being one of the four cones passing through the eight points, its 
vertex being a point in the given plane, which satisfies the condition of 
tangency, but is not in general a proper tangent plane. In this case there are 
only two conicoids which satisfy the conditions. 

If the given plane pass through two of the vertices only one, and, if three, 
no conicoid can be described as required« 
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573. Number of conicoids passing through fiight points and ttmchtng a given 
straight line. 

Let XCT+iiFsO, (1) be the eqaation of any conicoid satisfjriDg tbe 
required condition, and let the equations of the line be 

(«-/)//= (y-y)/m = (s-A)/n = (to-Ar)/r = ^. 

Counting these equations with (1), the condition that the quadratic in p, 
which gives the points of intersection of the giten line with the conicoid, 
may have equal roots, is a quadratic in \\ fi. Hence, two conicoids satisfy 
the required conditions. 

674. Wben the eight points He in two planes, and no three 
of the points lie in one straight line, the general equation of the 
cluster is \U-\- fiLM=0^ where i = 0, M—0 are the eqaations 
of the two planes ; in this case the base of the cluster is two conies 
which intersect at 0, D in the line of intersection of the planes. 

The tangent plane at G to any conicoid of the cluster is the 
plane containing the tangents to the two conies forming the base, 
llence, all the conicoids have double contact with each other at the 
extremities of their common chord. 

If Jf = i, the base of the cluster will be two coincident conies, 
and every tangent to 27 at a point in the plane L will meet the 
base in two consecutive points and be a tangent to each conicoid 
of the cluster X?7+ /iL* = Oj therefore all the conicoids touch each 
other at every point of the base ; in particular, they have a common 
tangent cone. 

575. The propositions relating to the cluster represented by the 
equation \Z7+ fiLM=0^ which are stated in the following articles, 
can be proved analytically by choosing the fundamental tetrahedron 
ABCD such that ABG^ ABD are the tangent planes at C and D 
to one of the conicoids of the cluster. Sinc^ the plane w^O 
intersects the conicoid in two straight lines, real or imaginary, 
passing through (7, the equation must reduce to aa;*+Jy'+2tfa?y=0, 
when i(? = 0, and similarly for the plane « = ; 

.-. Z7 E aa;' + ly" + 2c' xy + 2c" zw^ 

and the equation of any conicoid of the cluster will be Z7+2iay=0, 
also that of the polar with respect to it of a point (a', j/^ z\ w) 
will be 

{ax' + (c' + h) y'j x + {%' + (c' + Tc) ^] y + c" {v/z + z'w) = 0. (1). 

When if=0 gives the plane at infinity, XU-^- fiLM^O is the 
general equation of conicoids similar to 27, intersecting in one plane 
curve, the other common curve being at an infinite distance, through 
which the conical asymptotes of all tne conicoids pass. In particular, 
spheres have a common imaginary circle at infinity. 

When both L = and M= give planes at infinity, the poles 
of these planes are the same for all the conicoids represented by 
XZ7+/Aiif=0, which therefore are concentric. 
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576. All the conicoids of the cluster have common tangent planes 
at the two points where the conies farming the base cross one another. 

Ax G x' = 0, y = 0, and t(?' = ; .*. w = is the tangent plane, 
and similarly for D. This appears geometrically, since the tangent 
plane at is the plane containing the tangents to both conies. 

577. Of the conicoids forming the cluster whose base is two 
conies^ two are cones whose vertices lie in the polar line of the inter" 
section of the planes of the conies. 

For, J?(M + 2Aary) = 0; /. (/-^ky = ab^ and the equations of 
the two cones are (x ^/a±y V^)* + ^c'^zw = 0, the vertices dividing 
AB externally and internally in the ratio \/a : Vi ; also, AB^ 
being the intersection of tangent planes at G and 2>, is the polar 
o{ GB. 

578. To find the points for which the polar planes are the same 
for all conicoids of the cluster. 

In order that this may be the case, the eqaation (1), Art. 575, 
mast.be the same for all values of ^, hence 

i. a/ = 0, y' = 0, and the fixed polar plane is w^z + z^w = 0, so 
that the polar plane of any point P in Gv passes through AB, and 
with P divides GB harmonically. 

ii. / = 0, tt?' = 0, and ax^ly' = by'lx\ 

In this case the points are the vertices of the two cones of the 
cluster, and each of the fixed polar planes contains GB and passes 
through the vertex of the other. 

679. When a cluster of conicoids has two common plane sections^ the polar 
plane of a given point passes through a fixed straight line, and the pole of a 
given plane lies on a plane conic. 

Taking the fundamental tetvabedron as in Art 675, the polar plane of 
a given point (x', g', zf, w') for any conicoid of the cluster having the equation 
(1) of thAt article, contains the line whose equations are 

ax'x + bj/y + c" (w'z + z'w) « and g'x + x'y = 0, 

■which intersects CD in P, where wz + z'w = 0, and a plane through AB sxkd 
the given point intersects CD in Q where w'z-z^fff = 0, therefore CFBQ is 
a harmonic range. 

For the pole («', y', z, u/) of a plane /j: + my + nz + rw = 0^ 

{aC + (c* + k) y'}/l = {6y' + (c' + ^) x'}/m = c"w'/n « </'^/r ; 

/. r {fix'* - bt/*) = c'V (Ix' - my') and rw' = nz\ 

which gives a conic passing through the vertices of the two cones of the 
cluster, Art. 577| and a point on CD which with the given plane divides CD 
harmonically. 

The locus of the centre, the pole of ap + y + 2 + t^ = 0, is a conic passing 
through the middle point of CB. 

580. When two conicoids have double contact^ their curve of 
intersection breaks up into two conies^ generally ; in particular cases 
into a cubic curve and a straight line. 

H 
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CD being the line joining the points of contact, ABG^ ABB 

the common tangent planes, the equations of the two conicoids are 

ax^ + V + 2c'iry + 2c" zw = 0, 

aja? + /Sy' 4- 27'a:y + 27"2m? = 0, 

and the curve of intersection lies in the two planes j 

(aa' + hy" + 2c'xy)jc" = (cue" + /Sy' + ^i^)\i'^ 

The exception is when GB is a generating line of both coni-j 
colds; in this case choosing the tetrahedron such that ACD^ BCD 
are tangent planes at G and i>, the two equations are of the form 

ax^ + Jy* + 2a yz + 2c xy + 2a'' xw = 0, 

and, eliminating yz or xw from these equations, we obtain two 
cones, which have a common generator GD ; hence, the curve of 
intersection of the two surfaces breaks up into a straight line and 
a cubic curve. | 

581. Oeneral/orm of the equation of a conicoid passing through 
seven given points. 

Take C/ = 0, V^ 0, TF= as the equations of three particular 
conicoids, which satisfy the condition, and have not a common 
curve of intersection. The equation Xt74-MF+vTF=0 will be 
the general equation required. For it is satisfied whenever J7, F, 
W simultaneously vanish, so that it represents a conicoid passing 
through the seven points, also it involves two arbitrary constants, 
by means of which it can be made to satisfy two other conditions, 
and therefore it represents any conicoid passing through the 
seven points. 

Since the equations J7= 0, F= 0, W^ determine eight points, 
any conicoid which passes through seven fixed points will necessarily 
pass through an eighth whose position may be determined from the 
seven. Hence, if the two extra conditions be that a conicoid 
passes through two points, one of which is the eighth mentioned 
above, the nine points will not be sufficient to identity the conicoid. 

For example, if the seyen points be angular points of a parallelepiped, and 
the three surfaces corresponding to 11^ V, and W be each a pair of parallel 
planes, any conicoid through the seven angular points will also pass Uurough 
the eighth. 

682. If a conicoid pass through seven given points^ the polar 
plane of any other given point will pass through a Juiced poinU 

Let P= 0, ^ = 0, -K = be the polar planes of the given point 
with respect to the three surfaces ?7, F, TF, then XP4-a*C+ vfi = 
is that with respect to any conicoid through the seven points. 
This plane passes through a fixed point which is the intersection of 
the three polar planes with respect to K F, and W. 

If the fixed point be the vertex of any quadric cone passing 
through the seven pointS| the polar plane with respect to any 
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<X)nicoid through the seven points will pass through a fixed straight 
line; for, taking the surface ^7=0 to be the cone, of which the 
fixed point is the vertex, the polar P=0 is indeterminate in position 
and the polar fiQ+yB = always passes through the straight line 
in which ^ = and ^ = intersect. 

583. When a conicoid passes through seven given points to find 
the locus of the pole of a given plane. 

Taking as the tetrahedron of reference one in which the face 
BCD is the given plane, the equations determining the pole with 
respect to the conicoid X?7+/aK + vir=0 are 

7idUldy + fidVldy + vdWldy=:0j &c. 

Hence the locus of the pole is a cubic surface 

dUfdy, dVjdy, dWjdy 
dUldz, dVfdz, dWjdz 
dUjdw, dVjdw, dWIdw 

The locus of the centre, which is the pole ofaj+y + « + t^ = 0, 
is obtained by eliminating \, ft, and v from the equations 

\dVldx^fjdVldx+vdWldx=^\dUldy^...=7sdUldz'k-...^^ 

684. To Jind a general form of the equation of a conicoid passing through 
seven points, six of which lie by threes on two futn-intereecting straight lines. 

The two straight lines lie altogether on the conicoid, and if a straight line 
be drawn through the seventh point intersecting the other two lines, three 
points on this line, and therefore the whole line, will lie on the conicoid. Take 
these lines as the edges AB, CD, £C o! the fundamental tetrahedron, these 
edges, and therefore the seven points, lie in the three pairs of planes xz = 0, 
xto -0,yw = 0, and the general equation is Kxz + fixw + vyto = 0. 

585. In the conicoid of the last article the pole of a given plane lies in a 
Jixed plane. 

Let Ix-^my^nz + rw^O be the given plane, (x\ y', «', •»') its pole with 
respect to the conicoid \xz + fixw + I'yw - 0, we shall then have 

(Xz' + fAtv') /I = vw'/m = Xx'/n = (jix' + vy^/r ; 

.'. Ix' + my - nz' -rw ^0 is the equation of a fixed plane in which the pole 
lies. 

Cor. The centres of all the conicoids lie in the plane ar' + y' = «' 4 w', which 
is parallel to the two edges AS, CD and passes through the centre of gravity 
of the tetrahedron, and the four points bisecting the other edges. 

586. Number of conicoids which pass through seven given points and touch 
two given planes. 

Let the given planes be « = 0, y = 0; at the point of contact with the first 

XdU/dy^fidV/dy^udW/dy^O, \dU/dz+,„^0, and Xrft7^/(fu7+...= 0; 

eliminating y, z, w from these, the eliminant is of the third degree in X, fi, 
and V. Similarly, the condition of touching y = leads to an equation ot the 
third de^ee in X, ft, and f, and the final equation for determining X : fi will be 
of the ninth degree. There are, therefore, generally nine conicoids satisfying 
the required conditions. 
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CIRCUMSCRIBING SPHERE. 



Similarly, it can be shewn that four conicoids through the seren points 
touch two given straight lines, and that six touch a plane and a straight line. 

587. Equation of a sphere circumscribing the fundamental 
tetrahedron. 

Let x\ y', / be the triangular coordinates of a point P in the 
plane of the triangle ABCj x, y, «, the tetrahedral coordinates 

x' = '^PBGl^ABG^ YolDPBCIvol DABG^ x ; 
for the circle circumscribing ABC^ a*y^z'-\- iVa;'+cVy'=0. Hence 
the equation of the circumscribing sphere must give, when w = 0, 
<i^yz-vVzx-\-c^xy = 0^ and similarly for aj = 0, y = 0, 2; = 0, the 
equation of the sphere is therefore 

<^yz + Vzx + <?xy + a^xw + IPyw + c^zw = 0. 

688. General equation of a sphere. 

Since all spheres intersect the plane at infinity in the same 
circle, the equation 
U=(px-Y qy-\-rz-\-6w) (a? + y + « + «?) -a*y«+..^-a'*a;M?4-...= 

represents a sphere, and is the general equation of a sphere since 
it contains four disposable constants. 

In this form of the equation of the sphere, if the coordinates 
of any point P{x\ y', s^^ w) be substituted in the left side of the 
equation, the result is the rectangle r/,, where r„ r, are the 
distances from P to the points of intersection with any line 
through P. 

For (x''X^J\^(i/^y')lfi = (z-z')lv-(w''W^lp^rl<r are 
the equations of any line through P, where X + /* + k + /) = 0, 
and a*fiv+...+ a'^\p = '-a% Art. 103, 
/. 17' + Pr + r* = 0, where U' = r^r^. 

689. To Jind the radius of the sphere circumscribing the fundamental 
tetrahedron. 

Let R be the radius of the sphere whose equation is 

a*yz +. ..+ a'*xw +...= / (x, y, £, u>) « 0. 
By the last Article, if (xo, y<,» *o« "^«) ^^ the centre, 
r,r^ - - 1Z», and /' W =/' {y,) =/' (zo) -/' {w,) = 2/(j-,. y^, So, »») = 2/??; 

0, c", 6», n\ 1 



22i* 



C, 0, 


o', i", 1 


h\ a". 


0, c", 1 


a", i", 


c-*, 0, 1 


1, 1. 


1, 1, 



0, c\ ir 

c«, 0, a* 






0, c'* 



6", c" 



0, 



or 4 jr {6Va« + (Ta'^V' + o'^ftV + a«6V - a*a'* {h* + i'« + c« 4 c** - rt« - a") -.. } 
= fl*a'* -I- 6*6'* + cV* - 2i'/6'W« - 2cWa" - 2flVi"6»6'*. (1) 
With centre D describe a sphere cutting DA, DB, DC in a, 6, c, and draw 
am perpendicular to the side of the spherical triangle abc, then, by the two 
right-angled triangles, cosa6 » cosnm cos 6m and cosac = cos am cos cm, whence 
sin*am Bin'6c = 1 - cos'6r - cos'ca - cos'a6 -i- 2 cos 6c cos ca cos ab. 
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Let V be the volume of the tetrahedron, then 6F=6V8in6cxa'8inflw, 
and, writing C + c^-a' for 2!»Vcos5tf, we can shew that the coefficient of 
42? is - 144 V\ 

Also, if 2# = aa' + W f cc*, the right side of the equation (1) is 
- 16« (» - aa) (» - W) (« - ed\ 

590. ^t/a^tbn o/" a coniooid touching the faces of the funda" 
mental tetrahedron. 

Let the equation of the conicoid be 

aa^ + hy'-j- cz' + dv? + 'la'yz + Wzx + ^c'xy + Id'xw + . . .= 0. 
In order that the conicoid may touch the face i(7 = 0, 

aa;"+...+ 2a'y«+... (1) 

must be the product of two linear factors, since the intersection 
^ith t(7 = is two real or imaginary generators of the conicoid ; 
... ale - ad' - W - cc^ + 2a'JV = 0, (2) 

and if cosa = — a7V(^)) cosi8 = — i7V(ca), cosy = -^c^ly/(ab)j 
1 — cos'a — C08*i8 — co8*7 — 2 cosa cos^ CO87 = ; 
/. a, ^, 7 are the angles of a triangle, and (1) becomes 

[x sja — [y sjh C0S7 -^-z hjc cos^)}* + [y ijh sin r^ — z^Jc sin/9)*. 
By treating the other planes in the same way, if 
cosa' =- - cC'\sl[ad\ COSTS' = - J"/ V(Wj, C0S7' = - ii'\'^{cd), 

a: = being a tangent plane gives )8'-|-7' + a = ir; y = and « = 
give a' + 7' + iS = TT and a' + yS' 4 7 = w.; 

.-. 2a' + )S + 7-a = '7r = /S + 7 + a; 

/. a' = a, ^8' = ^, 7^ = 7; hence, the equation of the inscribed* 
conicoid is, writing f , 17, ... for ajV«, y V&, ..., 

|» -I- ^» + ^ + a>' - 2 cosa (175'+ f o>) - 2 cosi8 (?f + lyw) 

- 2cos7(fi;+?ft)) = 0, where a + /9 + 7 = «w. 

The tetrahedral coordinates of the points of contact with the 
face ABQ are given by 

x»^al8ina^y 'Jblsinff=sz t^clsiny, 

591. To find the equation of a sphere inscribed in the funda^ 
mental tetrahedron. 

The equation of the sphere being of the form 

(£c + my + 7i« + rw) (a: +y + « + ti?) - d^yz — ...- a''*xw—...— 0, 

we have to find Z, 971, n, and r. 

Let P be the point of contact with the face opposite to A^ and 
let B, be the radius of the sphere, its centre ; with centre D let 
a spherical triangle be drawn whose angular points a', i', c' are in 
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the edges DA^ DB^ DG\ DO will pass through the centre of the 
circle inscribed in a'b'c\ whose radius is p, where tSLup^JR/DP] 
by Art. 588 r = DP' ; if, then, a, /8, 7 be the angles of the solid 
angle D, and 2a = a + ^8 + 7, 

tanp f>/sin8= Vfsin {s - a) sin [a - ff) sin {s — 7)} ; 

.'. r sin {s - a) sin {s — 0) sin (5 — 7) = 5" sin«, similarly for Z, »i, «. 

592. Oeneral tangential equation of a sphere. 

Let a:, y, «, ti? be the tetrahedral coordinates of the centre of 
the sphere, B its radius, p, q^ r, « the point coordinates of any 
tangent plane of the sphere; then, by Arts. 109 and 112, 

ay +yj + «r + w« = ± 5 ; 

also, by Art. 112, 

//Po' + ?V?o"+--2cos(^i>)jr/y,r.-...= l; 

hence, in a homogeneous form, the required equation is 

(op + yj + «r + 1<?«)' = 5* (//;?," +...- 2 cos(^2>) jr/j„r, -...). 

593. Tangential equation of a sphere touching the faces of tie 
fundamental tetrahedron. 

For the inscribed sphere the tetrahedral coordinates of the centre 
are Bjp^^ ^lio ^/**oi -^/^oJ therefore the equation reduces to 
cos'i {AD)qrjqjr^ +...+ cos'i (BC)pslp^3^'\'...= 0. 

For the escribed sphere touching ABCj we must write — B/s^ 
for B/s^^ and the equation becomes 

cos"i (AD) qrfqjr^ +...- sin'J (BG)p8lp^8^ -...=: 0. 

If p', q\ /, s' be the coordinates of any tangent plane to these 
spheres p /i?o + 2^/2o + ^7^o±?7*o" ^? *^°4 the equation of the 
point of contact with the inscribed sphere will be 

{co8'K^^)?7?o + cos'i(-B^)^7^ + cos'i(£0)//5j^/p,+...= 0. 

There will also be three spheres which touch two faces on the 
side of their subtending angles, and two on the opposite sides, the 
equations are found by writing two of the tetrahedral coordinates 
^IPo^ ^l9oi &c- negative. , 

594. TJie tangential equation of any surface is the equation^ 
referred to tetrahedral coordinates^ of the reciprocal of that surface 
with respect to the surface «* + y* + «* + w* = 0. 

Let j9, 7, r, s be the four-point coordinates of a tangent plane 
to a surface whose equation is F{x^ y, «, t«?) = in tetrahedral coor- 
dinates, {x\ y", /', w'O being the point of contact; 

px -\- qy ^^ rz -^^ sw =-0 
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IS therefore the equation of the tangent plane, and jp, q^ r, s are 
determined by 

plF'(x") = qlF'(y") = rlF'iz")=^slF'(io"). 

But if (x% y', si' J va) be the pole of that plane with respect to 
ic' + y* + «* + «?* = 0, the equation of the plane will be 

aj'a; + y'y + /« + ti7't(7 = 0, whence x' jF' {x'')^y' I F' (y'')^...) 

hence, by eliminating a;", y", z\ u!\ we obtain the equation of the 
reciprocal of the given surface (re', y\ z\ w') = 0, as well as the 
tangential equation of the given surface <f>(pj q, r^ s) = since the 
elimination is the same. 

Hence, if any proposition with respect to surfaces be proved by 
the use of tetrahearal coordinates, the reciprocal proposition may 
be deduced from a different interpretation of the same equations, 
namely, by considering them throughout as relations between the 
point coordinates of the tangent planes, i.e. as the tangential 
equations of surfaces. 



XLI. 

(1) Prove that the equations of two conicoids cannot both be obtained in 
the form of Art. 569, if they have a common generating line. 

(2) Two conicoidsy each of which has plane contact with a third, interseet 
each other in plane curves. 

(3) If three eonicoids have a common plane section, the other planes in 
which, taken two and two, they intersect will meet in one straight line. 

(4) If At B, C, D be the vertices of the four cones of the second degree, 
which can be described through the curve of intersection of two eonicoids, the 
triangle BCD will be a conjugate triad of the section made by its plane of the- 
cone whose vertex is A, 

(5) The number of paraboloids, which can be drawn through eight given 
points, is, in general, three. 

(6) A cluster of eonicoids have a common curve, shew that the poiars of a 
fixed line lie in a hyperboloid of one sheet 

(7) Shew that a sphere can be described touching the edges a, a'; h^ h' ', 
c, c' of a tetrahedron, ifa;ta' = i;ti' = c;tc', the ambiguities being inde- 
pendent. 

(8) If of eight given points six lie by threes on two non-intersecting 
straight lines, shew that no cones can be descHbed through the eight points ; 
but that there is an infinite number of points, lying on two straight lines, 
which have their polar planes, with respect to any conicoid containing the 
eight points, fixed. 

(9) Shew that only one conicoid can be described containing two given 
non-intersecting straight lines, and touching three given planes. 
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XLII. 

(1) Four cones of the second degree can be drawn, eacH containing the 
locus of the centre of a conicoid passing through eight given points; and 
having th^ir vertices coincident with the vertices of the cones on which lie the 
eight given points. 

(2) If of seven given points six lie by threes on two non-intersecting 
straight lines, shew that the remaining line of intersection of an^ two para- 
boloids passing through the seven points will be a fixed straight line at 
infinity. 

(3) If a conicoid be described containing the edges AS, JBC^ CD of a 
tetrahedron, the pole of the plane bisecting the edges AB, CD, AC, BD wili 
lie on the plane bisecting the edges AB, CD, AD, BC. 

(4) From the form U=L* deduce that when two conicolds have plane 
contact, the tangent plane at the umbilio of one cuts the other in a conic of 
which the umbiUc is a focus. 

(5) The equation of a conicoid referred to tetrahedral coordinates is 
oar* + by* + cz" + rfto* + 2a yz + 2b'zx + 2c^xp + 2a^xto + 2b"yw + 2c'zw = 0; 

shew that, if the conicoid break up into two planes, their line of intersection 
meets the plane w = 0, where x/(bc - a*) = y/(a'b' - cd) = z/{a'<f - W). 

(6) When a system of conicoids passes through seven arbitrarily chosen 
points, shew that there is no point such that its polar with respect to each 
of the conicoids is a fixed plane. But, if the seven points be such that the 
polar plane of a point A will be fixed for all the conicoidsi the seven points 
must he on four straight lines passing through A. 

(7) Prove that if a sphere can be inscribed so as to touch all the edges 
of the fundamental tetrahedron internally, the three lines joining the points of 
contact with the opposite edges will be concurrent. 

(8) The conicoid te" + my* + w«* + rtc" = will be a paraboloid if 

^* + m"* + n"* + r'* = 0, 
and will be elliptic or hyperbolic as Imnr is negative or positive. If this 
condition be satisfied, and a, b, c be the middle points of DA, DB, DC, 
o', V, d of BC, CA, AB, the paraboloid will touch the planes b'<fa, e'a'b, a'b'e, 
and also the planes bcbW, cac'a', aba'b' ; and the points of contact of the former 
will be the angular points of a tetrahedron whose faces will intersect the corre- 
sponding faces of ABCD in four lines lying in one plane; and this plane will 
pass through the points of contact of the latter three planes. 

(9) Shew that four conicoids can in general be described passing through 
five points in one plane, two other given points not in that plane, and touching 
two given planes. 



XLin. 

(1) Find the twelve centres of similarity of the sphere inscribed in the 
fundamental tetrahedron and of the three escribed spheres opposite the angles 
A, B, C of the tetrahedron, shew that they lie by sixes on eight planes. 

(2) Shew that the square of the distance between the centres of the spheres 
inscribed in and circumscribed about the fundamental tetrahedron is 

JZ- - 2? {,^/qjr, + a'Vp,,, + 6Vr./». +...). 
vhete B, K are the radii of the two sphetcs. 
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(3) Shew that eight conicoids can in ^neral be described touching three 
given planes, and passing through four given points, the intersections of the 
tangent planes at each of which with the corresponding planes containing 
the points lie in one plane. 

(4) If a tetrahedron be self-conjugate with respect to a sphere, shew that 
the opposite edges are, two and two, at right angles ; and that all the plane 
angles containing one of the solid angles must be obtuse. Shew that this 
angular point will lie within the sphere, and the three others without, and 
determine the radius of the sphere. 

(5) Prove that, in general, one conicoid can be described, which is self- 
conjugate with respect to one given tetrahedron, and also with respect to 
another of which tnree angular points are given. Shew also that the fourth 
angular point of the second tetrahedron cannot be in an arbitrary position. 

(6) If two conicoids be so related that a tetrahedron can be drawn, whose 
faces touch one of the conicoids, and two pairs of whose opposite edges lie on 
the other, an infinite number of tetrahedrons can be so drawn. 

(7) If ^ + my* + III? + nc* = and f «« + my + n z* + r'tc* « be two coni- 
coids related as in the last problem, prove that a similar relation will exist 
between the conicoids 

rj:" + my+nV + r'ip' = and Px^/l-^m'^y^/m^Wh^/n-^r^tc'/r^O. 

(8) Prove that two tetrahedrons may be inscribed in the conicoid 
Ix* -i- my^ + fi2* 4- nv' = 0, having their faces parallel to the faces of the funda- 
mental tetrahedron, provided that (/ + m + n + r) (^* + m"^ + n"^ + r"*) < 4. 

(9) Shew that with the notation of Art. 568 = will vanish when it is 
possible to find a tetrahedron self-conjugate with regard to V whose faces 
touch U. 

(10) Two conicoids have two common generators of the same system, which 
are opposite edges of a tetrahedron, one of the remaining pair of opposite edges 
lies on each of the conicoids, shew that 6 = 0, B'bO and ^'s4A^'. 
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CHAPTER XXI. 



TORTUOUS CUKVES. CURVATUEB. TORTUOSITY. 

595. We have already Bfaewn that curves may be consider^ as 
the complete or partial intersection of surfaces, but in the investi- 
gation of the equations of tangents, osculating planes, &c., we shall 
also look upon a curve as the locus of points which satisfy more 
general laws, the algebraical statement of which assumes the form 
of equations between the coordinates of any point of the curve and 
variable parameters, the number of equations being two more than 
the number of parameters. 

Instances of the latter mode of representation of a curve occur 
in dynamical problems, in which the curve is defined by equations 
between the coordinates of the position of a particle and the time of 
its arrival at that position. 

If the parameters were eliminated from the equations connecting 
the coordinates and parameters, the result would be two finad 
equations which would be the equations of two surfaces whose 
complete or partial intersections would be the curve in question. 

596. If the coordinates of any point on a curve can be 
eicpressed as functions of a single parameter ty so that for each value 
of t there is a single value of each coordinate, the curve is called 
unicursaL 

697. As an example of an unicursal ounre, we may take the helix, which 
is generated by the uniform motion of a point along a generating line of 
a right cylinder as the generating line revolyes with uniform angular ▼elocity 
about the axis of the cylinder. 

If we take the axis for the axis of t, and the axis of x through the generating 
point at any initial time, $ the angle through which the generating line has 
revolved when the point has moved through a space e on uie generating line, 
we have for the coordinates of the point, a being the radius of the cylinder, 
sc^acoiO, y = aBm0, t^naO; here 6 is the variable parameter, and the 
curve is the intersection of the surfaces a:* + y* = a«, and y « a; tan {z/na), 

598. In order to explain the terms employed in the examination 
of curves which are not plane, we shall consider such curves as the 
limits of polygons whose sides are indefinitely small; and we 
observe that the plane which contains any two consecutive sides of 
the polyc^on of which the curve is the limit does not generally 
contain the next side ; the property, that the plane in which the 
curvature is taking place at any point changes as the point changes, 
is represented by calling the curve tortuous and the measure of the 
corresponding property tortuosity. 
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599. Osculating Plane. The plane containing two sides of the 
polygon of which a tortuous curve is the limit is in its ultimate 
position an osculating plane of the curve. 

600. Normal Plane. Any side of the polygon in its limiting 
position iS) when produced, a tangent to the curve, and a plane 
drawn perpendicular to the tangent through the point of contact is a 
normal planej being the locus of all the normals at the point. 

601. Principal Normal. The particular normal which lies in the 
osculating plane is called the principal normal. 

602. Binormal. The normal which is perpendicular to the 
osculating plane is called the binormal^ being perpendicular to two 
elements of the curve. 

603. Polar Developable. Let an equilateral polygon be inscribed 
ID a curve, of which consecutive side3 are PQ, QBj BS^ ST^ and 
let Pj J, r, 8 be the middle points of these sides. 

LiCt Aapj Bbqj Car be planes perpendicular to these sides, forming 
the polygon ABCD by their -intersections. 

If the sides PQ, QB^ ... be diminished indefinitely, their 
directions are ultimately those of tangents to the curve, the planes 
Aap^ Bboj ... are ultimately normal planes to the curve, the planes 
PQB'i QBS^ ... are osculating planes, and the surface generated by 
the plane elements Ac^j Bbcj Ccdy ... is ultimately the developable 
surface enveloped by the normal planes of the curve, of which 
ABCD ... is ultimately the edge of regression. 

The developable surface enveloped by the normal planes was 
called by Monge the Polar Developable. 

604. Circle of Curvature. A circle can be described containing 
the points P, Qy B] when the sides are indefinitely diminished, this 
circle lies in the osculating plane, and its curvature may be taken 
as the measure of curvature of the curve in the osculating plane. 
Let the plane PQB meet Aa in 27, and let pU^ qUhe joined ;. then 
since PQ is perpendicular to the plane Apa^ it is perpendicular to 
pU; similarly QB is perpendicular to qU^ U is therefore the centre 
of the circle through PQB. Therefore the centre of the circle of 
curvature is the point of intersection of two consecutive normal 
planes and the osculating plane. 

605. Polar Line. Draw pa^ qa to any point in -4a, then, since 
Pp = Qp^ a is equally distant from P and Q^ and similarly from Q 
and iZ, and therefore from every point in the circle of curvature. 
The line of intersection of two consecutive normal planes is called 
by Monge the Polar Line. 

606. Angle of Contingency The angle pUq^ which is equal to 
the angle between the two consecutive sides PQ^ QB of the polygon, 
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is ultimately equal to the angle between two consecutive tangents, 
and Is called the angle of contingence. 

607. Sphere of Curvature. Any point in Aa is equally distant 
from uP, Q and B ; also any point in Bb is equally distant from Q^ B 
and 8] therefore their point of intersection is equally distant from 
the four points P, Q^ B, 8. 

Hence, it follows that a sphere can be described whose centre 
is B^ and which contains the four points P, Q, By 8y this sphere is 
ultimately the sphere which has the closest possible contact with 
the curve, since no sphere can be made to pass through more than 
four arbitrary points, it is therefore called the sphere of curvature ; 
the locus of Its centre is the edge of regression of the polar 
developable. 

€08. Evolutes, If a be any point in the intersection of the 
planes normal to PQ, QB^ at their middle points p, j, ap and aq 
will be equal and it is clear that they will also make equal 
angles with Aa. Produce qa to meet Bb in i; then a string, 
placed in the position bap^ would remain in that position if subject 
to tension, since the tensions of the portions ai, ap resolved parallel 
to Aa would be equal, and, if its extremity were then moved from 
p to q it would occupy the position baq. Similarly, if rb be 
produced to c in Cc, and if sc be produced to d in Bd. If we 
proceed to the limit, it follows that a string may be stretched upon 
the polar developable in such a manner that the free end, starting 
from any point in the curve, would describe the curve, if the string 
were unwrapped from the surface so that the part in contact with 
the surface remained stationary. The portion in contact lies on a 
curve called the evolute. 

Also, since the position of the line pa Is arbitrary, the curve 
which is the limit of a, &, o, J, ... will change its position according 
to the position of a, hence the number of evolutes is infinite. 

609. Locus of Centres of Circular Curvature not an Evolute. 
Since qU Will not, if produced, pass through F, because jCTand qV 
include an angle in the same normal plane, the locus of the centres 
of circular curvature is not one of the evolutes. 

610. Angle of Torsion. The plane ^C^ perpendicular to ^^^ 
contains the sides PQ, QB^ and the plane q vr perpendicular to BVb 
contains the sides QB^ BS^ and, since qU^qV are perpendicular to 
the line of intersection QB of the two planes, the angle UqVhA 
their angle of inclination. 

This angle, which is ultimately the angle between consecutive 
osculating planes, is called the angle of torsion. 

Also, since a circle goes round BVUq^ the angles Z^Fand UBV 
are equal, and the angle of torsion of the curve PQi{,...«.. is eqaal 
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to the aDgle of contingence of the edge of regreBsion of the polar 
developable. 

611. Rectifying Developable. If through every point of a curve 
a plane be drawn perpendicular to the corresponding principal 
normal^ these planes will envelope a torse on which the curve wiU 
be a geodesic line, since its osculating plane will contain the normal 
to the surface at every point, as will be sh^wn in the chapter on 
geodesies ; if, therefore, the torse be developed into a plane, the 
curve will be developed into a straight line. On account of this 
property the torse is called the rectifying developable. 

612. Rectifying Line. The line of intersection of two con- 
secutive planes, enveloping the rectifying developable, is called the 
rectifying line for any point of the curve, neing the line about which 
the curve must turn at that point in order to become straight, when 
the torse is developed into a plane. 

It may be observed that the rectifying line is not generally 
coincident with the binormal, which is the normal perpendicular to 
the osculating plane. 

In the figure at p. 251 the siurface whose edge of recession is the limit of 
ABC, is the rectifying surface to the curve which is the limit of abe..,. 
Aa is the rectifying line at a, and the hinormal does not coincide with the 
rectifying line unless pa he perpendicular to Aa, or a be the centre of curvature 
of the involute of abc.„ . 

613. If the polygon PQR8... were transformed into a plane 
polygon by turning the portion QR8T... through the angle of 
torsion VqU sA)out QR^ and the portion RST... wont jS5 through 
the corresponding angle of torsion, any side 8T in the new 
position in the plane of PQR would be inclined to PQ at an angle 
equal to the sum of the inclinations of the sides taken in order, 
and estimated in the same direction. 

Proceeding to the limit, we see that if, as a point moves along a 
tortuous curve, at every position which the point assumes the curve 
be turned about the tangent line through the angle of torsion, the 
curve will be replaced by a plane curve, such that the inclination of 
the tangents at the starting point and any other point will be the 
sum of all the angles of contmgence ; if, therefore, e be taken for 
the angle between the tangents in the plane curve, d^ will be the 
angle of contingence corresponding to the extremity of the arc 
traversed by the moving point. 

614. Rate of Torsion. The rate per unit of length of arc at 
which the osculating plane twists about the tangent line at any 
point, called the rate of torsion^ is measured by the limit of the ratio 
of the angle of torsion to the arc at the extremities of which the 
osculating planes are taken. 

If, as we pass from PQ to QR^ see figure, p. 251, QR be turned 
in the plane pQR so that PQB is a straight Ime, and the plane QR8 
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be then turned througt the angle VqU^ the process being repeated 
along the whole of a given arc, the perimeter will become rectified, 
and the inclination of the last to the first position of the plane 
containing two elements will be the sum of all angles such as Vq U 
between the extremities of the arc so rectified. 

Proceeding to the limit, it follows that, if osculating planes be 
taken along the curve, and the elements of the arc be rectified ui 
each osculating plane in order, the angle between the first and fina 
positions of the osculating plane when the curve is so rectified wiU 
be the sum of the angles of torsion throughout the arc. 

If, therefore, r be this angle, dr will be the angle of torsion, 
corresponding to the point at which the last osculating plane is 
drawn. 

616. Integral and Averaffe Curvature.* The integral curvature 
of any portion of a curve is the angle through which the tangent 
will have turned as we pass from one extremity to the other, the 
average curvature is its whole curvature divided by its length. 

Let a sphere of unit radius have its centre at a fixed point, and 
let radii be drawn parallel to the tangents to the curve at successive 
points, the len&;th of the curve traced on the sphere by the 
extremities of the radii measures the integral curvature of the 
portion of the curve considered, and the average curvature is^ the 
integral curvature divided by the length of the curve. 

616. Integral and Average Tortuosity. These are respectively 
the angle through which the osculating plane has turned In passing 
from end to end of any portion of a curve, and this angle divid^ 
by the length of the arc considered. 

On the sphere discussed in the last article let a curve be described 
by the poles of the great circles which are tangents to the curve 
which measures the integral curvature, the len^h of this curve 
measures the integral tortuosity, and this length divided by the 
length of the arc of the tortuous curve the average tortuosity. 

Tangents. 

617. Tangent U> a curve at a given point, 
Let 9, « + A5 be the lengths measured along the arc of a curve 

from a given point to the points P and Q, whose coordinates are 
0?, y, z and x + Aa?, y + Ay, e + Az, and let c = chord PQ. 

As Q approaches to and ultimately coincides with P, the chord 
PQ and arc As become equal, PQ is the direction of the tangent 
at P, and the direction cosines of P§, viz. Aaj/c, ^yjc^ Azjc 
become ultimately dx/dsydgjclsj dzjds. 



* Thomson and Tait, Nat, Phil, Art. 12. 
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The equations of the tangent are therefore 

(f - a?)/(iB = (iy - y)/rfy =(?- «)/(&. 

Also since c*= (Aa;)"4 [AyY + {^z)\ 

[d8r^{dxY^{dyr-^[dz)\ 

i. Let the equations of the curve be given in terms of a variable 
parameter 9, in the form 

«-*W, y=-^W, ^=xW, 

then dx'.dy:dz = 4! (B) : ^' {$) : x' {&), 
and the equations of the tangent at a point corresponding to are 

ii. Let the equations be those of surfaces containing the curve 
i^(^i7,?) = 0,and(?(f,i7,r) = 0. 
Then, at any point P of the curve, 

F'{x)dx + F'{j/)dy-{-F{z)dz^Oj 
and G'{x)dx + G'{tf)dy + a'{z)dz=^0] 
whence the equations of the tangent PQ may be written 
F- {X) (f -x)+r (y) (1, -y) + -P {z) (r- z) = 0, 
and &{x) (f - a:) + 0'{y) (17 - y) + G' (z) (?- z) - 0, 
which equations represent analytically the fact that the tangent to 
the curve lies in the tangent plane to each surface at the common 
point P. 

iii. If the surfaces, the intersection of which gives the curve, be 
cylindrical surfaces whose sides are parallel to the two axes of z and 
y, and their equations be iy=/(f), 5'=0(f), the equations of the 
tangent will be iy - y =/' (a?) (f - a?), f - « = 0' («) (f - a?). 

These* equations are the analytical representation of the fact that 
the projections of the tangent to the curve on the coordinate planes 
of xy^ zx are the tangents to the respective projections of the curve, 
which is obviously true, since the projections of P and Q have 
their ultimate coincidence simultaneously with that of P and Q. 

618. To find the directions of the branches of the curve of inter* 
section oftvx> surfaces at a multiple point of the curve* 
The equations of the surfaces bemg 

^(f,^,n = 0, and <?(f,i;,?)=0, 

and (a;, y, z) being a multiple point P on the curve, let 

(f-a?)/X=(i7-y)//i=(?-^)/v = r (1) 

be the equations of a line through P; the points in which this line 
meets the surfaces are given by the equations 

F[x + Xr, y + fur^ ^j + yr) = 0| 
and G^ (x + Xr, y + /[ir, £! + rr) = Oj ' 
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there are an infinite number of directiona which give two values 
of r equal to zero, since the curve has a multiple point at P; 
therefore the two equations 

\rix)+fir(y)^yF'{z)^0, (2) 

and \G' [x) +fiG' (y) 4 vO' («) = 0, (3) 

must be one or both identically satisfied, or else they must not be 
independent equations. 

i. If only one of the equations (2) and (3) be identically satisfied ; 
suppose this to be (2), then (xy y, z) will be a multiple point on 
the surface F{^j i;, S^) = 0; and, if this be a double point, the line 
(1) must be one of the tangents whose directions are given by 

and, since it lies in the tangent plane to O ({, 17, (T) = 0, the 
eauations (3) and (4) give the airections of the two tangent lines, 
wnich are the intersections of the conical tangent to the first surface 
with the tangent plane to the second; and, similarly, for higher 
degrees of multiplicity. 

ii. If (2) and (3) be both identically satisfied, the line (1) will 
be in any of the directions of common tangents to jP(^, 17, (f) = 
and (I, fjy^)ssO* the directions are, therefore, given by 

"*(*'£+''|;+'s)'<'<'«'*''>-''' 

where s and t are the degrees of multiplicity of the multiple points 
of the two surfaces at (a;, y, z). 

iiL If neither (2) nor (3) be identically satisfied, but the two 
eauations be identical so as to be satisfied by an infinite number 
of values of X: ^ : v, there will be a surface AF+BQ^-O^ which 
will pass through the intersection of F^s and G^ = 0, for which 

A £ + ^ ^ + y ^^ ^AF-\- £G) = wiU be identically satisfied, if 

SI A be the value of the equal ratios F' {x)/ G' (a), F' (y)/ G' {if)^ 
BJiiF'{z)IG'{z). 

In this case, therefore, X : /& : v is determined by one of the 
equations (2), (3), and 



K*''i*•'i)'^^'^^^<^">■ 



If in any of these cases two values of X : /x : v be equal, there 
will be either a point of osculation or a cusp on the curve. 
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619. As an example of case iii in the last Article, suppose we wish to find 
the directions of the tangents at the point (a, 0, 0) in the curve of intersection 
of the hyperboloid and hyperbolic paraboloid, whose equations are 

«"/«• + //*• - «"/«■ = 1, and yV^ - «"/^ = 2 (« - a). 
At this point the surfaces have a common tangent plane, whose equation is 
x^a; the third surface, on which (a, 0, 0) is a multiple point, is in this case 
the cone (a;-a)' + (a*/6' + a//)y'- (a*/c* + o//')z'-0, and the directions of 
the tangents to the curve are given by (a*/ft* + a//)^*-(a*/c* + a//')v" = 0, 
and X=:0. 

620. Normal plane of a curve at a given point 

The normal plane being perpendicalar to the tangent to the 
curve, its equation is (f — a?) ckc + (17 - y) rfy + (f — z)dz^O. 

621. To find the edge of regression of the polar developable of a 
curve. 

The edge of regression is the locus of the intersection of three 
consecutive normal planes to the curve. 

The equation of the normal plane at [x^ y^ z) is 

(f-aj)efe + (i7-y)rfy+({:-;8)&=0, (1) 

that of the normal plane at a consecutive point is found by writing 
in this equation x-^-dxiov a?, &c., the line of intersection of the two 
normal planes will lie in the plane 

(C- x) d^x^[7i^ y) d'y + (?- z) d^z - [dx^ - {dyY - [dzf = 0. (2) 

Again, writing a; + ^£1; for a;, &c., we obtain a plane in which the 
line of intersection of the second and third normal planes lies, 

(f-a:) efx+Ciz-y) d'y+ (f-«) (f 2J-3 {dxd'z+dyd'y'\'dzd'z)=^0^ (3) 

and the coordinates of the point of the edge of regression satisfy 
these three equations. If we eliminate Xj y, z from the equations 
(1), (2), (3; and the equations of the curve, we shall obtain the two 
equations of the edge of regression. 

The line of which (1) and (2) are the equations is Mongers polar 
line, which is the axis of the osculating circle. 

The point given by the three equations (1), (2), (3) is the centre of 
spherical curvature corresponding to the point (a;, y, z) of the curve. 

622. To find ike differential coefficient of the arc referred to 
polar coordinates. 

Transforming to polar coordinates 

a; = r sin d COS0 = p CO80I 
y = r sin d sin = p sin <^, 
«=rco8^, p==rsin5; 
hence if x* be written for dxjdd^ &c., 

a-' + p^./' + r', 
.•.s-zzr'^ + rl + r^sin'e^". 



258 OSCULATING PLANES. 

The equation is easily obtained geometrically by observing that 
ultimateljr ( A«)' = (Ar)* + (r A(?)* + (r sin ^A<^)'. 

Also, if y be the perpendicular from the pole upon the tangent, 
and -^ the angle between r and the tangent, 2? =r sin-^, 

and A5/Ar=8ec^ ultimately, /. (<&/rfr)' = r'/(r'— p'). 

Osculating Plane, 

623. Equation of the osculating plane. 

The osculating plane may be considered as the plane which 
passes through thrjee consecutive points, whose coordinates are 
Xj7/^ z] x-^dxj ... and x + 2dx -^^ d*x^ .... 

Let the equation of the osculating plane be 

^(f-fic) + -B(i7-y)+(7(f-0) = O; :. Adx + Bd^+ Cdz^O, 

and ^(2rfaj + d*a;)+jB(2(fy + d*y)+(7(2& + rf'^) = 0, 

or AcPx-^-BcTy+Cir^^^O^ 
hence the equation is 

f-ar, 17-y, f-« 

dxj dy^ dz 
d^Xj d^y^ dfz 
It may be noted that the equations of the tangent and oscnlatiug 
plane are of the same form, whether the axes be rectangular or 
oblique. 

624. It should be observed with respect to the notation used 
above that if a;, y^ z be supposed given as functions of ^, and we 
take points corresponding to values <, < + t, < + 2t, which is the 
same as making t the independent variable, the values of a; for ^ + t 
and < + 2t are 

and if the first be written x + Ax, the second will be 
a; + Aa: + A (a? + Ax) or aj f 2 Aa: + A*aj ; 
hence if d be written for A, when r is indefinitely diminished, 



dx 5 „ d?x 



die = -T7 T and d^x = ^ t' ultimately. 



625. As an exercise the student should find the equation of the osculating 
plane, considered as given by any of the following definitions : 

i. As a plane containing a tangent and a point indefinitely near the point 
of contact 

ii. As a plane containing a tangent and parallel to a consecutive tangent. 

iii. As a plane vhich has a closer contact with the curve than any other plane. 

In employing the definition ii. he may shew that the shortest distance 
between the tangents at the extremity of any arc ds is generally of the order 
of d^. 
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626. Directum cosines of the binormaL 

The direction cosines of the binormal, which is perpendicalar to 
the osculating plane, are in the ratio 

dycPz — dzcTy : dzcPx — dxcPz : dxcTy — dyffxj 

and the sum of the squares of these expressions 

since {dsy = {dxY + {dyf + (&)*, 
hence the direction cosines of the binormal are 

dyd^Z" dzcPy „ 

'^ ds [[d^xf + [d^yY + (d^zY - {d?sf\^ ' *^ 

If the pivot of the hands of a watch, with its face in the 
osculating plane, be supposed placed at the centre of curvaturiB of 
the curve so that the extremities of the hands move in the direction 
in which ds is measured, the + sign must be used, when the 
direction of the pivot is chosen as the positive direction of the 
binormal. In fact, if the pivot make an acute angle with the axis 
of x^ it is evident that, when s is measured in the direction of the 
motion of the hands, dzjdy will increase with «, and dyd^z — dzcPy 
will be positive. 

627. To find the condition that an osculating plane may he 
stationary^ and that a curve whose eqiuiHons are given may be plane. 

The condition that an osculating plane may be stationary, or that 
the osculating planes at two consecutive points on the curve may 
coinciide, will be satisfied for any point (cc, y, z)^ if the osculating 
plane at that point contain a fourth point, for which the value of x 
tBX + Sdx + 3d'x-\'€Px. 

If we write this value and the corresponding values of y and z 
for f , fj and ^ in the equation of the osculating plane, we shall 
obtain the equation 

(dyd'z-'dzd^y)€Px+{dzffx-dxcPz)cPy+{dxd*y-dyd'x)(Pz=^0 

as the condition required. 

If this condition hold at every point of the curve, the curve will 
be plane, and the equation of its plane will be that of the osculating 
plane. 

628. When the curve is ^iven by means of the equations of 
two surfaces of which it is the mtersection, the calculations required 
for the determination of the osculating plane may be conveniently 
conducted as follows : 

629. To find the osculating plane of the curve of intersection of 
two surfacesj whose equations are given. 
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Let if) (a?, y, z) = 0, 0' (a;, y^z)^0 be the given equations, then, I 

using the notation of Art. 461, 

Udx+Vdy+ Wdz=^% U'dx+V'dy+W'dz^O. 

U V W 
Let JD, ^, jP denote the determinants ' y, ™ 

/. dxID^dyjE^dzjF^k suppose, 
whence ^y^hdE^-Edk^ d^z^hdF^-Fdh\ 
/. dyd^z - dzd^y = V [EdF^ FdE)^ 
hence the equation of the osculating plane is I 

630. Equation of the ozctdatxng planes in terms of the equations of the tangent 
planes to the surfaces. 

Employing the notation of the preceding article, we see that | 

DU4-EV-^FW=0i 
/. UdD + VdE + WdF^ DdU^ EdV^ FdW^ 0, 

and dU^ dx ^—-^dy j-^^dz-y- 
dx dy dz 



-« 



d „ d ^d\d^ , d 



^^^^^&j^"*5i^(*)' 



If r denote the operation in the brackets, in the performance of which D, £, F 
are considered constant; 

/. DdU^ EdV^ FdJF«kP*W, \ 

hence UdD+ VdE^ WdF^-kf{i>\ 
similarly U'dD^ V'dE^ IF'rfi^=-*r«(0'); 
/. EdF- FdE = A; { err* (<?»') - U'T^ (0)}, 
and the equation of the osculating plane becomes 

r'W{^(^-»)+nn-y) + Tra-z)}=r«(0){ir'(^-x)+...}. 

631. To find the oseulatifig plane of the intersection of two concentric and 
coaxial conicoids. 

Let the equations be ax* + 6y* + cas* = 1, and aa^ + /3y' + 72* = 1, ( 1 ) 

D='4(by-eP)yz^Ayz, E=Bzx, F^Cxy, 

EdF- FdE= E*d (F/E) = BC^i^diy/z) 

= BCj^ {zdy - ydz) = kBCj* (Ez - Fy), 

and by (1) -ETz- J^ = 4(a-a)«; 

.-. EdF-FdE==4kBC{a-a)j^, 

and the equation of the osculating plane is 

^-•(a-a)x»(^-«) + J5-»(/3-ft)y'('»-y)+C'-*(7-c)r'(J-«)«0, Art 629, 
which may be reduced to 

BC CA AB 

632. Or, by the method of Art. 630, since {r»(^) = 2>*a + ^6 + i'^c, the 
«>quation may be written 

Ja + ^"/3 + J^7)(<Mrft6yt, + czr-l)-(2>»a + JB«6 + J'c)(a«£ + /3yn + 7sr-l)=0, 
betwi. the coefficient of f = J {E*C- F'B) x 
of ds". = i-BCC-Bz - JV) «« = BC{a - a) «», as before. 
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633. To find the condition for a stationary osculating plans of the curve of 
intersection of two surfaces. 

The equation of an osculating plane is 

{SdF- FdE) (£ - X) +. ..= 0, 

the line of intersection of this plane with the next consecutive osculating plane 
is in the plane 

(Ed^F- Fd^E) (C - x) +...- {EdF- FdE)dx -...= 0; 

the last three terms are identically zero, since dx = kD, and in order that the 
two osculating planes should coincide, 

Ed'F-Fd'E Fd'D-Dd^F B^E-^E^B 
EdF-FdE " FdB-BdF ^ BdE-EdB * 

which are clearly equivalent to one distinct equation ; and each of the fractions 

,^ d'B(Ed'F-Fd'E)^... ^, . r ^.'x. "u 

18 equal to ,t^ ^.^ — r» r» > » the numerator of which vanishes ; 

(rJLf {JSaJf - HaJis ) +. ,. 

Principal Normal* 

634. To find the equations of the principal normal at any point 
of a curve. 

In this and the following articles, where s is the independent 
variable, a;', y\ z' and «", y", z" will be written for the first and 
second difierential coefficients of Xj y, z. 

The principal normal is in the escalating plane and perpendicular 
to the tangent, it is therefore perpendicular to two lines whose 
direction-cosines are respectively proportional to y'«"-«y' , «V— ajV, 
x'y"-yx\ and a?', y\ z\ But identically, 

a" (y'«" - «y ') + y" (« V - ^z'') + ^" {a!f - y V) = 0, 

and, since a;" + y'* +«"=!, a' V + y Y + zz' = ; 

therefore the direction-cosines of the principal normal are propor- 
tional to x\ y" and «", hence its equations are 

(f-x)/«"=(i7-y)/y"=(r-«)/^". 

635. If from any point in a curve equal distances he measured along the 
curve and its tangentt &e limiting position of the line joining the extremities of 
these distances is the principal normal. 

From the point (x, y, z) let equal distances <r be measured along the curve 
and the tangent to the points Q, T; the coordinates of Q are 

a: + arV + J (x" + «) <r», &c., 
and those of T, x-^ x'v, &c., < vanishing in the limit The equations of Qr are 

(£~a:-«V)/(«" + .) = (n-y-y'<r)/(y" + e') = (r-«-«'ir)/(r' + .")j 
therefore the limiting position of QT is the principal normal. 

Cauchy proposed, as a definition of the principal normal at any point, the 
limiting position of the line joining the points on the curve and tangent, whose 
distances from the point of contact measured along the curve and tangent 
respectively are equal, by which means the definition was made independent of 
the osculating and normal planes. 
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Measure of Curvature, 

636. To find the radius of curvature at any point of a tortuous 
curve. 

The reciprocal of the radius of curvature is the measare of 
curvature, or the rate per unit of length at which the tangent to 
the curve changes its direction. If p be the radius of curvatare at 
a point P, and dz be the angle of contingence corresponding to the 
arc ds^ p = dslde. 

Draw Op^ Oq of unit length through the origin parallel to 
the tangents at P and Q the extremities of the arc ds^ join pq ; then, 
since the plane ^0^ is parallel to the osculating plane, pq^ which is 
ultimately perpendicular to Opj is parallel to the principal normal. 

The coordinates of p are as', y', «', and those of j are ultimately 
x' + dx\ y + dy\ z -f dz* ; 

/. p^ = {dx'Y + {dy'Y + {dz')\ and pq = cZe ultimately ; 

/. p'' = {r"* + y" + «"*, and the direction cosines of the binormal 
are 9[y^'-«!y\ &c. 

637. The direction of the radius of curvature and the coordi- 
nates of the centre of curvature may be found by projections as 
follows : — Since pq is ultimately in the direction of the radius of 
curvature, let Z, m, n be its direction-cosines; project OpqO on the 
axis of a?; /. a/+ We — (a;' + c?a:') =0; /. l^ix^'dsjdz^x'p^ and 
similarly for m and n. Also, if G be the centre of curvature at P, 
the projection of OPG on Oa? = a? + Zp = aj + p V, hence the coordi- 
nates of are aj + p V, y + p'y", « + p*«". 

638. The student should, as an exercise, find the radius and 
centre of curvature, when the latter is considered as the point of 
intersection of two consecutive normal planes and the osculating 
plane. 

Measure of Tortuosity. 

639. To find the measure of tortuosity of a tortuous curve. 

Let ?, 9n, n and l + dl^m'\- dm^ n + e2n be the direction cosines of 
the binormals at two points P, Q, whose distance along the curve 
is ds. Draw unit lengths (7p, Oq parallel to the two binormals, 
pq = dr is the angle between the osculating planes, and drlds^ the 
rate at which the osculating plane turns round the tangent line per 
nnit of arc, is the measure required, which we shall call o-'^. Now, 
since the coordinates of p and q are Z, m, n and l-^-dl^m-^dm^ 
n + dn^ pq^^{dtf'\-{dmY + [dnY', :. a^^r + m? + n'\ where 
l=^p{y'z' — zy") &c. a is sometimes called the radius of torsion 
at P, Dut it is better to look upon a'^ as the measure of tortuo»ty. 
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640. The measure of tortuosity may be expressed in another form. 

Since l:m :n:: X: Y: Z, where X-dyd*z-dzd*y, and similar expressions 
for r and Z, 

Idx + mdy + ndz - 0, Id^x + md*y + nd\ - ; 
•'. dldx -\- dmdy -^ dn dx = 0, and dU -f dm.m -i- dn,n & ; 
dl _ dm _ dn _ <?/rf*jr 4 dmd*y + rfnrf*x 
.*. mrf« - ndy ndx- Idz Idy -mdx /JT + m y + «Z 

Zrf»j;4mrf«y-.nrf»g Xd^x -^ Td^y + Zdh 
iX^inY^fiZ " JC'+r' + Z" * 

and (mc?«-n<?y)"+...= (^+ni«+w«){(rfx)" 4 (rfy)«-f(cfz)«}-(;ia? +...)■ = (?«•; 

'• <r" -a:«4r»+z« ' 

If there he no tortuosity, or the curve be plane, Xd^x 4 Yd^y 4 ZdH = at 
every point of the curve, as in Art. 627. 

Geometrical Interpretations. 

641. Saint Venant observes* that, if we take three consecutive 
points P, C B for which ^^x^x-^ dx^ x + ^dx + d^x respectively, 
the projections of PQ^ QR upon the axis of x will be dx^ dx + d'x'y 
and if the parallelogram PQRM be completed, by projecting the 
sides of the triangle PQMm order, since PM^ QR^ we shall have 
rfwc + projection of QJf — (da: + rf'a;) = 0; therefore d^x is the pro- 
jection of QM, 

642. In the general case, if a figure be drawn in which dx^ d^x^ 
dy^ d^y^ are all positive, the projection of twice the triangle PQM 
on the plane of xy will be easily seen to be 

dxd^y + dydx - dy [dx + cTx) = dxd^y — dyd^x. 

Again, if Mm be drawn perpendicular to PQ^ PQ = d8j and 
ultimately mQ= QR- PQ^d's] 

.-. Mm' = QM' - Qm' = {d^x)' + {d'y)' + {d'z)' - (d'^)', 

and ^ = limit of (p^) ^, . 

If we make s the independent variable, this implies that 
QR = PQ^ in which case QM will bisect the angle PQR and be 
ultimately in the direction of the principal normal, the direction- 
cosines of which will be as d'x : c?*y : d'z. 

The radius of the circle circumscribing the triangle PQR will be 
PQ^I QMi hence, if p be the radius of curvature, p"'=a;'"+y"*+«"\ 

643. Osculating plane, binormal and curvature of the helix. 
In the case of the helix, Art. 697, 

rfx = - a slnOdO, d^x = -a cos^ (dOy 

dy= a COS0 do, d^y^-a sin^ (rf^)*, 

rfg = nade, <f2 = 0; 

• Jownal de T Ecole Pot., vol. 18. 
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dyePt-dz€Py^ tM^&iR0{dO)\ 

dziPx - dzcPz = - na* cosO {dOy, 

dxd^y -dyd^x^ a* {dBf j 

hence the equation of the osculating plane is 

(f-«)(nsin^) + (ij-y)(-iicos^) + S-« = 0, or n(fv-naf)f o(t-«) = 0. 

This plane contains the point (0, 0, t\ and therefore the radius of the cylindei 
"whicn passes through the point (x^ y, z), and this radius is the principal normal 

The direction cosines of the binormal will be sin a sin 0, - sina co8(?, 
and cos a, if a«tan'*n be the pitch of the screw. 

The measures of curvature and tortuosity are respectively cos'a/a and 
sine cos a /a. 

644. Tojind the radius of curvature of a curve which ie the intereeetian of 
two surfaces whose equations are given ; and to express it in terms of the radii 
of curvature of the normal sections of the two surfaces and the angle between 
them, the plane of each section containing the tangent to the curve. 

Employing the same notation as in Arts. 629, 630, and 640. 

X= dyd*z - dzd*y « K" (JEdF- FdE) = ;t» { ITn (<^') - 27'!* (0)), 
and if p be the radius of curvature, 

{dsf/p* = X^ + r»+ Z» = *• [( 17» + F«+ TF») {r« («')}• 

-2{UW^ VV + WW) r« (</>) I* (</»') 4 ( I/" f F'* + W) {I* {4>)Y], 

and (rf«)" = *«(2>« + JE:* + i^); 

. 1 _ (CT'-f r'+Tr'){r'(<j,o}«-.. . 

Let ta be the angle between the tangent planes to the surfaces at (x. y, z\\ 
andletP«=£^+F»+Fr^ 

.'. UU'-^VV'-^WWePP'cosw, and 2)« + -B« + i?^ = P«P*8in«w; 

As an example of the use of the preceding formulae, we shall obtain the 
radii of curvature r, r' of the normal sections by replacing the equation of the 
surface </>' = by the equation </>'i = te + my + W2 - p = of a normal plane ; in 
which case, if jD„ J^„ JP\, Tj be the corresponding values of D, JB, J^, r, 
r^' C^'i) = 0, and, since the normal plane contains the tangent to the curve, 

Di:£iiFi = dx:dy:dz^D:£:Fi 
hence, since w = iir^ we obtain from (1) 

1 {T»{4>)Y {T*(i>)l 

, 1 1/11 2cosiii\ 
whence -s = -r-.-f-^i + -i -r- , 

a result which will be obtained in the next chapter by Meunier's theorem. 

645. To find the vertical angle of the osculating cone of a curve. 

Let pOOf qPp, rQ^ be three consecutive planes which become ultimately 
the osculating planes of a curve OPQR: these planes intersect in P. 

Take P as the vertex of a circular cone which touches each of theplases, 
this cone is, in the limit, the osculating cone of the curve at P. Let PMhe its 
axis, op, pq, qr the sections of the three planes made by a plane perpendicular 
to the axis, and /, u the points of contact with pq, qr. 
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Draw tH, ulT perpendicular to the planes pPq^ qQr\ then the angle iHu 
"will be the angle of torsion, and pPq the angle of contingenee, and we shall 
have dT^2qt/Ht and dt = 2qt/Pt ultimately ; therefore, if 2^ be the vertical 
angle of the cone, tan ^ = Ht/ Pt = di / dr ^ v / p, 

646. The rectifying line is the axis of the osculating cane at any 
point of the curve. 

For each of the planes through the tangent lines PQ^ QR 
perpendicular to the osculating planes j^P^, qQr ultimately contains 
the axis PH of the cone. 

647. To find the rate per unit of length at which the angle between 
principal normals increases. 

Let PQy rQRj sR8 be the directions of the sides of a polygon 
wliich are ultimately tangents to a curve. 




In the planes PQr^ rR<t respectively draw QU^ QV perpen- 
dicular to rQR^ sR8y these are ultimately in the direction of 
consecutive principal normals. 

Draw QlI' in the plane rRs^ perpendicular ]to BQr^ so that 

MM 
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UQU' 18 the angle between the consecutive osculating planes =rfr, 
and U'QVis the angle between consecutive tangents =de. 

Let dx be the angle between the lines QU^ QV^ and let these 
lines and QV meet a sphere of radius unity, whose centre is in Qj 
in J7, F, C/', the angle FZ7'Z7is a right angle; therefore, ultimately, 

rZ7'= 7^*+ U'U% or {dxY = {dTY + {(h)\ 

dxids the rate per unit of length of the increase of the angle 
between principal normals is the reciprocal of what we shall call 
the radius of screw ; if k be this radius, «"* = q-"* + p"*. 

It may be noticed that rfT = rf;^cos^ and cfe = rfx8ii^'^» which 
represents that the angular motion round the rectifying line, which 
is normal to the plane UQVj is the resultant of two angular 
motions round the tangent line and the binormal which produce 
the rectification. 

648. To find the angle of contingence, and the element of the are, qf the loeue 
of the centres of curpat^re of a given curve. 




Let QR, R8 be sides of an equilateral polygon which are ultimatelj 
tanf^ents to the given curve; let J^Fhe the intersection of planes perpendicular 
to QR, RS through q, r their middle points \ RV is therefore ultimately a 
tangent to the edge of regression of the polar developable; let RU, CWhe the 
tangents preceding and succeeding R V, 

From q draw qU, y K perpendicular to RU and J? F, join rV, which will be 
perpendicular to RV, and draw rTF perpendicular to Cfr. 

If WV be produced to ii7, UVw and W will ultimately be the angle of 
contingence c/i' and element ds* required. 

Let R be the radius of spherical curvature at q, and <^ the angle which it 
makes with the polar line R U, Since circles can be circumscribed aboMt the 
quadrilaterals RVUq, CWVr, 
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qrU^qBU^<p, and VBU^ VqU^dr, ultimately, 
also rVw^rCiV^rCV^ VCJV=- <t> ^d<t> + dT, ultimately. 
With Fas centre and radius unity describe a sphere, and let q\ /, u, U7 be 
the projections of q, r, Uj W upon it, and draw ux perpendicular to r'w^, then 
^f^^dhf ar* = uj'' = </>, ux-d^co^<p, and aw* = mx' + anr* ultimately; 

By drawing a diameter through V to the circle B VUlq, it is easily seen that 
VU= R sin VBUy and therefore that cte' = Rdr. 

649. To find the radius of spherical curvature. 

If in the figure BVUq^ UM be drawn perpendicalar to QV^ 
FJyr=rfp ultimately; /. (^^^t)' =± (pdr)' + (rfp/ ; 

/. B' = p'' + a^{dplds)% also Rdr cos <l> = VM= dp; 

therefore the distance between the centres of circular and spherical 
curvature = -B cos^ = rfp/dT = crrf/)/cfo. 

650. To find expressions for the radius of curvature qf ike edge of regression 
of the polar developable of a curve. 

These are readily obtained by a method suggested by Routh/ which can 
be explained by the last figure. 

Considering the curve BCD, U and V are the feet of the perpendiculars 
from q on the tangents to the curve ; and substituting the corresponding letters 
in the known plane formulae p + d^p/d^*^ rdr/dp, we obtain two expressions 
for the radius of curvature of the edge of regression, viz. p'\-d^p/dr* and 
RdR/dp. 

From the expression dp/d^ for the distance of the foot of the perpendicular 
from the point of contact, we obtain Rcos<^ = dp/dT, as in Art. 619. 

It will repay the student to read the paPer referred to. 

651. To expand the coordinates of any point of a curve in terms 
of the arCy when the axes of coordinates are the tangent^ principal 
normal^ and binormal at the point from which the arc is measured. 

Let Ox be the tangent at 0, Oy the principal normal, Oz the 
binormal, the planes of yz^ zxy xy being the normal, rectifying, and 
osculating planes, and let s be the distance of a point (x, y, z) 
from Oy measured along the arc. 

Then, at the origin, a;'= 1, y'=0, «'=0 j paj"=0, py"^ 1, p2"=0, 
these (]iuantities being the direction cosines of the tangent and 
principal normal. If a be the angle made by the tangent at 
\xy y, z) with the tangent Ox^ oi = cos a j 

/. a?" = — a'* cosa - a" sina = — p"* ; 

since at 0, da is the angle of contingence, and a = 0. 

Again, if ^ be the angle made by the principal normal at 
[x^y^z) with Ovy py" = cosi8, .-. py" + py = - ^8' sin j8 ; therefore, 
at 0, plp + py" = 0] and if 7 be the angle made by the binormal 
at {xy y, z) with the principal normal at the origin, 

p {z'x — xz") = COS7 ; 

/. p' (« V - aV') + p (?!x' - X?!'') = - 7' sin 7 ; 

* Quaj'terly Journal^ vol, vii. p. 42, 
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hence) at 0, p»'" = 7 8in7 = <r"\ since dy is the angle of torsion: 
therefore, by Maclaurin's theorem, * 

«» _^ 5* dp _ 8^ 

652. Tojind the angle between two consecutive principal normah» 

The direction cosiDes of the principal normal at {x, Vt s)f & pointy near th^ 
origin, are as -s/p i 1 : </o-, and the secant of the angle between this normal 
and that at the origin is V{1 + «*^f''* + *''*)}; therefore, the angle required is 
ultimately *V(p'* + Oj •'• k^ - /j"* -f o""*, where k is the radius of screw, m 
in Art 647. 

653. To find the shortest distance between two consecutive principal normaU 
and its position. . 

The equations of the principal normal at (d;, y, z) are approximately 
- /J ( ^ - x) = « ( n - y ) = «r (S - 2) , 
and its shortest distance from the principal normal at the origin is the perpen- 
dicular distance from the origin of its projection upon the plane of zx, the 
equation of which is /? (£ - «) -i- <r^ - 0, hence the shortest distance is 
ps/^/{p*-^a^ = K8/<r. 

If the line on which the shortest distance lies meet the axis of y at a 
distance r from the origin, the equations of the line will be E/p-^/*^ ^^^ 
ii = r, and this line will intersect the line -/> (f - «) = «»r = o-J ; 

Hence the shortest distance divides the radius of curvature into two segments 
which are in the duplicate ratio of the radii of curvature and torsion. 

654. To find the angle between the rectifying line and the tangent a* 
any point. 

The tangent plane to the rectifying developable at any point contains the 
tangent and binormal, and its normal is the principal normal whose direction 
cosines are in the ratio -«//>:! : «/<r, retaining only the principal terms. 

Therefore the rectifying line is the ultimate intersection of the planes «i = 0, 
and «/>~*(^-2)-i-n-y + «o''^(t-s)-0. Hence the tangent of the angle made 
with the tangent to Uie curve at is ^ / p. 

655. To find the element of the arc cf the locus of the centres of curvature. 

If (^» % i) 1)6 the coordinates of the centre of curvature at (x, y, s), neg- 
lecting ^, -{j^'X) p/s^n-y-{\~z) o I % =,pjr p's^ and the element of the arc- 
is ultimately Vl? + (♦» - />)* + T} = » V{/^ + (/> / ^)% The direction cosines of the 
tangent to the locus are as £ : n - /» : t » : p' i p/v, 

656. To find the axis and pitch of the helix which has the same curvahtrt 
and tortuosity as a curve at a given point. 

Let a be the radius of the cylinder and a the pitch, then, referred to the 
tangent, principal normal, and binormal, the coormnates corresponding to an 
arc s are, by transformation of coordinates, x Bacosasin(«cosa/a) + s8iny 
y sa ~acos(«cosa//]), s = -asinasin(«cosa/a) -t-^sinacosa, and, equating 
these coordinates to those of the curve as far as «*, 

«-«»cos*a/6a»««-«'/6/)«, «*cos«a/2a-«*/2/>-«*/>76/>% 

a* cos'a sin a / 6a* = «•/ 6p<r ; :, a = p COS*a * o- sin a cos o ; 

.-. coso/<r = sina//3 = (/j* + a«)-4 and a = pa* / {p* ■\^ o*) ; 

hence the axis, whose inclination to the binormal is a tan** (/>/») lies along the 
shortest distance between consecutive principal normals* 
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Also, if along a cunre and the osculating helix equal small arcs be measured 
from the point of contact and on the same side of it, the distance between the 
ends of these arcs will be ultimately <*/>'/ Bor*. 

657. Def. The line of greatest slope on a surface is the curve 
which at every point is inclined at a greater angle to a given plane 
than any other line drawn through that point on the sur&ce. 

If the given plane be horizontal, the bed of a shallow brook on 
a hill side will be a line of greatest slope which the water will have 
selected for its course. 

658. To find the equations of the line of greatest slope on a 
given surface. 

Let ^(f , «7, f) = be the equation of the surface, Z, ?w, n the 
direction cosines of the given plane. 

The equation of the tangent plane at any point (a;, y, z) is 

?7(f - a:) + r(i7 - y) + Tr(?- «) = 0. 

The direction cosines of the line in which this plane cuts the given 
plane are proportional to mTF— nF, nU—lW^ IV ^mU. Of all 
the tangent lines drawn through [xy y, z)y that line which has the 
greatest inclination to the given plane is perpendicular to the line 
of intersection. 

Hence the differential equation 

{mW'-nV)dx-\-{nU-lW)dy + {lV''mU)dz=^0, 

with the equation of the surface, determines all the lines of greatest 
elope which can be drawn on the surface, the constant introduced 
in the integration being determined for any particular curve by 
some point through which it passes. 

If the given plane be the plane o^, since Z = 0, 97t = 0, the 
equations of the line of greatest slope will be 

Vdx-- C% = and jP(a?, y, «) = 0, 

perpendicular to the lines of level Udx + Vdy = 0. 

6d9. To find the lines of greatest elope on the cone ox* -f i;y' s es', the plane 
sty being the plane of reference. 

The differential equation is, in this case, hydx - axdy = 0; 

.". h log* - a logy = log C, or a:* = Cg*. 

The lines of greatest slope are the intersection of the cone with the cylinders 
represented by this equation ; and it mKj be observed that no generatmg line, 
except those in the principal planes, is a une of greatest slope, unless the cone 
be a right cone. 

Four-point System. 

660. Equation of a curve of double curvature. 

If py q, r, 8 be the four-point coordinates of any plane, the equation of a 
point is Xp + Mq •¥ Nr -^^ Be = (1), and we have seen, Art. 131, that if 
X, M, Ny R involve one variable t in the first degree, the locus of all the 
points which can be obtained by giving to t values from -oo to +oo is a 
straight line. 
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Let Z, Jf, Nt R be any functions of a single variable t, we^ can show that 
the locus of points corresponding to all values of the variable is a curve line ; 
for, if the locus be cut by any plane, and the coordinates of the plane be 
substituted for />, ^, r, s in the equation of the point, the resulting equation will 
determine a series of values of the variable t^ which will correspond to the 
points in which the locus is intersected by the plane; and, by shifting the 
plane, we obtain a continuous series of such points which form the different 
portions of the curve line, of which (1) may therefore be considered to be 
the equation. 

If X, M^ N, J2 be rational and integral functions of t, not havxng a common 
factor, one at least being of the n^^ degree, any plane will determine n values 
of tf real or imaginary, and therefore meet the curve in n points, hence the 
curve will be of the n^^ degree. 

We may observe that, in order to be sure that the curve is of the n^ degree, 
it must not be possible to make any substitution of a new variable so as U> 
diminish the degree, while the functions remain rational. 

661. If the curve which is the locus of Mq + JVr + J?« = be traced on the 
fundamental plane £CD, every point in the curve which is the locus of (1) 
will lie on a line joining A with a point of this curve, that is, on the surface 
of a cone whose vertex is A and guiding curve Mq + JVr -i- i2« » 0. 

662. If X = a,, + ai« + aa^+..., Jf=6o+^i^ + V+ -t 

and Oof + h^q + c^r + d^s = a'p\ a^p + b^q + c^r + d^s = b*q\ , 

the equation of the curve may be written ap' + b'tq'-\^ c'tY 4- rf'tV +...= 0, 

This reduced e(juation shews that a curve of the first degree is the straight 

line joining the points p' = 0, q'= 0. 

Also that a curve of the second degree is a plane curve, the plane containing 

the three points p'-O, J[' = 0, K = 0. 

Again, by the preceoin^ article, a curve of the third degree, which is not 

necessarily a plane curve, lies on two cones whose vertices are A' and 2X, and 

whose guiding curves are the conies traced on BCiy and A'B'C*, whose 

equations are b'q + c'tf^ + d'tW « and a'pf + b'tq' + c't^r' = 0, which have a 

common generating line A'D\ 

669. To find the eouation of the tangent to a curve. 

Let f[t) ^Lp-^ Mq^ AV + i2» = be the equation of the curve, and let t, 
determine any point i^ in the curve, t^^r s. point Q adjacent to it, whose 
equation will be f{t^ + t) =/(««) + t/' (^J + Jt«/' (t^) +...= 0. 

The straight line whose equation is f(to) + fif (O = is the equation of the 
tangent at P, since, when Q moves up to P and ultimately coincides with it, 
the straight line ultimately passes through Q. 

The distance between adjacent points in the tangent and curve is of the 
order t*, generally, Art, 123. 

If /"(*o) = ^» *'^® distance is of the order t>, and the curve, which in ordinary 
cases lies on the same side of the tangent on each side of the point of contact, 
in this case lies on opposite sides, or there is a point of inflexion in the 
osculating plane. 

The equation /(t^) + fx/' {t^) + J/*"/" (t^) = is the equation of a conic which 
has a contact of the second order. 

A double point occurs when L, JIf, N, J2 retain the same ratio for two 
values of t. 

664. To find the equation qfthe osculating plane at any point of a curve. 

The plane whose equation is /(to) + /nf (t^) + "/"(^o) * is the plane which 
passes through the points /(^^),= 0, /'(Q«0, and /''(^)=0, and therefore 
coincides with the limiting position of the plane which passes through three 
contiguous points of the curve; the equation is therefore the equation required 
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The distance of a point f{t^ f t) = from the osculating plane is ultimately 
c^^/'" (t^, or the curve generally lies on opposite sides of the osculating plane 
in passing through the point of contact. 

Singularities of Curves and Torses. 

665. A. tortuous curve and the torse of which it is the edge 
of regression may be considered in connexion with one another; 
and we may expect that singularities in one will have corresponding 
singularities in the other. Cayley, in Ltoumlle^s Journal^ torn. X., 
and in the Cambridge and Dublin Mathematical Journal^ vol. v., 
and Salmon, in the same place in the latter journal, have investi- 
gated equations among the number of such singularities; and 
Salmon has proceeded to shew how curves of double curvature 
may be classified by the consideration of the number of apparent 
double points in the curves* 

We shall introduce the student to some of the methods employed, 
and leave him to consult the papers referred to, if he desire to 
enter more fully into the subject. 

666. A tortuous curve may be considered as the locus of a 
system of points, or as the envelope of a system of straight lines, 
and the corresponding torse as tne locus of the system of lines, 
or as the envelope of a system of planes. 

We may consider the three systems of points, lines, and planes 
as connected in the following ways. 

i. If the system of points be supposed given, each line of the 
second system joins two consecutive points of the given system, and 
each plane contains three consecutive points of the same system. 

ii. If the system of planes be supposed given, each line of the 
second system is the intersection of two consecutive planes of the 
given system, and each point of the first system is the intersection 
of three consecutive planes of the given system. 

iii. If the system of lines be supposed given, each point of the first 
system is the intersection of two consecutive lines of the given system, 
and each plane contains two consecutive lines of the same system. 

667. The following terms will be employed : 

A line through two points denotes a line joining any two arbitrary 
points of the system of points. 

A line in two planes denotes the line of intersection of any two 
planes of the system of planes. 

A point in two lines is the intersection of any two lines of the 
system of lines which intersect. 

A plane through two lines is the plane containing any two lines 
which intersect. 

A stationary plane is a singular plane which contains four 
consecutive points, or in three consecutive lines, and occurs when 
two consecutive planes coincide. 
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A stationary point is a singular point which lies in four con- 
secative planes, or in three consecutive lines, and occurs wheD two 
consecutive points coincide. 

Any plane not belonging to the system contains a certain 
number of lines in two planes. 

Any point not belonging to the system lies in a certain number 
of lines through two points. 

Any plane contains a certain number o{ points in two lines. 

Any point lies in a certain number o( planes through two lines. 

These four numbers will be denoted by Z, X, p, and nr, respec- 
tively, and the numbers of stationary planes and points by s and a. 

\ is the number of apparent douhU points^ since a line drawn 
from the eye in any position to the points where the curve seems 
to cross itself is a line through two points. 

668. The degree of a curve is the number of points in which 
it intersects an arbitrary plane. 

The class of a curve is the number of osculating planes which 
contain an arbitrary point. 

The degree of the torse of which the curve is the edge of 
regression is the number of points in which it meets an arbitrary 
straight line. 

The class of the torse is the number of tangent planes which 
can be drawn through an arbitrary point. 

The rank of the sjrstem is the number of lines of the system 
which intersect an arbitrary straight line. 

Hence the rank of the system is the same as the degree of the 
surface, and the class of the curve is the same as the class of 
the surface. 

669. Singularities in tortuous curves are by these considerations 
made to depend upon the singularities of plane curves. 

Let a given plane intersect the torse, the plane curve is thus 
connected with the lines and planes of the system as follows. 

Every point of the plane curve is in a line of the system, every 
tangent to the plane curve is the intersection of the cutting plane 
with a plane of the system. 

A straight line in the cutting plane meets the torse in r points, 
if r be the degree of the torse ; therefore the degree of the curve 
of intersection is r. 

A point in the cutting plane lies in n tangent planes to the 
torse if n be the class of tne torse, hence n tangent lines to the 
curve of intersection can be drawn through the point; therefore 
the class of the plane curve is n. 

When the cutting plane has a point in two lines the plane curve 
has a double point, since the curve of intersection may be supposed 
generated by the intersection of lines of the system with the cutting 
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plane, and the generating line in this twice passes through the 
same point. 

When the cutting plane has a line in two planes^ it may be 
seen similarly that the plane curve has a double tangent, since it 
Is the envelope of the intersection of planes of the system with the 
cutting plane. 

At the points in which the cutting plane meets the tortuous 
curve, which is the edge of regression (rf the torse, two lines of the 
system meet the plane curve in the same point, and the plane 
containing the two lines intersects the cutting plane in a tangent 
to the curve, this point is therefore a cusp in the plane curve. 

For every stationary plane, two consecutive planes coincide, and 
therefore two tangents to the plane curve coincide, or there is a 
point of inflexion. 

If m be the degree of the curve of double curvature, the plane 
curve is of the degree r, and of the class n ; it has p double points^ 
I double tangents, m cusps, and a points of inflexion. 

Hence the formulas for plane curves give three independent 
equations amon^ these numbers. 

These formuiss are given by Salmon* in the following forms : 

If /A be the degree of a plane curve, v its class, 8 the number of 
double points, tc of cusps, r of double tangents, i of points of inflexion^ 
V=a|A(/A-l)-.2S-3/C, *-i« = a(i'-A*), 

and 2(r-8) = (i'-A*)(y + M-»); 

whence n = r(r— 1) — 2/7— 3m, 5-«i = 3(n — r)^ 

and 2{l-2^) = (n-r)(n + r-9). 

670. If, instead of considering the system in connexion with 
a plane, which intersects the developable surface in a curve, we 
consider it in connexion with a point, which is made the vertex of 
a conical surface whose guiding curve is the tortuous curve, we 
shall obtain other relations among the number of singularities, 
which can be connected with those of a plane section of the 
conical surface. 

Every plane through the vertex cuts the curve in m points^ 
corresponding to which are m generating lines of the cone ; also 
a plane which cuts the cone meets the curve in m points ; therefore 
the line of intersection of the two planes contains m points on the 
curve, the plane section of the cone is therefore of the n^ degree. 

Again, r tangent lines meet the straight line joining any point 
in the cutting plane with the vertex of the cone, and hence r tangent 
planes to the cone can be drawn through the point in the cutting 
plane; therefore there are r tangents to the plane section, which 
can be drawn through the point, that is, the class of the plane 
section is r. 

* Higher Plane Curvet, Art. 82, Srd edit. 
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The vertex lies in X lines through two points^ hence there are 
X double generating lines of the cone, or X doable points on the 
plane section. 

The vertex lies in -bt planes through two lines^ hence there are 
vr double tangent planes to the cone, and therefore w double 
tangent lines to the plane section. 

Each of the n planes of the system which pass through the 
vertex contains three consecutive points on the edge of regression, 
and therefore corresponds to three generating lines, hence there 
are n points of inflexion of the plane section. 

For every stationary point, two consecutive points coincide; 
therefore the cone has a cuspidal edge, and therefore the number 
of cusps of the plane section is a. 

Hence, the plane section of the cone is of the degree m and of 
the class r ; and it has X double points, «r double tangents, a cusps, 
and n points of inflexion. 

Thus, three more independent equations are obtained, 

r = m(m — l) — 2\- 3o", w - a = 3 (r — w), 
and 2 (tff - X) = (r - wi) (r 4 wi - 9). 

671. As an exercise, the values of fi, v, &c. should be obtained : i. when 
the plane seclion employed in Art. 669 is one of the planes in the system, and 
ii. when the vertex of the cone of Art. 670 is a point of the system. 

i. The plane section becomes two straight lines and a curve whose degree 
is r - 2, and class n-1, and the number of points of inflexion «, whence, by 
the formula of Art. 669, d = j9-2r + 3, K=m-3, t=/-» + 2, which numbers 
should be also accounted for separately, for example, by considering that 
every plane of the system passes through three consecutive points of the 
system, and that every point where the curve part of the section is met by 
the straight part counts for two double points. 

ii. For the section of the cone /i = in-l, v = r-2, « = fi-3, k = 6, 
^sX-wi + 2, T = Br-2r + 8. 

672. If a cone be described whose guiding curve is a given curve of double 
cun-ature, X lines through two points pass through the vertex and determine a 
double side of the cone. 

The two points through which any line through two points passes may be 
either distinct or coincident, as in the case of a multiple point of the curve: 
to an eye placed at the vertex of the cone two different branches will in both 
cases appear to intersect, but will actually intersect only in the latter case ; and 
in the case of intersection the actual intersection will take place for all positions 
of the vertex. The sum of the apparent and actual double points is X. 

Salmon has employed the number of these double points to construct a 
classification of the curves which are the complete or partial intersections of 
two surfaces of given degrees; in which tlie distinctions are made according 
to the number of points in which the surfaces touch, and the nature of the 
contact where they do touch. 
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XLIV. 

(1) The equations of the tangent to the curve of intersection of the surfaces 
aa?" + 6y* + c«* = 1 and bx* + cy* + a«' = 1 are 

ah-c* be -a* ac-b* 
Shew that the tangent line at the point z^y^z lies in the plane 
(a - 6) x + (6 - c)y + (c - a) 8 = 0. 

(2) The equations of a sphere and cylinder being x' + y* + 8"*4a* and 
a" + 2* = 2<m:, prove that the equations of the tangent to the curve of intersection 
at the point ( /, g, h) are (/- a) « + ^ » af and gy -^ax-a (4a -/), and that 
the equation of the normal plane is x/f- y/g = (I - a/f) {z/h-y /g). 

(3) Shew that the equation of the normal plane at any point (/, g, h) on the 
curve defined by the equations x*/a + y*/b + z*/c= 1, x' + y' + z" = rf* is 

za [b - c) /f ^yb{c ' a)/ g ^ zc(a- b)/h^ 0. 

(4) A curve is traced on a right cone so as always to cut the generating 
line at the same angle ; shew that its projection on the plane of the jbase is 
an equiangular spiral. 

(5) Prove that the curve x'/a' + y*/6'= 1, y/z^ tan(«/c) is unicursal, and 
shew that the cosine of the angle between the osculating planes at two points 
in which the curve meets the principal planes of the cylinder is 

a5M(a* + c")(6« + c«)}. 

(6) JP, Q are two near points on a curve, QM is perpendicular to the 
tangent at P, QN to the osculating plane at F\ snew that ultimately 
QN : PQ-PM \: radius of curvature at P : radius of torsion. Shew also 
that the shortest distance between the tangents at P and Q is ultimately iQJff. 

(7) If a curve in space be defined by the equations z = 2a cost, y=>2a sintf 
z » 6^, prove that the radius of circular curvature will be 

2a-no" + ftV)* (a" + 6' + W)A 

(8) When the radius of curvature is a maximum or minimum, the tangent 
locus of the centres of curvature is perpendicular to the radius of 

curvature. 

(9) If p be the radius of curvature of a curve, then that of its projection on 
a plane inclined at an angle a to the osculating plane is pseca if the plane 
be parallel to the tangent, and p cos'a if it be parallel to the principal normaL 



to the 



XLV. 

(1) Shew that the intersection of the surfaces z(z-Yz){x-a) = a^ and 
»(y-*^«) (y "<*) = «' consists of plane curves, and find the equations of the 
normal planes at any point in each of the curves. 

(2) Prove that if every pair of consecutive principal normals to a curve 
intersect, the curve must be plane ; and find /(6) so that the curve, whose 
coordinates are given by z = acos0, y = b BinO, z =f[0), may be plane. 

(3) If a string be unwound from a helix so that the straight portion is 
a tangent to it, shew that any point on the string will describe the involute 
of a circle. 

(4) Prove that the locus of the centres of curvature of a helix is a similar 
helix ; and find the condition that it shall be traced on the same cylinder. 
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(5) Prove that the equation of the polar developable of the helis is 

X cosO + yBin0 + a tan'a » 0, 

where «■ + y* « tan'a {a* tan'a + (e - a^ tana)*}, 

and that its edge of regression is a helix on a cylinder whose radius is a tan'c 

(6) Prove that the angle between the shortest distance of tangents at two 
consecutive points and the binormal at one of them is equal to half the cor- 
responding angle of torsion. 

(7) When the polar surface of a curve is developed into a plane, profe 
that the curve itself degenerates into a point on the plane ; and if r, p be the 
radius vector and perpendicular on tne tangent to the developed edge of 
reffression of the polar surface drawn iirom this point, prove that, p, o- and $ 
referring to the points on the original curve, V( »*-/'') = <*" dp/dt, 

(6) Find the equation of the projection on the plane of 3ty of the lines of 
greatest slope on the surface i = x+ ic\og{x*-{-j^)/a\ the plane of xy being 
horizontal. 



XLVI. 

(1) Prove that the ratio of the radius of curvature of a curve traeed on a 
torse to that of the curve which it becomes when the torse is developed 
into a plane is equal to the cosine of the angle between the tangent plane to 
the torse and the osculating plane of the curve. 

(2) The paraboloid whose equation is ax* -f 5^ = 4s has traced upon it a 
curve, every point of which is the extremity of the latus rectiftn of the parabolic 
section through the axis of z ; shew that the tangent to the curve traces upon 
the plane of xy the curves whose equations are r sin2^ = ± 2 (o - b)\ 

(3) A curve is traced on a sphere of radius a, and cuts all the meridians at 
an angle /3, shew that the radius of curvature at the point whose co-latitude 
and longitude are 0, *P is a sind (sin'0 -i- sin*^ cos*^)'^; test by the cases /3bO 
and /3«i^. 

(4) Prove that a system of helices having the same pitch can be intersected 
orthogonally by another system of helices. 

(^) A point moves on an ellipsoid ax* -¥ ht^ -^ a? ^ I so that its direction of 
motion always passes through the perpendicular from the centre of the ellipsoid 
on the tangent plane at the point ; shew that the curve traced out by the point 
is given by the mtersection of the ellipsoid with the surface a:*-y v-* » const 

(6) Shew that the shortest distance of tangents at the extremities of a small 
arc ^9 of a helix, whose pitch is a and radius of cylinder a, is — ° ** (^)\ 

(7) If a tortuous curve be projected on a plane, the normal to which is 
inclined at angles «, /9 to the tangent and binormal at any point, the curvature 
of the projection will be to that of the curve as cos 7 : sin'a. 

(8) If p'\ »■* be the measures of curvature and tortuosity at any point of 
a curve in space ; p,, tr^ similar quantities at the corresponding point of the locus 
of the centre of spnerical curvature ; then v<r^ » pp^. 

(9) If the measures of cur\'ature and tortuosity of a curve be constant at 
every point, the curve will be a helix traced on a cylinder. 

(10) Prove that the angle between the radius of the osculating sphere and 
the edge of regression of the polar surface is equal to the angle between the 
radius of the osculating circle and the locus of the centre of curvature. 
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XLVII. 

(1} If the osculating plane at every point of a curve pass through a fixed 
point, prove that the curve will be plane. 

Hence prove that the curve of intersection of the surfaces whose equations 
are «* + y" + «• = a* and «* + y* + «* = |a* are circles of radius a. 

(2) A straight line is drawn on a plane, which is then wrapped on a cone; 
shew that the radius of curvature of the curve on the cone varies as the cube 
of the distance from the vertex. 

(3) A curve is drawn on a right circular cylinder, so that its osculating 
plane at any point meets the normal section through the generator at that 
point in a line making a constant angle with the generator; prove that the 
curve will become a parabola when the cylinder is unwrapped. 

(4) In any curve in which the difference between the radii of absolute and 
spherical curvature is constant, the arcs of the loci of the centres of absolute 
and spherical curvature, measured between corresponding points, are equal. 

(5) A circle of radius a is traced on a rectanfi^ular piece of paper, which is 
then folded so as to become a cylinder of radius 6, shew that, if p be the radius 
of curvature at any point of the curve which the circle becomes,- 

/)"■ = a"* + ft"* co8*(«/a,) 
8 being the distaqpe of the point from a certain fixed point of the curve, 
measured along the arc. 

(6) Prove the following equations of the lines of greatest slope on the 
ellipsoid «*/a' + y'/6* + z*/c* = 1, placed in any position, 

fji^^d;^''' ^i^**^-"' ps^*"^'"' 

where ^ is the inclination of the normal to the vertical at the point (a?, y, s) 
and p the perpendicular on the tangent plane at that point. 

(7) A curve is given by a: = 4aco8'^, y = 4a8inV, e»3coos'&, prove that 
it has four cusps. Find the equation of the normal plane at any point, and 
shew that the locus of the centre of the sphere of curvature has also four 
cusps. Find the condition that the locus of the centre of the sphere of 
curvature may be similar to the original curve. 
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CtTRVATURE OF SURFACEa NORMAL SECTIONS. INDICATBIX 

DISTRIBUTION OF NORMALS. SURFACE OF CENTRES. INTEGRAL 

CURVATURE. LINES OF CURVATURE. UMBILICS. 

673. In this chapter we shall examine the curvature of surfaced, 
and explain how the amount of curvature may be estimated. 

If the student will consider the simpler surfaces with which he 
is familiar, such as a sphere, an ellipsoid, or a hjperboloid of one 
sheet, he will have examples of the kind of flexure which may take 
place at an ordinary point of any surface. 

Any point of a sphere or a pole of a prolate or of an oblate 
spheroid is an example of a point of a surface at which the 
curvature is the same for all sections made by planes containing 
the normal at the point. 

Any point of an ellipsoid is an example of a point on a surface 
at which, if a tangent plane be drawn, the surface in the neighbour- 
hood of the point will lie entirely on one side of the tangent plane ; 
such surfaces are called synclastic. 

If a tangent plane be drawn at any point of an hyperboloid 
of one sheet, the surface will intersect the tangent plane, and bend 
from it partly on one side and partly on the other ; such surfaces 
are called anticlastic. 

674. Let two planes be drawn through the same tangent line 
at any point of a sphere, one containing the normal and the other 
inclined at an angle to the normal, the sections made by these 
planes will have their radii in the ratio 1 : cosd. 

This simple relation between the radii of curvature of a normal 
and oblique section, containing the same tangent line, will be 
proved to be true for any surface at an ordinary point. 

The student may for an exercise prove it when the tangent line 
is drawn through the extremitjr of a principal axis of an ellipsoid 
parallel to another principal axis. 

675. Consider next the curvature of the sections of an ellipsoid 
whose centre is 0, made by planes passing through OA^ the 
normal at A an extremity of one of the principal axes ; if AF be 
one of these sections intersecting the principal section BC^ perpca- 
dicular to OAj in P, OP and OA will be its semi-axes, ana its 
radius of curvature at A= OP^jOA] also OB^jOA and OC*iOA 
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win be the radii of curvature at A of the principal sections AB 
and -4(7, and since OJ?, OP, OG are in order of magnitude for all 
positions of OP, we see that, of all the normal sections through J, 
the two sections which have their curvature a maximum and 
minimum have their planes perpendicular to each other. 

This property of normal sections will be found to hold for any 
ordinary point of all surfaces. 

676. If POS=fl, cos*e/OP' + sin'^/00'=OP^; hence, if 
p, p be the radii of curvature of the sections AB^ AC dX A^ and B 
that of the section AP^ cos'^/p + sm^e/p = Br\ 

This relation between the radii of curvature of the normal 
sections of least and greatest curvature, called principal sections, 
and that of any other normal section inclined at an angle to one 
of the principal sections, will also be found to hold for any surface. 

677. These three properties which are true for all surfaces will 
enable us to determine the radii of curvature of all plane sections 
through any point, when those of any two sections, not containing 
the same tangent, are known. 

Normal Sections. 

678. To find the relation between the radii of curvature of sections 
made hy planes containing the normal at any point of a surface. 

Let the surface be referred to the normal at the point as the 
axis of ^, and the tangent plane at as the plane of ocy. 
The values oip and q at the origin vanish, 

/. ;5 = J (raj' + 2sxy + ty^) + &c. 

Let the surface be cut by a plane passing through Oz^ and 
inclined at an angle 9 to the plane of zx ; at every point of this, 
plane let a; = t£cosd, y = wsin6>; 

.-. « = i (r cos'fl + 2« cos,^ sin ^ + « sin'^) u* (1 + e), 

where & vanishes in the limit. 

If £ be the radius of curvature of this section, 

B'^ = limit 2z/ u^ = r cos*^ + 2^ cos 6^md-\-t sin*^. 

The directions of the normal sections of which the curvature is a 
maximum or minimum are given by the equation 

-(r-t) sin 20 + 2s cos2e = 0. 

If a be one solution, the rest will be included in the formula 
\mr-\-aL^ hence the sections of maximum and minimum curvature 
are at right angles. 

These sections are called the principal sections of the surface 
at the point considered. 

If the planes of the principal sections be taken for the planes 
of zx and yz^ a = 0, and therefore 5 == 0, and the expression for the 
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curvatare of any section will become BT^ = r coa'^ + 1 sin*^ ; let 
p^ p' be the radii of curvature of the principal sections, then p"* = r 
and p'"* = ^ .-. ^' = co8''e/p + sin''e/p ; also \( B, R be the radii 
of curvature of any perpendicular normal sections, 

ir + -B"^ = p"' + p'"*. 
These theorems are due to Euler. 

The Indicatrix, 

679. Euler's theorems and other theorems relating to the 
curvature of plane sections of surfaces are deduced with great 
facility by means of a curve called the indicatrix, employed first 
by Dnpin for this purpose. 

Def. The indicatrix at any point P of a surface is the section 
made by a plane parallel to the tangent plane at P and at an 
infinitely small distance from it. 

In cases in which, as in anticlastic surfaces, the eifrve of inter- 
section extends to any finite distance, the name of indicatrix only 
applies to the portions of the curve which are infinitely near to P. 

680. At any ordinary point of a surface the indicatrix is a conic. 
Taking the axes as in Art. 677, the equation of the surface is 

of the form z=^\ {rx* + 28xy + ty') 4 &c., and by transformation of 
axes the term involving x^ may be made to disappear, so that 
2» = ax* + jy + terms of a higher order. 

If the surface be cut by a plane parallel to the tangent plane 
and very near to it, for which is » A, in the neighbourhood of the 
point of contact 2h =• ax' + iv*, the indicatrix is therefore a conic 
whose centre is in the normal. 

681. Pendlebury has noticed* that the indicatriK may be, at particular 
points of some surfaces, of any form, and the number (^ directions of principal 
curvature for such points may be any number, in fact, equal to the number of 
apses in the indicatrix. He ffives as an example a surface ^-l-y'-az^Cy/z} 
generated by a parabola reyolving round its axis, its latus rectum increasing or 
decreasing with the angle through which its plane has revolved; such surface 
would look like a paraboloid with ridges and furrows radiating from the vertex. 

682. The radius of curvature of a normal section of a surface 
varies as the square of the corresponding central radius of the 
indicatrix. 

Let CP be the central radius of the indicatrix which lies in the 
plane of any normal section whose radius of curvature at is £ ; 
then 2fl = limit CP'/ 00 (see fig. page 283); therefore, since OC 
is constant for all normal sections, i2 x CP'. 

Hence all theorems in central conies which can be expressed by 
equations homogeneous in terms of the radii and axes, can be 
replaced by corresponding theorems in curvature. Euler's theorems 

• MeMtMgtr qf McUhcmaticSj voL I. p. 148, 
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follow at once ; if B, i? be radii of curvature of normal sections 
inclined to a principal section of a surface at angles &, ff^ such that 
tandtan^s-pYp, we obtain from known properties of conies 
the relations R^E^p^-p and BE sin"(6r - e) = pp. 

683. Wben tbe indicatrix is an ellipse, the surface is synclastic 
at the point considered. 

At a point of a surface for which the indicatrix is a circle 
the curvatures of all sections made by planes containing the normal 
are equal. Such points are umbilics. 

Wben the form of the indicatrix is hyperbolic, the surface is 
anticlastic at the point considered ; in tbis case the radii of curvature 
of normal sections containing the asymptotes are infinite, such 
sections pass through the inflexional tangents, and their directions 
are given by tan'^ = p7p» Pi 9 being the absolute values of the 
radii of curvature. 

In order to deduce theorems from geonaetrical properties of the 
hyperbola, it may be necessary to suppose two inaicatrices, one on 
each side of the tangent plane at equal distances from it. 

\i p —p and E be the radius of curvature of a normal section 
inclined at an angle ^ to a principal section, £ cos 2^ = p. 

When the form is parabolic, the part of the section which is 
called the indicatrix is two parallel lines which become ultimatelji 
as in the case of a developable surface, two coincident lines. 

Such points are called parabolic pointSj sometimes also cylindrical 
points. 

684. As an example of a parabolic point, take a point of the cone 
x*/a' + y*/6' = 8*/c*, at a distance / from the tertel in the generator a?/a = «/tf ; 
transform the axes so that the normal at this point is the axis of s, and the 
generator the axis oiz, the resulting equation of the cone is 

&«y»ac/26*-M:-8«(c""a»)/2ac; 
let 2 » A and a = e tana, then y* = 21/h {x -vl-h oot2a)/ac, the section by a plane 
parallel to the tangent plane is therefore a parabola, the distance of whose 
vertex from the normal at the point considered is /-A cot 2a, and since this 
remains finite, when h is made indefinitely small, the degeneration into two 
nearly coincident parallel lines in the neighbourhood of the point is explained. 
The finite principal radius of currature is 6'// ac. 

685. The intersection of two consecutive tangent planes and the 
line joining the points of contact are parallel to conjugate diameters 
of the indicatrix. 

Let (7P, CD bp conjugate semi-diameters of tbe indieatrix for 
the point of a surface } since the tangent plane to the surface at 
P contains the tangent to the indicatrix at P^ its intersection with 
the tangent plane at is parallel to (7Z>, and proceeding to the 
limit, when 0(7 vanishes, the proposition follows. 

Def. Tangent lines at any point of a surface drawn parallel to 
conjugate diameters of the indicatrix, are called conjugate tangents. 

OO 
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Cor. It follows from this property of consecutive tane^ent 
planes, that if a torse envelope any surface the directions of the 
generating lines at any point of the curve of contact are conjugate 
to the tangents to the curve. 

686. To find the relation between the radii of curvature of a 
normal and an oblique section of a surface made by planes passing 
through the same tangent line. 

Let the tangent line through which the planes are taken be the 
axis of x^ and let be the inclination of the planes of the oblique 
and normal sections through Ox. 

The equation of the indicatrix is of the form 2A=aa;*+2cxy + Jy*, 
and where the oblique section cuts the indicatrix y = h tan 6^ therefore 
xy and y* vanish compared with x^ ; hence the radius of curvature 
of the obliaue section at is the limit of x^j2h seed, and if JB, R 
be the raaii of curvature of the normal and oblique sections 
^=a JS^cosd; this is Meunier's theorem. 

687. Besant* gives the following elegant proof of Meunier's 
theorem : take a normal and an oblique section at any point of a 
surface, the two curves of section having the same tangent line, and 
therefore having two consecutive points in common. In each of 
the curves take a third consecutive point and describe a sphere 
through the four contiguous points ; the sections of the sphere by 
the two planes are evidently the circles of curvature of the normal 
and oblique sections, and the theorem follows immediately. 

688. Radius of curvature of the curve of intersection of two 
surfaces. 

Let p be the radius of curvature of the curve at any point P, 
r, / those of the normal sections of the surfaces made by planes 
containing the tangent at P; let o) be the angle between the planes, 
and <^, o) — the angles between the osculating plane of the curve 
at P and the two normal planes. 

Now the curvature of the curve is the same as that of the section 
of either surface by the osculating plane, since they have three 
consecutive points in common, and by Meunier's theorem, 

r~* = p"* cos <^, and / '* = p'^ cos (cd — ^) = r"* cos <o 4 p~* sin o) sin ^ ; 

/. p~' sin*© = r"* - 2r"V"* cos o> + /"", as in Art. 644. . 

689. In order to see how a surface bends ia different directions, 
starting from a given point, we ought to have a clear notion of 
the manner in which the normals at points adjacent to the given 
point are directed. 

The indicatrix affords a satisfactory explanation of the mode 
of distribution. 

♦ QmH. Jour, of Math., vol. vi. p. UO. 
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690. Normals at consecutive points intersect^ when taken along 
the directions of greatest and least curvature^ and not generally when 
taken in any other direction. 

Let P be any point of the indicatrix for the point 0, CD a 
semi-diameter conjugate to CP, PT a tangent at P, PF perpen- 
dicular to CD. 

Since the normal P8' to the surface at P is perpendicular to the 
tangent PT^ PF is its projection on the plane of the indicatrix. 
Hence the normal P8^ cannot intersect the normal at unless CF 
vanish, which is the case only when P is at one of the extremities 
of either axis of the indicatrix ; that is, when P is in one of the 
principal sections. 

The same kind of argument shews that, in particular cases 
where the indicatrix is not a conic, the normals still intersect 
whenever the tangent at P is perpendicular to CP. 

691. TFhen normals at consecutive points do not intersect, to Jind the 
direction^ and magnitude of the shortest distance between them. 

Let SS* be the shortest distance of ihe normals OS^ PS'; CF is its 
projection on the plane of the indicatrix, the shortest distance is therefore in 
the direction of the diampter conjugate to CP. 

Also, CF*= CP* - PF* and PF.CB ^CA.CB; therefore, if R, R' be the 
radii of curvature of the sections OP, OD, and p, p those of the principal 
sections, SS"*^ CF*= CP^^l- pp' / RR), Art. 682, 

where R' = p^-p-R= (cos'(^ p'/p^ sinV p/p) /?, Art. 678 ; 
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692. To find the point of nearest approach of a normal eoneeetUive to a 
given nonnai. 

Draw S'H, FG perpendicular to the normal plane SOP, then Pff is the 

projeclion of PS' on that plane; the tangent PU to the normal section is 

perpendicular to PS* and S'H, and therefore to PIf, and M, the intersection 

of PH and OS, is ultimately the centre of curvature of the normal section OP. 

Then CS: CBiiPGiCPi: PF* ; CP"; 

/. OS or CS : B ;: pp' : RP! ultimately; 

hence OS is ultimately = pp'/R', and OS'^ = R (cos"^ //»• + %in*0/f/*). 

693. To find the angle between consecutive normals. 
The angle between the normals at O and P is ultimately 

PF PF PF CP CP CP CP //-R A 
S'F" CS^ R ' PQ' R '' PF" R yKpp'l 

= CP y/(COB*0/p* 4 Bin*e/p'*). 

694. We leave to the student the calculation of the shortest distance and 
its position from the equation of the normal at the point whose coordinates are 
r cos^, r sin^, ir*/R, viz. 

/D (f - r co80)/r 008^ = p'(n-r BinB)/r sin^=» - 1 -i- JrV-fi- 
The expression for the shortest distance will be found to be 
r%in6coa6{p'^ '- p'^) 
V(^'*co8*^ t /)'"" sin'^) ' 

69«i. All the normals to a surface in the neighbourhood of a point eonvergs 
to or diverge from two focal lines at right angles to one another. 

The equation of the surface being 2J = l*/p + n^/ p' + &c., the equations of a 
normal at (r oos^, rsin^, it* / R) are, neglecting r*, 

p{Jc~r co60)/r cos^ = p' (v-r sin^)/r sind « - J, 
when n = 0,l = p*, and when S = 0,l = p, hence all normals in the neighbourhood 
of O intersect two focal lines, each of which passes through the centre of 
curvature of one of the principal normal sections and is perpendicular to the 
plane of that section. This theorem is due to Sturm, 

696. Certain properties of the principal radii of curvature may 
be conveniently investigated by considering the angle between the 
two inflexional tangents. In these directions three consecutive 
points lie in a straight line, and the radius of curvature of a normal 
section through either of these tangents is therefore infinite. 
Henoe, if be the angle which one of these tangents makes with 
the tangent to a section of principal curvature, we shall have 
= cos'5/p + sin'5/p', p, p' being the algebraic magnitudes of 
the radii of principal curvature. Thus, for points at which the 
radii of principal curvature are equal in magnitude and opposite 
in sign, we shall have tan'ds^I, and the tangents to the curve of 
intersection will therefore also be at right angles. 

697. As an example of this method we shall take the following: 

To proTe that at every point where the surface « (a:" + y* + «*) » 2a (x* 4 y«) 
meets the plane « = 0, the radii of curvature will be equal in magnituae, and 
of opposite signs. This, by what has been said, will be true if we can prove 
that the two straight lines, drawn through any such point, to meet the surface 
in three consecutive points, are at right angles to each other. 
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Let (C-a)/Xe (ii-y)/^» (5 -«)/» = r be a straight line which meets the 
surface in three consecutive points ; the equation determining r is 

(a + Xr) (z + w)« «{a-\r) {(a + Xrf + (y + ftrf], 

which must have its three roots equal to zero ; the conditions of which are 

«• a a* + y*, y'X - ay/i + azv « 0, and 2z\» + av* = - a\* + afi* - 2yX/t, 

I which becomes («X -\-aif)* = (a/i - y\)* = vWff/y^\ 

.-. y«X/i' = a(-y±g) and yi/4/v = a*±y«, 

hence, if (Xi, /ii, ir^) (X,, ^ y,) be the directions of the inflexional tangents, 

XiX, + fi^fj^ + I'll', = i^iVa {a" (y* - «•) + a«}/yV = 0. 

698. In conDexion with the curvature of surfaces, the most 
important lines which can be traced on a surface are lines of 
curvature. 

Def. 1. A Line of Curvature is a curve traced upon a surface, 
such that the tangent to the curve at any point is also a tangent to 
one of the principal normal sections of the surface at that point. 

Since there are two principal normal sections at every point, 
whose planes are at right angles, there will be two lines of curvature 
through every ordinary point, crossing one another at right angles. 

Def. 2. A line of curvature is a curve traced on a surface, such 
that the normals to the surface at any two consecutive points of the 
curve intersect each other. 

That the curves given by these definitions are identical, is shewn 
in Art. 690. 

699. Lines of curvature of a surface o/ revolution. 

Let PQ be an arc of the generating curve, and POO^ QHO 
normals to the curve at P and Q^ intersecting the axis of revolution 
in O^ H, When the plane of the curve turns round the axis GH^ 
let PQ come into the position P'Qf^ then the normals to the surface 
at P and P' intersect in (?, also those at P and Q intersect in ; 
therefore the meridians and the circular sections are lines of curvature. 

700. To find the osculating plane of a line of curvature at any 
point of a surface. 

Let PQ^ PR be small arcs of lines of curvature drawn through 
P a point in the surface, RS^ QS lines of curvature through 5, Q 
respectively; and let PfiTff , QH'G^ RHj ST be normals to the 
surface at P, G, R^ Sj so that Pfl, QH' are ultimately the radii of 
curvature of the principal normal sections PR, QSj and PQ that of 
PQ ; let these be -B', -a + dR^ and iZ, then dR is the increment of 
K due to a change ds along the principal section PQ, 

The tangent to PR at P is perpendicular to the plane PH\ and 
therefore to SH\ and the tangent at R is, for a similar reason, 
perpendicular to HH\ which is therefore parallel to the binorraal to 
the line PB at P, and determines the osculating plane POR. 
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Let 4> ^0 ^h^ inclination of the osculating^ plane of PR to the 
principal normal section ; draw H'N perpendicular to P(?, 

then tan 



,. HN y HN PQ 
:lim.^y^=hm.-p^.^^: 



da 'R--R' 

Cor. In the case of a surface of revolution, since R is the same 
for ail points in the circular line of curvature supposed to correspond 
to JS, dRIds^Oj and the osculating plane coincides with the 
meridian plane. 

Surface of Centres. 

701. Def. The surface of centres is the locus of the centres of 
principal curvature for everj point of a surface. 

702. Let Z, U be two lines of curvature passing thronerb the 
point P of the surface 8^ and let Q, R be points on Z and U adja- 
cent to P; then QG and RG\ normals to o at Q and jB, intersect 
the normal at P in C, C" which are ultimately the centres of curva- 
ture of the normal sections touching L and L' respectively, and the 
planes GPQ^ G'PR are at right angles. 

Normals drawn at every point of L form a torse whose edge of 
regression GE\% the locus of the centres of curvature of all normal 
sections of 8 touching L^ these normal planes being tangent planes 
to the torse. 

If an infinite number of lines of curvature of the same system as 
L be traced on the surface, the corresponding edges such as CE^ DF 
will form a sheet of the surface of centres, and a second sheet will 
be formed by edges G'E^ UW corresponding to the lines of the 
system L\ Call these sheets 2 and ^ • 
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Every normal of S such as PG'G^ SUD touches each sheet ; the 
t^o normals PO, QG each touch 2^ and since G does not lie on 2^^ 
PGQ is a tangent plane to 2', similarly PG'R is a tangent plane 
to 2. Andy since these two planes are at right angles, the two sheets 
would appear to cut one another at right angles to an eye situated 
in a normal and looking along the normal towards both sheets. 

703. The two real sheets of the surface of centres for a surface 
of revolution are the surface generated by the evolute of the 
generating curve, and the portion of the axis from which normals 
can be drawn to the generating curve. 

Lines of Gurvature common to two Surfaces. 

704. When the curve of intersection of two surfaces is a line of 
curvature on eaeh^ the two surfaces cut one another at a constant angle. 

Let FQR8 in the figure of page 251 be ultimately the line of 
curvature common to two surfaces 8^ S' ; and let pa^ qa be normals 
to the surface 5, which, since they intersect, must intersect in the 
polar line a UAj perpendicular to the osculating plane p Uq ; similarly 
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qah^ rh^ normals at q and r, intersect in the polar line J F perpendicular 
to the consecutive osculating plane, and brV=^hqV^aqU-\'UqV. 
Let a\ V be corresponding points for the surface S' ; 

hence, normals to 8 and S' at consecutive points q^ r are inclined at 
the same angle, therefore the surfaces cut one another througbout 
at a constant angle. 

In a similar manner it can be shewn that if tioo surfaces cut one 
another at a constant angle^ and their curve of intersection be a line 
of curvature on one surface^ it will be a line of curvature an the 
other also* 

Cor. If a line of curvature be a plane curve, its plane will cut 
the surface at a constant angle. 

705. The analytical proof giren by Bertrand is very simple. 
Let P, Q be consecutive paints on the curve of intersection of 
surfaces Sy 8' ; a;, y, « and a: + dxy y-\-dy^z-^dz their coordinates ; 
?, 7n, n and 2", m\ n' the direct ion^K^osines of the normals at P to 
8 and 8\ 

If the curve be a line of curvature on /S, the normals at P, Q 
will intersect ; .*. a;- Zp = a5 + (ia?— (Z + rfOpj 

.\ dlldx^dmldt/ = dnldz=:p^, (1) 

Since PQ is perpendicular to both normals, 

Idx + mdy-^ndz^Oj and tdx + m'dy + n'dz^O. (2) 
i. If the curve be a line of curvature on both surfaces, 
IdV ^mdm' + ndn = 0, and I'dl + m'dm + n'dn = 0, by (I) and (2) ; 

A d {IV + mm' + nn).^ 0, 
or the cosine of the angle between the normals is constant. 

li. If the curve be a line of curvature on 8^ and the surfaces 
cut one another at a constant angle, 

Vdl-^m'dm-^-n'dn^O^ and rf(Zr4«im' + wn') =0; 
/. IdV-^-mdm' + ndn'^^Oy also ^dV + m'dm' + n'dn' = 0; 
therefore, by (2), dVfdx^^dm'Idy^dn/dz^ the condition that the 
curve should be a line of curvature on 8\ 

706. Whm three series o/ swfaces cut one another orthogcmally^ 
the curve of intersection of any two of them is a line of curvature 
on each. 

Let the origin be a point of Intersection of three surfaces, one 
of each series, and the tangents to their lines of intersection the 
axes. The equations of the three surfaces may then be written 
a? + ay* + 2byz + cz^ +. . .= 0, (1) 

y + aV + 26'«a; + cV +...= 0, ^ (2) 

K + a'V + 2V'ity + cY +. . .= 0. (3) 



MEASURE OF CURVATURE. 289 

At a consecutive point on the curve of intersection of (2) and (3) 
we have y = 0jZ=0jX=x\ and the equations of the tangent planes 
are, ultimately, 

2cVaj + y 4 2 J ViS = 0, 2a' Va; + 2 J'Vy + « = 0, 

and since these also are at right angles, 4a''cV* + 26'V + 26V = 0, 
or, ultimately, b' + V' = 0] similarly, y' + J = 0, i + y = 0, which 
can only be satisfied by J = 0, J' = 0, b'' = 0, and therefore the axes 
are tangents to the lines of curvature on each surface. 

Hence, the tangent lines, at any point of intersection of the three 
surfaces, to their curves of intersection, are tangents to the lines of 
curvature of the three surfaces through that point, and, consequently, 
their curves of intersection must coincide with the lines of curvature. 
This is Dupin's Theorem. A proof is given by Cayley,* which puts 
in evidence the geometrical ground on which the theorem rests. 

Integral cmd Specific Curvature. 

707. Gauss gives the following definition of the Integral Cur- 
vature of a finite portion of a surface. 

Dep. The Integral Curvature of any given portion of a curved 
surface is the area enclosed on a spherical surface of unit radius by 
a cone whose vertex is the centre, and whose generating lines are 
parallel to the normals to the surface at every point of the boundary 
of the given portion. 

Horogravh The curve traced out on the sphere as described 
above is caUed the Twrogrcmh of the given portion of the surface. 

Average Curvature. Tne average curvature of any portion of a 
curved surface is the integral curvature divided by the area of the 
portion. 

Specific Curvature. The specific curvature of a curved surface 
at any point is the average curvature of an infinitely small area in- 
cluding the point. This is the measure of curvature which was 
shewn by Gauss to be the reciprocal of the product of the two 
principal radii of curvature at the point considered. 

708. To shew that the reciprocal of the product of the principal 
radii of curvature at any point of a surface is a proper measure 
of the curvature at that point 

Let an elementary area QR8 be described including the point P 
of a surface, and let a series of lines of curvature divide this area 
into sub-elementary portions, such as pqrs^ and let p^, p/^ be the 
principal radii of curvature at p in the directions pq^ ps^ tne horo- 
graph for pqrs will be a small rectangle whose sides are pq/pi and 
pslp(^ and area ^^pqfsjp^p^. 

But if p, p' be the principal radii of curvature at P, 

♦ Quarterly Journal^ yoL Xli. p. 185, 

PP 
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where e vanishes la the limit ; therefore the specific curvature 




This expression is independent of the form of the elementary portion 
including Pj and is analogous to the measure of curvature in plane 
curves, the solid angle of the cone corresponding to the angle be- 
tween the normals to a plane curve at the extremities of the soiall 
arc on which a point of the curve lies. 

709. To determine the radius of curvature of the normal section 
of a surface through a given tangent line at a given point in tenns of 
the coordinates. 

Let the equation of the surface be JP(f , i;, f ) = ; and let (a;, y, ar) 
be the given point P, (X, /i, v) the direction of the given tangent ; 
also let [x -h aa?, y + ^y, « + dz) be a consecutive point Q taken in 
the normal section, so that ultimately dx \ dy \ dz = \ \ ii i v. 

Then, if QR be perpendicular to the tangent plane, R the radius 
of curvature of the normal section will be the limit of iPQ*/ QR. 

The equation of the tangent plane is 

/. QR^±{Udx+ Vdy+ Wdz)IP, if P«= TP+ F'+ TP; 
but, Q being a point on the surface, 

J7da;+ Fe/y+ Wdz-\-ii{u{dxY-^...-\-2u'dydz+...]=.0^ 
neglecting terms of degrees higher than the second ; 

. j>_AdxY'^[dyr'\-{dzy}P 
"^ "^ 2{Udx+Vdy-^Wdz) 

Since Z7X+ F/i+ Wv = Q and X* + /a" + i/* = 1, the problem of 
finding the directions of the principal sections and the magnitude 
of the principal radii of curvature is the same as that of finding the 
direction and magnitude of the principal axes of the section of the 
conicoid, ttx'+...+2M'y«+...= l, made oy the plane Uz-\- P^ + Wz^O. 
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710. To determtne the principal normal sectionsj and the radii of 
principal curvature at any point of a surface^ in terms of the co^ 
ordinatea of the point. 

The radius of curvature of a normal section containing the tan- 
gent whose direction-cosines are \, /a, v is given bj 

p 
»\' + V + w}^ + 2m>i' + 2uVX+ 2 m/X;* "" 5 (^' "*■ A**+ O =^) (1) 

where Z7\ + F/» + TTv = 0, (2) 

and when R is given, the corresponding tangent lines are the lines 
of intersection of the cone and plane represented b^ these equations, 
\, /A, V being considered current coordinates. When £ is a maxi- 
mum or minimum these directions coincide, and the plane is a 
tangent plane of the cone ; hence the directions of the principal 
sections are given bj 

= {v'\ + tt> + («?-o")i'l/Tr, where <7 = P/5, 
which, by the equation Z7\+ T^+ JFv=0, leads to 

?7'{(t;-a-)(w-<7)-w''}+...+ 2FTr{t?V-t*'(tt-<7)}-l....=:0. (3) 

This equation gives the values of the principal radii of curvature, 
and the values of X : ft : v, corresponding to each root, are given by 
the preceding system of equations. 

711. To find an expression for the specific curvature at any 
point of a surface. 

The product of the roots of (3) is 

jp (yM7 - O +...+ 2 VW{v'vf - W) +... 

s= ( JT* + F* + TP) X specific curvature. 

Since the specific curvature vanishes at every point of a develop- 
able surface, the numerator equated to zero is the condition that a 
surface should be developable. 

712. We cannot help calling attention to another form of the quadratic 
giving the principal radii, which was set in an examination paper for Clare and 
Caius Colleges in 1873. • 

Since 2VWti»= im- V*n*- TTV, &c., the expression for P/R can be 
put into the form A\* + -B/t" + Cu\ where ^ = t* + ( ITu' - Ft/ - Ww') U/ VW, &c. 

Construct the conicoid Ap + JBi?' + C? = P, having its centre at the point 
(^» Vi s) of the surface, the directions of the axes of the section made by the 
plane CT^ + F*; + W^ = are the directions of the tangents to the principal 
sections of the surface, and the corresponding values of K will be the squares 
of the semi-axes of the section ; hence, by Art. 237 or 260, 

TP/{AR'P)^ F'/(J?fi-.P)+ Tr"/(aR-P)»0, 

a quadratic giTing p, p the principal radii of curyature. 



292 UMBILICS. 

Also the direction cosines of the tangents to the lines of cnrrature are as 
U/{AR-P) : r/{BR-P) : W/(CB-P), 
where p, p' are to be written for R, 

713. To determine the conditions satisfied at an umhilic. 

At an umbilic B retains a constant value for all directions (X, >x, v) 
satisfying the two conditions (1) and (2), Art. 710. Hence, at an 
umbilic the cone (1) must break up into two planes, one of which 
is the tangent plane (2). 

The left-hand member of equation (2) must therefore be a factor 
of the left-hand member of (1), and the other factor will therefore 
be \ (w - cr) / U+ fi [v ^ <r) I V + y {w " <r) I W'j multiplying the two, 
and equating coefficients, 

(w^<r) VIW+{V'-<r)Wir=2u\ 

(u- a-) TT/ Z7 + [to- a-) Ul JF=2t?', 

which, on eliminating cr, lead to the two conditions 



Vu+lPv^2UVto' 



(!)• 



These two equations, together with the equation of the surface, will, 
in general, determine a definite number of points, among which are 
included all the umbilics. It may happen that a common factor 
exists, so that the three equations are satisfied by the coordinates of 
any point lying on a certain curve. Such a curve is called a line 
of sphericat curvature. 

It should also be observed that 17, F, W have been assumed to 
be Jlnite in the foregoing investigation. Should one of them, say 
Uj vanish, we must have in the same manner F/^ + PFv a factor, and 
must therefore have {u - cr) X" -\-...-\-2u'fiv +... 

E{Vfji,+ Wv) {k\ + {v^ a) fil V-^ {W''c)vl W] identically; 

this gives three equations, and eliminating a- and kj 

Fv'=lFtt?', 2m' =(«-«) W/V-^^iw-u) VjW, 

which with 17= 0, and the equation of the surface, give four rela- 
tions between the coordinates, unless v' and v/ are identically zero, 
and these will not, in general, be simultaneously true of any point 
on the surface. 

714. The conditions (1) for an umbilic are obtained by the 
method of Art. 712, from the consideration that the section of the 
conicoid must be circular, whence, when 27, F, W are finite, it follows 
that^ = jB=a 
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7 Iff. 2b d$termin€ th$ nuniber of umbUicB on a vwrfaee of the n^^ degree. 

"Writing the equations for an umbilic P/ P*- Q/ Q = R/ R, the degree of 
P'^ Q, R will be 2 rn - 1), and of P, Q, R will be 3n - 4. The degree of the 
surfaces QR' - QR = 0, RF - BfP = is therefore 6n - 6, and the degree of 
their curve of intersection is (5« - 6)". But the curve i2 = 0, JJ' e= is part of 
their intersection, and does not lie on the surface PQ - P'Q = Q, The degree 
of the curve P/P=^ Q/Q^R/R is therefore 

(5n- 6)«- 2 (n - l)(3n- 4) = 19n*-46« + 28; 

but this curve includes three curves similar to 

cr=o, TrH?+r«tr-2rjrtt'=(r"f Tr")t*, 

which do not meet the surface in umbilics, and the degree of this curve is 
(„_l)(3«-4). 

Hence the degree of the curve, which meets the surface in umbilics only is 

19n«-46n + 28-3(n-l)(3n-4)=10»«-25n + 16. 
The whole number of real and impossible umbilics is therefore 
n(10n"-26n + 16). 

Thus in a conicoid the number is 12, four in each of the principal planes; 
hut, if the conicoid be a ruled surface, none will be real, and in the other cases 
only one system will be real. 

There can never be real umbilics on a ruled surface of any degree whatever, 
siace every point of a ruled surface is either parabolic or hyperbolic. 

716. To find the differential equation of the lines of curvature^ 
and the principal radii of curvature at any point. 

Let (f , ?;, f) be the point of intersection of normals at consecutive 
points (a:, y , z) and (x + dx^ y + dy^ z-\' dz) ; 

in which equations ^, 17, ^ are unaltered when x + dx is written 
for a?, &c., and f = «+ CTir"*, V=!/+ ^^'^i ?=«+ Wa'^] 

.-. = (Zx 4 a'^dU" Ua^da^ = dy + a^d F- Va^dtr^ 

and = (& + <7"*dTr- Wa^da] 

dx, dU, U 

therefore rfy, dV^ V =0, 

dz, dW^ W 

which is one of the differential equations of the lines of curvature, 
the other being Udx + Vdy + Wdz = 0. 

Expanding dU^dV^dW, and eliminating dx, dy^ dz^ and d<T, 

vf, V— cr, u\ V 
v\ u\ t(7 — <r, W 

u, f; w, 

The coefficient of U^ is - (v - g) (m? - o-) + «"", and that of VW 
is ii'(tt- a)-t?'M?', whence we obtain the quadratic given in Art. 710. 



= 0. 
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717. The foregoing equations for determining the principal curratures 
undergo a considerable simplification, if the equation of the surface be of the 
form <t>i M + 0, (y) + <^j («) = 0. 

We snail then haye u\ v', vf all zero ; the equation giving the length of the 
radius of curvature of any normal section, the direction of whose tangent line 
is (X, /A, y), will be Pi2''*=iiXVv/A'+ «'<''; the quadratic equation for the principal 
radii of curvature will be 

and the differential equation of the lines of curvature will be 

V{p'w)dydi^ r(w-ti)<fccte+ W^u-v^dxdy^^S. (1) 

The conditions for an umbilic in this case reduce to ti =0=11? when TJ^ V, W 
are finite, but since this is the exceptional case mentioned in Art. 713, in which 
u't v', and vff vanish identically, there are other umbilics which are given by 
U^O and (v-u) W^^{w-u) F* = 0, and similar equations when F=0 and 
Wb 0. The whole number of umbilics is therefore, as before, 

n {(n - 2)" + 3 (n - 1) (3f» - 4)} = n (10»« - 26n + 16). 

718. To obtain the differential equation of the lines ofcurvaturej 
and to find the centres and radii of principal curvature when the 
equation of the surface gives one of the coordinates explicitly in terms 
^the other two. 

Let the equation of the surface be 5'=y(f, 17), and let P, Q 
be consecutive points on a line of curvature whose coordinates are 
Xj y, Zj and oj+da?, y+dy^ z-^dz. then the normals at P, Q intersect ; 
and if (f , 1;, ^) be their point 01 intersection, 

f-»+i?(r-«) = 0, and i7-y + ?(?-«) = 0, (1) 

but 1, 17, ^ remain the same when x + dx^y + dy^z + dzs^re written 
for Xjy^z] therefore 

dpiX'-z^^dx+pdZj and dq(X^ z) = dy -{- qdz] (2) 

rdx + sdy __ dx ^p (pdx + qdy} ^ 

sdx -^tdy"^ dy-\-q {pdx + qdy) ' 

.-. [(\+^s--pqt]{dyy-^{(\Jtq')r^(\^f)t}dxdy 

^[i\^f)s^pqr]{dxy^O, (3) 

which is the dI£Perential equation of the projection of the lines o^ 
curvature on the plane of xy. 

Let p be the radius of curvature of the principal section through i 
PQ, hence by (1) p* = (1 + JP* +2*) (« - ?)*) therefore, writing in (2) 
a for « - f or p (1 +p* + j*)"*, 

(rdx + sdy)a'\' dx+p{pdX'\-qdy)^Q'j 

,\ (ra + 1 +/>*) dx + (sa -Vpq) dy = 0, 

and similarly (io- + 1 + }*) dy + {sa +pq) dx = 0; 

.-. (r<r + 1 +/) (^o- + 1 + 2*) - (sa -{-pq)' = 0, 

or (rt-t^)a\+{(i-^q')r'^2pqs + (l-]-p')t}a+l+p' + ^^0. ' 
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Cob. The reciprocal of the specific curvature is 

which is infinite for a developable surface. 

719. To find iJie umhtlics of the surface z =y(a?, y). 

Since the normals at points passing in any direction from an 
nmbilic intersect the normal at the umbilic, neglecting small 
quantities of the third order in dx and dy^ the equation (3) must 
be true independently of the value of dy : dx^ and this condition 
is satisfied by (l+jp*)/»'=p?/»=(l+J*)/^> which, with the equation 
of the surface, determine the umbilics. 

Curvature of Conicaids. 

720. To find the radii of principal curvature at any point 
of a central conicoid. 

Let P be any point on the conicoid, supposed in the figure to 
be an ellipsoid, PCP' the diameter through P, GL the radius 
parallel to the tangent at P to any normal section whose radius 




of curvature is required, PQL the central section having the same 
tangent. Let a plane be drawn through a point Q near P parallel 
to the tangent plane at P, meeting CP in F, and let p, zr be the 
perpendiculars on the tangent plane from G and Q, so that 
w : p :: VP: GP. The radius of curvature of the normal section 
is the limit of PC^j^m or QV^I^vr, and 
QVi GL':: PV.VP' : GP':: w. VP' :p.GP^ 2isr : p ultimately, 
hence the radius of curvature = GL'/p. 

If a, iS be the semi-axes of the central section parallel to the 
tangent plane, a'/o and fi^/p will be the principal radii of curvature, 
which we shall call p and /> . 

721. To find the coordinates of the centre of curvature. 
Let the equation of the conicoid be x*/a+yV* + ^*/^™^» (0 
and let (/, g^ h) be the point P, then f , ^, ^j the coordinates of tho 
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centre of cnrrature corresponding to p, satisfy the equations 

.•.?=/(!-«'/«), ,=^(l-a7J), r=A(l-aVc), 

and by Art. 296, if the eqaations of confocal conicoids through P 
be x'ja' + jfiV-^z'Ic'^l and a;Ya" + yVJ'' + «Vc"=l, a' and /S« 
are respectively a- a" and a — a] therefore thc^ centres of cur- 
vature are (jd'lay gV'jb, hc'^jc) and (Ja'la, gVjh, Mjc). 

722. If three confocal conicoids -4, 5, (7 intersect in P, t^e 
cen^e* of principal curvature of A at F are the poles with respect to 
B and U of the tangent plane to A at P. 

Let the three conicoids A^ P, and C be 

intersectmg in (/, g^ A). 

The coordinates of the centre of curvature of the normal 
section containing the tangent to the intersection of A and B 
are fa'^ja^ 9^"l^j hc^'jc^ and its polar, with respect to C7, is 
fxja-\-^y]h-\-hzic= 1, the tangent plane to A at P. 

Similarly for the other centre of principal curvature. This 
proposition is due to Salmon. 

723. The curve of intersection of two confocal conicoids is a 
line of curvature an each. 

Let FT be a tangent at P to the curve of intersection of two 
confocals S and S'j FN^ FN' normals at P to 5 and 5'; and 
suppose a central section of S made by a plane parallel to the 
tangent plane N'FTj and therefore to the indicatrix to S at P. 
Now it is shewn, Art. 296, that FN' is parallel to one axis of this 
section, therefore FT is parallel to the other axis; hence, the 
tangent to the curve of intersection of 8 and 8' at any point is 
parallel to an axis of the indicatrix of either surface at that point, 
and the curve is a line of curvature. 

724. At any point in a line of curvature of a conicoid^ the 
rectangle contained by the diameter parallel to the tangent at that 
point and the perpendicular from the centre on the tangent plane 
at the point is constant. 

Let the line of curvature on the conicoid 8 be the curve of 
intersection with 8\ and let FT be a tangent to it at any 
point P, and PN", FN' normals to 8 and 8" at P; then, if a, /8 be 
the semi-axes of the central section parallel to N'FT^ the tangent 

?lane to 8, which are jjarallel respectively to PTand PjST, it is shewn, 
!or., Art. 296, that 13 is constant, and, if p be the perpendicular from 
the centre on the tangent plane, pal3 is constant, therefore pa is 
constant. 
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725. The following proof is independent of the properties of 
confocal surfaces. 

Let P, Q be consecutive points on a line of curvature, the 
corresponding centre of curvature, p the radius of curvature, p the 
perpendicular on the tangent plane, a, /3 the semi-axes of the central 
section parallel to the tangent plane, a being parallel to PQj and let 
CP=^rj then by the triangle OCF 

0(7' = />' + r"-2/>p, 
and since, for a change from P to Q, both and are unchanged 
in position and p is unaltered, rdr = pdp. But, by Art. 277, 

a' + i8' + r' = a' + J' + c*, ai8p«aJc; 

:.ada + l3dfi + rdr = 0^ and e?a/a + dl8/i8 + rfjp/p = 0; 

multiplying the last equation by a' or pp^ and subtracting the 
preceding, we obtain (a* - /8') J^ = ; therefore /3 is constant, 

I unless a = 13 J which is true only at an umbilic, therefore pa is also 

I constant. 

726. To shetjo that the curves of intersection of a given conicoid 
with all confocal conicoids which intersect it satisfy the differential 
equations of a line of curvature. 

Let the equation of the surface be 7?ja-\-jflh'\-z^lc='\^ (1) 
then for the curve of intersection with the confocal 

xdxja + ydi/lb + zdzjc = 0, (3) 

and xdxl(a-\'k)+ydtfl(b-i-k) + zdzl(c-{-k)=0] 

:, a(a-hk) (h -c)jxdx = h (J+4) {c—a)lydy = c{c'\-lc) {a—h^jzdz ; 

but subtracting (2) from (1) a7a(a+A)+y7J(J+A) + «7c(o+*)=0; 

.-. x(b''c)ldx-\'y(c-a)ldy-^z(a-'h)ldz = Oj 

\ and this is one differential equation of a line of curvature, see (1) 
Art. 717, the other being (3). 

The two equations (1) and (2) involving an arbitrary constant k 
are therefore the complete integrals of the differential equations of 
the lines of curvature. 

Having given any one point (x% v', z^^ we shall have the 
quadratic equation x'Ja (a + k)-{'y'*lb(b + k)^ z'^fc (c + A) = for 
determining k^ and to each value we shall have a corresponding 
I line of curvature passing through the point (a?', y', »'). 

727. To find the lines of curvature of a central conicoid from 
the differential equation of their projections on a principal plane. 

The differential equation of the projections of the lines of 
curvature on the plane of xy may be obtained either by eliminatuig 
dz from the equations xdz/a + ydylb-^ zdzlc = 

and 0? (6 - c) dydz-^-yic - a) dzdx -i z^a-^b) dxdy = 0, 

QQ 

i 



298 LINES OF CURVATURE OP CONICOIDS. 

or, by (3) Art, 718, the equation is 

ay (dyf (b - c)/ J + {(a - c) x^ja + (c - ft)y /& + 6 - «} dxdy 

+ a:y (<&)" (c -a)la^ 0. (1) 

Multiply by Aaiyjab^ and assume a5'/a = w, y'/& = w; therefore 
(& - c) M (rfw)' + { (a - c) M + (c - ft) u + J - a} c? M (Zi? + (c - a) » (<f m)' = 0, 
or {{ft — c) (?« — (c — a) <Zm} (wrfv — ve?t*) + (i — a) c?i*£Zt? = 0. (2) 
If we assume t? = a + a^w +.. + au' +..., 

t^v - vdu = (— a 4 a,u* + 2a3ti' +...) rfu, 
hence the equation (2) cannot be identically satisfied unless a,, o^... 
are all zero, and substituting a + a^u for v, 

{(i-c)a,-(c-a)}(-a) + (&-a)a, = 0. (3) 

The solution t? = a + a,tt is therefore the complete solution, since 
it involves one arbitrary constant in the second degree. 

The projections of the lines of curvature are therefore conies 
of the form x^ la' +y'IV^lj where J' = Ja, a'aj-haa = 0, bo that, 
dividing (3) by a„ 

a'(a-c)/a + i'(c-&)/i + ft-a = 0. (4) 

It can be shewn from this relation between the axes, or directly 
from the singular solution of the differential equation (1), that the 
system of conies is enveloped by the four straight lines whose 
projections are x V{(« — c) /<*} ± y V{(<J — *) /ft} = ± V(« — ft) J also? 
that each of these four straight lines is the projection of a generating 
line containing three umbikcs real or imaginary. 

The projections of the intersection of the two confocals (1) and 
(2) of Art. 726 are a'(a-c)/a(a + At)+y'(ft-c)/ft(ft + *)=:l, the 
axes of which satisfy the conditions (4), and the solutions agree. 

Another solution is given in Boole's Diff. Eq.y p. 135, Ex. 3. 

728. Lines of curvature of the paraboloids. 

Let ^z^-x^ja + y^jh (1) be the equation of a paraboloid; the 
differential equation of the projections of the lines of curvature 
on the plane of a^ is, by (3) Art. 718, 

axy {dyf + {(a - ft) aft + fta* — ay*} dxdy — hxy {dxf = 0, 
the solution of which may be obtained as in Art. 727, viz. 
a?7«' + y7^ = ^ (2), where a , V are connected by the equation 
a7a-ft7ft + a-ft = 0. 
The equation of a paraboloid, confocal with (1), is 
2« + A = ic"/(a + A;) + y7(ft + A), 
and of the projection of the curve of intersection 

aj'/a (a + A) +y7ft (ft + A;) + 1 = 0, 
which is one of the system of conies (2). 
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729. The di£Perential equation of the lines of curvature of a 
hyperbolic paraboloid, whose equation is az=^ xy^ is 

and the lines of curvature are the intersections of the paraboloid 
and hyperbolic cylinders, whose equations are 

y-2(7ay4x» = a*(C"-l), 

the positive and negative values of G determining the two systems 
of lines. 

lAnea of Gurvature through an Vmhilic. 

730. To skew that there are three directions passing from an umbilie in 
zohich the normals at the consecutive points intersect. 

If the axis of s be a normal at an umbilie, the equation of the surface is of 
the form S = « (? + n^) + Ws (1 + e). where u, is of the third degree in £ and tit 
and c vanishes in the limit ; the equations of a normal at {x, y, z) are 

f-« + (2a« + iw,/(ir)(J-«) = 0, ti-y+(2ay + rffi,/rfy)a-«) = 0; 

but if this normal meet that at the umbilie, the equations are satisfied by £ = 0; 
«i=0; ..'. xdu^/dy-ydu^/dx^O, which gives the three directions in which 
the point (x, y, z) must be taken. 

731. Tojind the three directions for which normals to a conicoid intersect the 
normal at an umbUic, 

Let a^+ftn'+c^*"! (1) be the conicoid, (a, 0, 7) the umbilie, {a^\r, /»r, f^^vr) 
a point adjacent to it in liie direction (X, /a, v), the equations of the two normals 
are 

, \ — : = — T — = . , ana = , ^ = u s 

a (a + \r) b/MT c (7 + w) aa 07 

one condition that they may intersect is /ti s 0, and therefore one direction is 
that of the principal section containing the umbilie ; for the other conditions 

^'ae:'Kr-^a-\^\r) a/b and J - 7 = w - (7 + 1^) c/6 ; 

.'. C7 {b'a)\ = aa(b- c) », 

but aV/(6 - a) = cV/(c - 6), /. aa\ + C7i» = 0, (2) 

and, by (1), a{a^- \r)» + 6^V + c (7 + vr)« = 1 j (3) 

.-. aX« + V + ci^ = 0; (4) 

(2) and (4) give the two other directions for which the normals intersect; and, 
since (3) is satisfied for all values of r, they are the directions of the imaginary 
generatrices throuf^h the umbilie. Since the argument is independent of the 
magnitude of r, it is true that all the normals at points along one of the umbilical 
generatrices intersect, and they have therefore this character of lines of curvature ; 
but Cayley has remarked in a note on a paper upon " the direction of lines of 
curvature in the neighbourhood of an umbilie,"* that they are the envelopes 
of the lines of curvature, and belong to the singular solution of the difiierential 
equation of these lines, as stated in Art. 727. 

We may observe also that since (5 - a) \" = (e - b) ir*, 

/. aV + 6A*' + ci^=»J(^" + /i" + 0; .'. X' + /t« + v" - by (4), 

which shews that these generatrices pass through the imaginary circle at infinity. 

♦ Frost, QuaH, Joum, of MaJth.^ vol x. p. 78, and Cayley, ibid. p. 111. 
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732. In the note referred to above, Cayley remarks that since, at an umbilici 
dy/dx is determined by a cubic equation, there are generally three direction 
of the line of curvature, which may arise from three distinct curves, or from U 
curve with a triple point at the umbilic ; and, referring to a pa{>er by Serret,*| 
he states that the lines of curvature on the surface xyz := 1 are its intersectioa 
with the series of surfaces A = («■ + wy* + wV)^ + («" + wy + wii?)*, (1), wher«| 
V is an imaginary cube root of unity ; now at the umbilic (1, 1, 1), corresponding! 
to which A s 0, 

or =w(«» + a;y + ««*), or =w'(a:*+itfy+ftrt^)j /. /=«*, or a;*=/, or «*=ar*; 
hence, throifgh the umbilic (1, 1, 1) three distinct lines of curvature pass, 
viz. the curves y = «, ay" = l; a: = y, ac*=l; and a = jr, y«" = 1. 

733. To shew that (I) of the last article is one of the equations of the lines 
of curvature of aryz = 1, we have 

xdydz {f^'7?)^ydzdx («"-x") + zdxdy («■ - y*) »^- 
Multiply by xy%, and let «■ =/», y* = y, aP = r j 

•'• p(q-r)dqdr-\-q{r'p)drdp^r{p-'q)dpdq^Q. (1) 

Again, if A » (^ + wy + wV)^ + (p + «"y 4 «y»")^f 

{dp + wdq + w^drf (p + wj + ft>V) - (dp + tv^dq + ludr)" (p + w'j + wr) = 0. 
The coefficient of (dp)" + 2dqdr = (w - «") \q - r), 

(dj)«+2drdp=(«u-i.>»)(r-p), 

(dr/,+ 2dpdy = (w-a;«)(p-y), 

and dp/p-vdq/q^dr/r^Qf ,\ -{dpY^dpdqp/q-\^dpdrp/r\ 
:. (-dpdqp/q-dpdrp/r'¥2dqdr){q-r)+...= 0, 
in which the coefficient of dqdr = 2{q-r)-{r -p) q/r'-(p-q)r/q 
= 9-r+p(y/r-r/^)=p(j-r)(p-» + 9-» + r-»j5 

hence, the curve of intersection is a line of curvature. 



XLVIII. 

(1) A surface is generated by the revolution of a parabola abont its 
directrix ; shew that one principal radius of curvature at any point is double 
the other. 

(2) If at any point of a surface iZ, J2' be radii of curvature of normal 
sections at right angles to each other, and p, p* be principal radii of curvature, 
the sections corresponding to R and p being inclined at an angle a, prove that 

JJ-l cos'a - Jf "* 6in"a = p** COS 2a. 

(3) The principal radii of curvature at the points of the surface 
aV = «?(«■ + y*), where x = y = «, are given by the equation 2^" + 2 v^3ap - da* = 0. 

(4) If be the inclination of any tangent to that of the principal section 
of least curvature, and ^ the inclination of a section through this tangent to 
the corresponding normal section such that the curvature is equal to that of 
the other principal section, p^ p' being the radii of curvature of the two principal 
sections, prove that 2p sin" J^ = (p - p') cos'^. 



♦ Lxouv, Joum., t, 12 (1847), pp. 241—254, 
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(5) If p, />' be the principal radii of curTatore at a point of a surface, prove 
that with the notation of Art 710 

(6) Shew that the projection, on the plane of xy, of the indicatrix at any 
point of the surface s » (e*' + er*) oosx is a rectangular hyperbola. 

(7) Prove that the radius of curvature of the surface a* + y * + «■•= a* at an 
umbilic is 3««» a/(m-l). 

(8) Prove that the specific curvature at dvery point of the elliptic paraboloid 
2z = «"/a + y*/6, where it is cut by the cylinder ar/a" + y'/J' = 1, is {iaby\ 

(9) The integral curvatures of the portions of the ellipsoid «•/«*+ yVft*+«Vc*= 1 
cut off by the cone s^/a* + //ft* = t^/c* are in the ratio of ^2 - 1 to V2 + 1. 

(10) A series of central sections of an ellipsoid are taken such that one 
axis of the section is constant, and planes parallel to these touch the ellipsoid, 
prove that the points of contact lie on a line of curvature. 



xux. 

(1) Prove that the principal curvatures are eaual and opposite at points in 
the surface x* (y - 2) + apz » where it is met by the cone («* + 6ys) yz^(y- z)\ 

(2) If Pf p be the principal radii of curvature at any point of an ellipsoid 
on its line of intersection with a given concentric sphere, prove that the 
expression pp /(p-^pY will be invariable. 

(3) At any point of the curve of contact of a cylinder circumscribed to a 
surface, the product of the radius of curvature of the right section of the 
cylinder and the radius of curvature of the normal section of the surface drawn 
through the generator of the cylinder, is equal to the product of the principal 
radii of curvature of the surface at the point. 

(4) Shew that a sphere whose centre is the origin, and the reciprocal of 
whose radius is a +6 + c touches the surface whose equation is (ax)l -i^ {hy)\-^(ct)\ - 1 
at an umbilic. 

(5) Prove that the specific curvature at any point of an ellipsoid is propor- 
tional iop*,p being the perpendicular from the centre on the tangent plane. 

(6) Shew that the integral curvature of the whole surface 

(a:« + y«)/a«-««/c«=l is 4flr{l -c/V(a» + c«)}. 

(7) The planes drawn through the centre of an ellipsoid, parallel to the 
tangent planes at points along a line of curvature, envelope a cone which 
intersects the ellipsoid in a sphero-conic. 

(8) On an umbilical conicoid, the projections of the lines of curvature on 
the planes of circular section, by lines parallel to an axis, form a series of 
confocal conies, the foci of which are the projections of the umbilics. 
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(9) In the heliooid, whose e(]^uation is y ^ x tSLu(z / a), the lines of eurratare 
are the intersections of the helicoid with the surfaces represented by the equation 
2 V(a?* + y*) = o sinh {(z -^c)/a] ,for different values of c. 

Also, prove that the principal radii of curvature are, at every point in the 
intersection of the helicoid with a coaxial cylinder, constant and equal in 
magnitude, but of opposite signs. 

(10) A helix is drawn on a cylinder, and the surface which has this cnrre 
as its edge of regression is cut by a coaxial cylinder. Prove that the principal 
radii of curvature of the surface at all points of the curve of section are equal. 



L. 

(1) A series of conicoids, oj:* + Sy* -f ca^ » 1, is drawn through a fixed point 
(a, p, 7) ; shew that the locus of the centres of principal curvature at the fixed 
point is the surface ayz (x - a)* + fizx (y - /3)* + 7xy (2 - 7)* == 0. 

(2) If a surface have contact of the second order at (x, y, z) with the conicold 

ax*-\^ln^-^cs^i- Idyz + 26'«: + 2c'xy + 1a"x + 26"y + 2«"» +/= 0, 
then r"' (a + <y' + 26';?) = »"» {cqp + dp + h'q^ + c') ^i'^{fi\etf\ 2«'j). 

j[3) Deduce the conditions for an umbilicus from the equation giving the 
radu of curvature, by making the roots of the equation equal. 

(4) Prove that the specific curvature at any point of the paraboloid 
y*/h^z*/e^x varies as (p/»)\ p being the perpendicular from the centre on 
fhe tangent plane. 

(5) If a plane curve be given by the equations 

«/a = cos^ + logtanJ^, y/a = Bin9, 

the surface produced by the revolution of this curve about the axis of x will 
have its specific curvature constant. 

(6) Shew that the integral curvature of the portion of a surface of revolution 
cut off by two planes perpendicular to the axis is 2^ (cos/3 -cosa), where a, fi 
are the angles which the normals to the sur^Eice at any points on the curres 
of intersection of the planes and surface make with the axis. 

(7) A cone of revolution circumscribes an ellipsoid, prove that the plane 
of contact divides the elb'psoid into two nortions whose integral curvatures ave 
29r (1 ± sin a), where 2a is the vertical angle of the cone. 

(8) If one series of lines of curvature on a surface be plane curves, lying in 
parallel planes, the other series will also be plane curves. 

(9) Prove that the three surfaces yz = oar, V(*' + y*) + VC** + «^ = J, 
V(^* + y*) - V(*' + «*) ■ ^> intersect each other always at right angles ; and hence 
prove that, on a hyperbolic paraboloid whose principal sections are equal 
.parabolas, the sum or the difference of the distances of any point on a line of 
curvature from the two generators through the vertex is constant. 

(10) Prove that, if the normals drawn at the points where a straight line 
meets a conicoid intersect, those drawn at the points where the same line meets 
any confocal conicoid will also intersect. Hence shew that four lines can be 
drawn from any point to touch the lines of curvature on a given conicoid. 
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LI. 

(1) The normal at each point of a principal section of an ellipsoid is 
intersected by the normal at a consecutive point not on the principal section ; 
shew that the locus of the point of intersection is an ellipse having four (real 
or imaginary) contacts with the evolute of the principal section. 

(2) The points of the surface xyt = a (yz ■\' zx ^ xy), at which the principal 
vAfnrAft are equal and opposite, lie on the cone 

«• (y + ») + y* (« + *) + «* (« + y) = 0. 

(3) K the product of the principal radii of curvature of a surface of 
revolution be constant and equal to or, prove that p*a"* + 6"y"*a 1, where p is 
the radios of curvature of the generating curve, y the distance from the axis, 
and b some constant Prove also that, if the generating curve cut the axis at 
right angles, the surface will be a sphere. 

(4) A surface is generated by the motion of a straight line which always 
intersects the axis of «, prove that the radii of curvature at any point on the 
axis of X are cot^0dx/d^ and - taxi 10 dx/d^lf^ x being the distance of the 

; point from the origin, the angle which the corresponding generator makes 
I with the axis of «, and 4^ that which its projection upon the plane of ys makes 
I with the axis ofy. 

(5) Prove that the specific curvature at a point on a right conoid, whose 
equation in cylindrical coordinates r, 0, z is «=/(^)i " -{/'(^)}V[»^+{/'(^)}^'• 
(6) Shew that the specific curvature at any point on the surface xyz = abe, 

varies as the fourth power of the perpendicular from the origin on Uie tangent 
plane at the point, and that at an umoilic it is i {abcyi, 

(7) If any cylinder circumscribe an ellipsoid, it will divide the ellipsoid into 
portions whose integral curvatures are equal. Hence, if three cylinders circum- 
scribe an ellipsoid, tne integral curvature of the portion of the ellipsoid cut off 
is 7r- POQ - QOR - ROP, where O is the centre, and OF, OQ, OR are the 
directions of the axes of the cylinders. 

(8) Find the umbilic of the surface ax*+ 6y* + cs* = **, and shew that, at the 
iimbilic, ax^hy^ez, the directions of the three lines of curvature are given by 
the equations tidx = bdy, hdy - cdz, and cdz « adx respectively. 

(9) Tangent planes are drawn to a series of con focal conicoids from a fixed 
point on one of the axes, the locns of the points of contact is a surface ; prove 
that three such surfaces corresponding to three points one on each axis cut 
one another orthogonally ; also that part of the curves of intersection are circles. 

(10) Shew that the line which separates the synclastic from the antidastic 
parts of a surface is not generally a line of curvature, and that dong it the 
inflexional tangents coincide. 



LII. 

(1) The only surface of revolution, such that the curvatures of the principal 
sections at every point are equal and opposite^ is that produced by the revolution 
of a catenary about its directrix. 

(2) A plane curve is wrapped upon a developable surface. If p be the 
radius of curvature of the plane curve at any point, p' the corresponding radius 
of curvature of the curve upon the surface, R the corresponding principal 
radius of curvature of the surface, and the anele at which Uie curve intersects 
the generator of the surface, R* 6m*0 = p"* - p'K 
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(3) A surface is generated by the motion of a Tariable circle which alwaTV 
intersects the axis of x, and is parallel to the plane of yz. If r be the radius of 
the circle at a point on the axis of x, and the inclination of the diameter 
through that point to the axis of z, prove that the principal radii of curvature 
at the point are given by the equation /jV +p" (/» - r) = 0, where p is the value 
o{dx/d0 at the point 

(4) A surface is generated by a straight line which always intersects a| 
given circle, and the straight line through the centre of the circle normal to its 
plane, prove that the principal radii of curvature of the surface, at any point on 
the circle, are given by the equation p* (dO/d^y -i- ap cos^ - a* = 0, a being the 
radius of the circle, the angle which the generator at the point makes with 
the fixed line, and ^ the angle which the radius of the circle through the point 
makes with a fixed radius. 

(5) Two surfaces touch each other at the point P ; if the principal curvatures 
of the first surface at P be denoted bv a ± 5, those of the second by a' ± &' ; and 
if w be the angle between the principal planes to which a 4 &, a' + 6' belong, 
the angle between the two branches at P of the curve of intersection of the 
surfaces, shew that (5* - 2hh' cos2« + 6") cos*^ = (a - a'/. 

(6) In a surface, generated as in (4), if V^slogtan^d, the measure of 
curvature will be the same at corresponding points on the fixed line, and on 
the circle. 

(7) Through any point of the hyperboloid ar* + y* - «• = o* two generators are 
drawn; shew that the integral curvature of the surface bounded by these 
generators and the plane of xy is - sin"* {A"/ (a* + A*)}, where A is the distance 
of the point from that plane. 

(8) Find the differential equations of the first order of surfaces possessing 
the property that the projections, on a fixed plane, of their lines of curvature 
cross each other everywhere at right angles. Prove that they are satisfied by 
surfaces of revolution whose axes are perpendicular to the fixed plane* 

(9) ^ Prove that the surface of centres of the helicoid, whose equation is 
s a md in cylindrical coordinates, will be found by eliminating w between 

r* = -in'8ec2ft;, ss|m tan2fi; + m(d-ft}). 

(10) Through a given generator of a hyperboloid a variable plane is drawn ; 
this will touch the hyperboloid at one point A^ and contain abnormal at another 
point B\ prove that Uie sum of the square roots of the specific cmrvatures at 
A and at ^ is constant for all positions of the plane. 



CHAPTER XXIIL 



GfEODlSIC LINES. 



734. Geodemc lines are among tbe most interesting lines which 
can be drawn on a surface, and they have long occapied the attention 
of mathematicians. The principal theorems connected with these 
lines contained in this Chapter are due to Cayley^ Chasles, Gauss. 
Hart, Jacobi, Joaehimstbal, lAouville| Boberts (M. and W), ana 
Salmon. 

When a string passes through small rings at two points on a 
smooth sphere, and is then stretched tight, it is easily seen that it must 
lie on a great circle of the sphere, the reason being that the resultant 
of the tensions at the extremity of any element of the string will 
then be balanced by the reaction of the surface. Moreover, when 
it occupies the smaller arc of the circle it will be in a position of 
stable equilibrium, since if slightly disturbed it would return to the 
original position ; whereas, if it occupied the larger arc, it would, 
on being displaced, slide along the surface of the sphere until it 
assumed the position of the smaller arc ; the eqnilibnum would in 
this latter case be unstable. If the two rings were at opposite ends 
of a diameter tbe equilibriirai would be neutral. 

Any great circle is a geodesic line on a sphere, and the idea 
involved in this illustration may be generalised by either of the 
following definitions, which are so closely connected that it is 
indifferent which is considered to be the better description of the 
geodesic lines on a surface, since, when one is accepted, the property 
involved in the other is almost obvious. 

735. Def. 1. A geodesic line on a surface is a line whose 
osculating plane at any point contains the normal to tbe surface at 
that point. 

Def. 2. A geodesic line on a surface is a line along which, if an 
inelastic string were placed, it would be in equilibrium when strained 
by forces applied in the direction of the tangents at any two points 
of the line ; the surface being supposed smooth. 

This definition includes the cases both of stable and unstable equilibrium 
mentioned aboye, tvhich may occur on any surface. 

From either definition it follows that a proposition similar to Euclid I, 
prop. 11, Cor. about straight lines holds also vitn respect to geodesic lines on 
a surface. 

736. The connecting link between the two definitions is obtained 
by considering that an element of a strained string on a smooth 
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surface is id equiUbrium when the resultant of the equal tensions 
at the extremities of the element is balanced by the reaction of the 
surface, thus the two tangents must be in the same plane with the 
normal to the surface, and the first definition follows from the 
second ; and vice versa if we reverse the argument. 

Unless specially mentioned we shall suppose that a geodesic i& 
described by the first definition. 

737. A geodesic line has also been defined as the line of maximum or 
minimum length which can be drawn between two points on a surface, but this 
is not exact enough for a definition ; for take the case of a great circle of a 
sphere APBQA^ in which APB is the smaller arc, then if BQ be less than 
half the circumference, BQ would be a minimum line between B and Q, 
therefore some line BRQ would be greater than BQ, and BRQA would be 
greater than BQA, so that it is hard to say in what sense the larger arc is a 
maximum. 

The following definition which, as well as the first, is independent of 
mechanical considerations, sufficiently expresses the properties of a geodesic. 

Bef. 3. A geodesic line is a curve such that its arc between any two neigh- 
bouring points is shorter than the arc of any other curve on the surface joinmg 
the two points. 

The connection between this and the first definition is easily established, as 
follows, by the use of Meunier's theorem. 

738. The line of minimum length between two points on a surface^ 
measured along the surface^ is a geodesic line. 

The curvature of any curve on a surface is the same at any 
point as that of the section of the surface made by the osculating 
plane at that point, since the two curves will have three coincident 
points. Also, of all sections having a common tangent line, the 
normal section is that whose curvature is the least, by Meunier*s 
theorem, Art. 686 ; hence any infinitesimal arc of the proposed line 
being manifestly the shortest possible between its extremities, the 
osculating plane roust contain the normal to the surface, and so the 
line must be a geodesic, Def. 1. 

739. The particular case, that the line of minimum length joining two 
points on a torse is a geodesic line, can be shewn by considering that, if the 
torse be developed into a plane, the minimum line must be the straight line 
joining the two points. In the figure on page 202 let ABC...K be the polygon 
which in the limit becomes the minimum line joining A and K\ since on 
development this becomes a straight line, two consecutive sides EF^ FG must 
be inclined at equal angles to the line Ff, Hence a straight line, drawn 
through F perpendicular to the line If in the plane bisecting the angle 
between the planes EF/, OF/, will manifestly lie in the plane EFO, and bisect 
the angle EFO. This line will be in the limit the normal to the surface, and 
the plane EFO will be the osculating plane of the curve AB,..K at the 
point F; therefore, by Def. 1, the curve is a geodesic. 

A similar proof could be given of the general proposition with respect to 
any surface, but we prefer the proof by Meunier's theorem given in the last 
article. 

740. Differential equations of geodesic lines on a sur/hce. 

By the first definition the principal normal of a geodesic line at 



GEODESIC LINES. 307 

any point of a surface coincides with the normal to the surface at 
that point, hence, if F (x^ j, 5) = be the equation of the surface, 
using the notation of Arts. 461 and 634, x/U=y"J V=z"l W (I). 

One integral of these equations is, of course, F (a;, y, z) = 0, and 
if another can be found it will involve two constants, which can be 
determined so as to make the line pass through any two points on 
the surface, or to satisfy any two conditions consistent with its 
nature. 

The form of the equations connecting the constants of integration 
with the coordinates of two proposed points may be such that many 
values can be given to the constants, to each of which will correspond 
a geodesic through the given points; examples of this will be given 
when the surfaces are right circular cylinders and cones. 

When the equation of the surface is given in the form z =/ (x, y) 
the fundamental equations (1) of a geodesic assume the forms 
x" -{-pz" = 0, y + qz" = 0. 

741. If a geodesic be either a plane curve or a line of curvature 
it will be both ; but a plane line of curvature is not necessarily a 
geodesic, 

i. Along a plane geodesic consecutive normals to the surface 
intersect, which is the fuudaraental property of a line of curvature. 

The case of a generator on a scroll is an exception, for although 
it is a geodesic and plane it is not a line of curvature. 

li. In a geodesic line of curvature take -4, -B, 6', D any four 
consecutive points ; since these are in a line of curvature the normals 
at B^ G intersect in some point 0, and since they are in a geodesic 
line ABCy the osculating plane at B contains BOj therefore A lies 
in the plane BGO\ similarly D lies in the same plane. Thus, the 
whole curve lies in one plane. 

iii. A plane line of curvature is not necessarily a geodesic, as in 
the case of a circular section of a surface of revolution, Art. 699. 

742. The student should prove I. and ii. analytically by consider- 
ing that. If (?, m, w) be the direction of the normal at a point (a?, y, z)^ 
and l ^dlfds^ &c. for a geodesic x"ll==y"/m = z"lnj Art. 740, for 
a line of curvature z /I' = y fm ^z jn'^ (1) Art. 705, and for a plane 



curve 



^\y\ 
^\ y"\ 



= 0, Art. 627. 



743. If a series of lines qf curvature he geodesies, they will all be repetitions 
of the same plane curve. 

Let one of these lines of curvature, which have been shewn to be plane 
curves, lie in the plane xOi/, and let Oy be the intersection of this plane with 
the plane l^Oy containing a consecutive line of the same system. Let a line of 
curvature of the other system cut these two curves in P, Q, then PJR, the 
projectioQ of PQ on the plane xOg, is a normal to tlie surface being the 
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principal normal of the plane line of currature in xOy, and thus the corre PQ 
cuts toe plane xOy at right angles, and PE is ultimately of the order Q^. 

If x,y and (, n be the eoordinates of P and Q in their respectiye planes, 
f - « and n-y will be of the order of PE, and therefore of the square of the 
angle X 05 between the planes; hence the plane lines of curvature are plane 
curres equal in all respects, and by giving the angle between the planes 
fiuccessive increments, so small that the squares may be neglected, the reault 
follows. 

744. If tangetU$ to a geodetic make constant anglee with a fired Une^ the 
normals to the surface along it will be al%oays perpendicular to that line. 

Let (/, m« fi) be the airection of the given line, {x, y, t) a point of the 
geodesic, then h^ ■¥ vm/ + nid is constant, 

/. ^' + my'' + ««"=0, and ITJ^mV^nW^^. 

746. Salmon has shewn that the edge of regression of the torse generated 
by the normals to the sur&ce at every point of a line of curvature is a geodesic 
line on the sheet of the surface of centres in which it lies. For, in the figure 
page 287, PCQ is the oscukting plane at C to the edge CEy and PC'E is a 
tangent plane at Cto the sheet on which C^lies; and, since the planes PCQ 
and PC'E are at right angles, the normal to that sheet at C lies in the osculat- 
ing plane of CE^ which is the condition that CE should be a geodesic on the 
sheet on which it lies. 

746. Oeodesie Polar Coordinates. If on a surface a fixed point 
B and a fixed geodesic line 8X be chosen, the position of any 
point P on the surface will be fully defined when the length of 
the geodesic joining 8 and P and the angle at 8 between 
the geodesies 8P and 8X are given; these are geodesic polar 
coordinates of P. 

For the study of curves referred to these coordinates, the 
following theorem, which we give with Gauss* geometrical proof, is 
important. 

747. If geodetic lines of equal length he drawn on a surface from 
the same point in every direction the curve which is the locus of their 
extremities will cut aU the lines at right angles. 

Let 8P^ 8Q be two geodesies of equal length Inclined at an 
infinitely small angle at 8^ and let PQ, If possible, make angles 
different from a right angle with 8P^ 8Q ; by the law of continuity, 
if one be greater the other will be less than a right angle. Let 
BPQ be the acute angle, and draw QR perpendicular to PQ meeting 
£^Pin jB, then, treating the small triangle as plane, RQia less than 
JtP, hence BB-^BQ <8R + BP ox 8P^ that is, 5fiQ is a shorter 
path from 8iQ Q than 8Q^ which is equal to 8P^ and, b^ Art. 738, 
this is contrary to the supposition that 8Q is a geodesic line. 

The curve is called a geodesic circle. 

748. It is easy to see that this theorem enables us to prove by 
the method of infinitesimab many propositions relating to curves on 
surfaces almost in the same words as are used in proving the corre- 
sponding propositions in plane geometry ; thus, %f a curve he such 
that either the sum or difference of the geodesic distances of any point 
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tn it from two foced paints in the surface is constant^ the tangent at any 
point wiU bisect the angle between the geodesies which join it to the 
two fixed points: the coavene can also be shewn. 

749. If P, F be two consecutive points on a curve referred to 
geodesic polar coordinates and PM be drawn perpendicular to 8P'j 
PM will be a small arc of a geodesic circle and will be equal to the 
angle P8P' multiplied by some function of the position of P. 

Let p, a» be the geodesic coordinates of P; then 

(&)" = (d/>/+(Pda))*, 

where P indicates the function mentioned above. 

The proposition of Art. 747 can be shewn analytically as follows : The small 
arc of a geodesic circle is perpendicular to the normal to the surface, therefore, 

dx d^x dy d^y dz d^ 
by Art. 740, ^^^ — + ^_ — + ^^ _ = 0, .also, differentiating the equa- 
tion {dx/dpy + [dy/dpf + (dz/dpf = 1, we have 

<fjg dx d^ dy ^ ^ f. 
dtodp dp divdp dp dwdp dp ' 

dx dx dy dy dz dz 
and, by these equations, t— -r- + -7^ /+j--rW shewn to be constant for 

dm dp dw dp da) dp 
all Talues of />, and is sero, when p is indefinitely diminished, in which case the 
geodesic circle is ultimately a plane circle ; hence, all geodesic circles cut their 
radii at right angles. 

750. In the case of a surface of rcTolution which intersects the axis in S, 
i P is a function of p only. Draw PM perpendicular to the axis of revolution, 
I and let 8M^x^ MP^y, 8P = Sf the normal and radius of curvature at P are 

I y/aif and - dp'/v", therefore, by Art 699, the product of the principal radii of 

I curvature of the surface at P is - y/j/*, and since ydw is the elementary arc of 

d^P P 
the geodesic circle, y^P and »■/>, therefore --^ + -^^ = 0, where J2, 22^ are 

the principal radii of curvature. It will be shewn in Art 767 that this equation 
holds for any surface. 

761. To find the measure of tortuosity at any point of a geodesic 
line. 

Take a point in the geodesic as origin^ and refer the surface to 
the tangent plane and the planes of principal curvature, so that its 
equation assumes the form ^z^x^lp^+y'lp^-^...] p^, />, being the 
principal radii of curvature. 

Let the geodesic make an angle with the axis of x at the 
origin Oj and let <& be a small element of the geodesic whose 
extremities are and P, so that ultimately a; = cb cos 9, y » c& sin 9. 
Then, if dy be the angle between the normals to the surface at 

and P, cos3x = (l +»«//>," + y7p,»)"S .- «n'rfx = a^V/>,' + //p/ ulti- 
mately. 

But, since the normals to the surface at all points of the geodesic 
are the principal normals of the geodesic, by Art. 647, and with the 

same notation, (<'e)'+(^T)"=(rfx)*, .•.p"*+o'"*=co8'^/p,*+8in*fl/p/, 
and f>-* « cos'^/p, + sin'fl/p,, /. a^ = cos'fl sin'^(p,"* - p,"^)*, 
or a'* s cos sin (p^ '^ p,'*). 
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Cor. a geodesic has no tortuosity at points where it touches i 
line of curvature, or at any umbilic when it passes through one. 

752. Geodesic lines on a surface correspond to straight lines oi 
a plane, and the geodesic which touches a curve traced on th< 
surface is called a geodesic tangent to the curve at the point a( 
contact. If geodesic tangents be drawn at the extremities of i 
small arc ds of a curve traced on a surface, and du be the angle ati 
which they intersect, the ultimate value of </a, when ds is indefinitely 
diminished, corresponds to the angle of contingence in a plane 
curve, and the limit of dsjdu is the geodesic radius of curvature. 

753. To find the geodesic radius of curvature of a curve traced 
on a surface. 

Let FQ be the chord of a small arc of the curve, PT^ QT 
tangents to the curve, which will also be tangents to the geodesic 




tangents. Draw a plane through PQ parallel to the tangent plane 
at ^, the intersection of the geodesic tangents Pg^ Qg^ and let PG, 
QOhQ the projections on this plane of PiTand QT^ therefore PTG, 
QTO are ultimately the osculating planes of the geodesic tangents, 
and du is the angle between PO produced and OQ^ which is the 
projection of rfe, the angle of contingence of the curve ; hence, if 
<j) be the angle between the osculating plane and the plane of the 
normal section containing the tangent line to the curve, which is 
ultimately the complement of the angle between the planes PTQ, 
POQ, PO.OO sindu = PT.QTf^mdz sin (^, therefore, since PQ^PT 
and 0<3^=Cr ultimately, 

/. (2us= Jesin^, and ds j du ^^ cosec<f> dtj ds ^ p cosec^^ 
where p is the radius of curvature of the curve at P. 

754. Change of direction of motion on a surface. 

It is remarked in Thomson and Tait's Natural Philosophy that as^ 
when a ship is sailing in a meridian or on the equator, her direction 
b said to be unchanged, so we ought to say that her direction is not 
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changed If she move on any great circle; and, since on a spbere, 
an arc of a great circle is a geodesic line, we see the connexion with 
the case of a plane polygon, when it is said that the integral change 
of direction of motion of a point, moving on a surface along the 
perimeter of a polygon whose sides are geodesic lines, is the sum of 
the exterior angles of the polygon. 

755. The integral change of direction for a closed curve on a 
surface is equal to that of the horograph. 

If tangent planes be drawn at every point of a closed curve 
traced on a surface they will envelope a torse, and if this torse be 
slit down one of its generating lines and developed, the trace of the 
original closed curve will be a curve cutting at the same angle the 
bounding lines which were coincident before the slitting process, and 
consecutive geodesic tangents to the closed curve will become 
rectilinear tangents to the curve on the developed torse. 

Let /8., /8,... be the angles of successive facets of the enveloping 
tangent planes which ultimately form the torse, a, a,, a,... the angles 
which the tangents make with the generating lines, u^, v,... the 
angles between the tangents, which are the same as the angles 
between the consecutive geodesic tangents on the surface. 

Then a,+u,=a+i8„ a,+w,=a,+/8,, &c. and a^=a, /. 2 (w)=S (/8). 

Hence the integral change of direction for the closed curve is 
the sum of all the facets of the torse, which is clearly the same for 
all torses with parallel facets ; and, therefore, for the torse which 
touches the unit sphere along the horograph, so that the integral 
change of direction for a closed curve on a surface is equal to that 
of the horograph. 

This proof was suggested by Moulton, and leads to Gauss* 
proposition respecting a geodesic triangle on a surface. 

756. The excess of four right angles above the change of direction 
of a point moving round any closed curve on a surface is equal to the 
area of the horograph of the enclosed portion of the surface. 

The area of a closed polygon whose sides are arcs of great circles 
of a sphere of unit radius is the excess of 27r over the sum of the 
exterior angles^ this is readily shewn by dividing the polygon into 
a number of tnangles whose common vertex is a point within the 
polygon. If the number of sides be increased and their magnitude 
diminished indefinitely we shall have proved that the excess of 27r 
over the change of direction of a point moving round any closed 
curve on the sphere is equal to the area of the enclosed portion of 
the sphere, and by the last article the proposed theorem is true. 

Cor. 1. If a closed geodesic be dravm on any closed surface 
without singular points^ the integral curvature of the two parts into 
which the surface is divided will be equal. 
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For there is no change of direction in motion round the cnrve^ 
and therefore the area of the horograph mast be 2Tr^ or half th« 
surface of the unit sphere. 

Cor. 2. One of Gauss' theorems is a particular case of the pro- 
position, viz. that the excess over ir of the sum of the angles of d 
geodesic triangle is the area of that portion of the unit sphere enclosed 
hy the horograph. l 

757. To prove that ^-^ + ^^, = when Pdw is the length of an\ 

element of a geodesic circle* I 

Let 8PP\ 8QQ be geodesic lines inclined at a small angle rf«, 
PQ and P'Q' arcs of geodesic circles whose radii are p and p + dp. 
PT^ QT^ and FT, QfT geodesic tangents to these area, du the 
angle at which PT, TQ intersect. 




By Art. 756, the excess of 27r over the change of direction in 
passing round Q8PT is equal to the arcs of the horograph corre- 
sponding to it, which IS therefore 2ir — (7r — J» + ^ + Jtt + ^). 
But, ultimately, the difference of the areas of the horographs of 
8PTQ and 8FTQ is PQQPjRE, where 5, jB' are the principal 
radii of curvature at P\ hence 

Let POQ, P'O'Q he geodesic lines, and draw PM, QjV perpen- 
dicular to PQQ^ meeting P'G'Q'm Jf, N, then 

du^L TPG+L TQQ^LP'PM+LQQNr^[FQ-PQ)ldp^Pdm)ldpi 

•'^^(^)' ^dp^^m-'"' t^) 

758. Another form of the measure of geodesic curvature arises 
from the equation (2). 

For, by (1) and (2) -^ f ^j «= -i-^-, integrating and observing 

that the constant vanishes, since, when p is indefinitely dimimshed 

jP=P and du/ds^p'^^ we obtain t- = ^^ • 
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Iq the case of a sphere of unit radius, Ps sinp, and for a small 
circle whose geodesic radius is p, the measure of geodesic curvature 
is cotp, which is easily identified with the result of Art. 753. 

759. Oeodesics joining two points on a circular cylinder. 

Let the equation of the cylinder be a;* + y' = a', and let a, 5, z 
be the cylindrical coordinates of any point in a geodesic line joining 
two given points A and £, for whicn ^ = 0, « = and d = a^z = c 
respectively. 

By the equations of a geodesic «" = and a:^"— yo;" = 0, /. z* and 
a^ff are constant, so that adffjdz is constant, that is, any geodesic 
cuts the generating lines at a constant angle ^8, and z^^aOcoiff^ 
where /8 is given by the equation c tan/8 = a (2mr + a), n being any 
positive or negative integer or zero. 

These equations have been obtained from the fundamental 
equations of geodesies, but it is obvious that we can wind a string 
round a cylinder in either direction as many times as we please, so 
as to start from A and pass through B^ retaining its form when under 
tension, and the equations given above are easily deduced. 

I 760. Oeodesics joining two given points on a right circular cone. 
I Let the equation of the cone be r^ = jj* + y* = z* tan'a, and let the 
cylindrical coordinates of the given points Aj Bhe a sina, 0, a cosa 
and isina, 2inr + i8, 5 cos a, n being any positive or negative in« 
teger or zero. 

The equations of the geodesic give 

xy" - yx" = 0, /. xy' - yx' = r*^' = G 
a constant quantity, and 

1 = r'" cosec'a + r*^, /. cosec'a {drfdey + f^^r*l C\ 
the general solution of which is r= Osec(^ sina+Z?) and the 
constants are determined by the equations 

a sin a = <7 seci? and t sin a = <7 sec [(2nir + /8) sin a + D}, 
whence the equation of one of the geodesies joining AB is given by 
o"* 8in((2n7r+/8— ^) sina}+&"* sin(^ 8ina)=r''* sina sin{(2nw+/8) sina}, 
If the cone, vertex F, be developed into a plane, and r, ff be 
the polar coordinates of the point corresponding to r, d, VA being 
the initial radius vector, r sina = r^ff ^6 sina. The point B will 
occupy different positions corresponding to the number of sheets 
unwrapped, so that 

^KB=i8sina = i8', £r5, = £,KB,=...= 27rsina = 8, 

and in the opposite direction BVB'=B\VB'=...^8] the equations 

of the geodesies developed on the plane are thus given by 

a" sin (nS + /3' - 0') + b" sin 0' = r""^ sin {nS + ff), 

shewing that the geodesies become straight lines joining A with 

ss 
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The Dumber of geodesies is not infinite as in the case of the 
cylinder but is limited by the consideration that /9' + nS must be 
between + ir and — ir inclusive ; the number therefore exceeds by 
unity the sum of the greatest integers in (ir — /9')/8 and (ir-l- /3'), 2. 

A geodesic on a riffht circular cone cannot have its two ends on the same 
generating line unless the vertical angle be less than 60°, for in that case 2ir sina 
must be less than ir, 

761, Throughout a geodesic on a surface of revolution tht 
distance of any point from the axis varies as the cosecant of the 
angle between the geodesic and the meridian. 

Let the equation of the surface be z =^f(jx* + y'), the axis of 
revolution being taken for that of «, /. xq — yp^ 0, and for the 
geodesic pv" — qx" = 0, .*. ay" — yx" = 0, or xy— yx ^G?k constant ; 
thus if r, c' be cylindrical coordmates, t^dd=Cdsj hence r= Cjrffj 
which represents the property stated. 

762, At every point of the same geodesic on a central canicoid pD 
is constant, where p is tke perpendicular from the centre on the tangent 
plane^ and D is the central radius parallel to the tangent to the 
geodesic^ 

Let the equation of the conicold be a«^ + %* + (»* = 1, and 
(7i m^ n) the direction of the tangent at any point of the geodesic, 

,". T jax — m'jby — n' jcz^kexrp^ow^ (1) 

also axl + hym + c^w = 0, (2) 

aV + jy + cV =;>-', (3) 

and aZ" + &»i» + cn"«=i>-». (4) 

Differentiating (2) and observing that x' ^ Z, &c. 

axV + bym' + czn* + aP 4 &»i' + cn^ = 0, 

/. by (1), (3) and (4) Ap"" + i>-' = 0. 
Again, differentiating (3) and (4), 

cfxl + b*ym + <?zn = ^p'^/dsj and k (a*xl + b*ym + chn) = ^D'^Jds* 

/. ir*dp'* +p^dD'' = d ip'^D"') = 0, thus pD is constant. 

This first integral of the equations is due to Joachimsthal.* 

763, The important property given in the last article has been 
proved geometrically by Joycet as follows. 

Let X3f, MN be tangents to a curve traced on a central conicoid 
at the points L and N, MP the intersection of the tangent planes 
to the surface at L and N, LM+ MN is ultimately equal to the arc 
between L and N, whose osculating plane is LMN. If this curve 
be a geodesic line, LMN will be shorter than for any curve whose 
osculating plane LM'N meets PM in any other point, hence ZJ/, 
MN make equal angles with PM and PM produced. Through the 

♦ CrelUj XXVI, f Q^r, Jour. V. p. 265. 
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centre of the conicoid draw Om a central radius parallel to the 
conjugate line MP^ and draw ml^ mn chords of the conicoid parallel to 
MLy MN. Then mly mn will be ultimately tangents to the central 




sections made by planes parallel to the tangent planes at Ly N. 
Also, since 0ml and Omn are supplementary angles, the perpen- 
diculars on these tangents are equal ; that is, if a plane be drawn 
through the centre parallel to the tangent plane at any point of a 
geodesic, and a tangent line be drawn to this section parallel to the 
tangent line to the curve^ the perpendicular q on this tangent line 
will be of constant length. The area of the section will be vqD, 
and SqpD will be the volume of a parallelepiped enveloping the 
conicoid and having its faces parallel to conjugate planes, and will 
therefore be constant ; hence, since q is constant, pD will also be 
constant. 

When the geodesic is perpendicular to the conjugate tangent, it 
touches at that point one of the lines of curvature, being in the 
direction of an axis of the indicatrix, Art. 690, and pD is obviously 
the same for both curves. 

This proof holds equally for the lines of curvature, since along 
a line of curvature Im and mn are always perpendicular to Om. 

764. The property that pD is constant at every point of a 
geodesic on a central conicoid has been replaced by another form 
expressed in terms of the primary axes of the confocals which 
intersect in any point of the geodesic* 

Let a point P of a geodesic on a central conicoid be determined 
by the confocals, the squares of whose primary semi-axes are a*— i,', 
a — k^j then. Art. 296, k^ and A*, are the semi-axes of the central 

• LiouviUe^ IJ, 401. 
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se6tion by a plane parallel to the tangent plane to the conicold at R 
Let be the inclination of the geodesic to the line of curvatuit 
corresponding to A;,, D the radius of the central section will h« 
given by A:,"* cos'tf + k^' s\n*0 = i>"*, also k^k^p = ahcj and k^k^ = qD^ 
where q is the perpendicular from the centre on a tangent line 
parallel to the direction of the geodesic at P, 
/. k^coB'e-^k.^sm'd^^, 

which, assuming Joachimsthars theorem, is a constant ; or, if a^^ a^ 
be the primary semi^axes of the confocals through jP| 

a^^ cos'tf + a/ sin*tf = a* - q\ 

Cob. Since at an umbilic j = J it follows that a' cos'tf + a,' sin'W 
has the same value for every umbilical geodesic. I 

765. Chasles has deduced the second form of the first integral Independently, 
of Joachimsthal's theorem by making use of the proposition of Art 310. Thei 
osculating plane of a geodesic at P is taken for the plane U, therefore, if a be 
the primary semi-axis of the confocal touching the osculating plane, which 
contains the normal to the conicold on which the geodesic lies, sinoe O^s^^tt^ 
fla* cos*^, + a,* oos'^j « a*. 

Hence, by Art. 310, since a consecutive point on the geodesic is also A point 
In U, for which O^-iTr, a^ cos*^, + a^ ooh*6t is unaltered, uid remains the same 
throughout the geodesic. 

766. The constant pD has the same value for all geodesic tangents 
to the same line of curvature. 

For pD is constant throughout a line of curvature, and, at the 
point of contact with any geodesic, both p and D ard^the same for 
the two curves. 

767. Two geodesic tanaents drawn to a line of curvcutfi^ on a 
central conicoid make equal angles with the lines of curvatur^^t^ich 
pass through their point of intersection.^ >^^ 

For pJO will be the same for both, and therefore at the point o? 
intersection, since p is the same, D will also be the same, and then 
the axes of the central section will bisect the angle between the two 
directions of D. 

768. The same proof as for plane confocals shews that, if two 
geodesic tangents be drawn to a line of curvature from a point on 
another line of curvature of the same system, the sum of the 
tangents will exceed the intercepted arc by a constant quantity. 

769. The locus of a point on an ellipsoid^ the sum or difference 
of whose geodesic distances from two adjacent umbilics is constant ia 
a line of curvature. 

For, let J7, V be adjacent umbilics, P any point on the ellipsoid 
for which the sum or difference of the geodesic distances PK py 

* M. Boberts, Liouville xi. p. 1. 
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I is constant, it is easily shewn by the theorem of Art. 747 that if 

^ be a point in the locus very near to P, PQ bisects the external or 
the internal angle between PU and FV'j according as we consider 
the sum or difference constant. But in the geodesies PU^ PV the 
value of pD is the same, being ac^ the value at each umbilic, and p 
is the same for both geodesies at P, therefore the central radii 
parallel to the tangents to PZ7, PV are equal, and therefore equally 
inclined to the axes of the central section parallel to the tangent 

; plane at P, which axes are parallel to the lines of curvature 
through P. 

Thus the two lines of curvature through P bisect the angles 

.' between PU and PV^ and the proposition is proved. Hence a mode 
of constructing lines of curvature is obtained similar to that by 
which an ellipse or hyperbola may be generated by means of a 

I string fixed at the foci. 

770. All geodesies Joining two opposite umbilics are of equal 
Jength. 

Let Uj Z7' be opposite umbilics, V one of the umbilics between 

them ; let a line of curvature through any point P of a geodesic 

'Z7PZ7' meet the principal plane containing the umbilics in -B, oetween 

^y and U\ then PU+PV=BU+BV, and Pi7/- PV^BU'^BV; 

. PU+ PU' ^BU+BU\ that is, UPU' is of constant length. 

771. Tangents to a geodesic on a central conicoid all touch the 
^Hime confocaL 

fjf Let 6 be the angle made by the tangent at any point P of a 
l^eodesic on a central conicoid with a line of curvature through that 
)oint, then this tangent will touch only one confocal of the central 
rf onicoid. Art. 304; let a be the primary semi-axis of this confocal. 
^ If a cone whose vertex is P envelope the conicoid Ta), and 
\ , 7W, n be the direction-cosines of one of its sides referrea to the 
itofiormals to the three confocals (a), (aj, (a,) passing through P, 
fce3'/(a"-a*) + wV((i,*-a')-fw7(a/7a') = 0,Arts.301or 309. And 
m he tangent at P to the geodesic is a side of this cone for which 
= 0, 7W = sin 5, n = cos 5, .'. a * cos*5 + a,* sin*^ = a*. Therefore, by 
Irt. 764, a' is constant for all tangents to the same geodesic, being 
;qual to a* — j*. 

!g COR. 1. The plane of two consecutive tangents to the geodesic, 
jince it contains two consecutive tangent lines to the confocal will 
be a tangent plane to that confocal. Hence the osculating planes of 

'[ a given geodesic on a central conicoid all touch the same confocaL 

Cor. 2. The conicoid on which the geodesic lies and the confocal 

which is touched by all the tangents to the geodesic intersect in a line 

^ of curvature on each, and the geodesic touches this line, since, where 

they meet, the tangent to the geodesic is a common tangent to both 

iurfuces. 



TfO 
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772. The equation of the conicold which is touched by the 
tangents to all the geodesies for which a or cAc/pD has the same 
value isx\l(ay^)-^yi(b'^q') + z'l(c\--q')^l, (1) and deter- 
mines, by its intersection with the conicoid on which the geodesicE 
lie, the line of curvature which is the envelope of all such geodesies. 

If the geodesies be on an ellipsoid whose axes are A 0A\ BORy 
COU\ and U, F, U\ V be the umbilics in AG, GA\ A'G\ C'A, 

i. 6*>jVc', the equation (1) gives a hyperboloid of one sheet, 
and the line of curvature consists of two similar portions on 
opposite sides of the plane ABA'S', both of which are touched by the 
geodesies, for which q is the constant parameter. When q is nearly 
equal to b, these two portions, lying in a very flat hyperboloid, are 
narrow curves nearly coincident with Z7(7Fand TTG'V. 

ii. a^>q'>b*j (1) gives a hyperboloid of two sheets and the line 
of curvature consists of two portions on opposite sides of tbe plane 
GBG'B. When j* is nearly equal to P these become narrow 
curves nearly coincident with K^K'and U*A'V. 

iii. q='by (1) gives the focal hyperbola which is the limit of 
the edges of either of the flat hyperboloids mentioned above, the 
tangents to the geodesies are tangents to these flat hyperboloids, and 
therefore ultimately pass through the focal hyperbola. 

In cases i. and ii. the system of geodesies for which q is constant, 
fill up the space between the two portions of the corresponding line 
of curvature. In case iii. they pass through the umbilics, the prin- 
cipal section containing the four umbilics being both a line of 
curvature and a geodesic line. 

Cor. If tangents to an ellivsaid from any point in the Jhcal 
hyperbola be produced geodesicaily, {hey unll alt pass through the 
opposite umbilics, 

773. If A and B be two confocals of different species, and a string 
have its two extremities at two fixed points of B, then a pencil, whose 
point is on A, stretching the string so that it rests on both surfaces with 
rectilinear portions between, will trace on A a line of curvature. 

Let the string be fixed at two points 0, & on B, and let &Q^ 
BQ be the two curved portions of the string on A, Since the 
tangents to these geodesies both touch the same confocal B, the 
value of pB is the same for both, and therefore that of D at the 
point S\ hence BQ and 8Q make equal angles with a line of 
curvature on A through 8, and it follows, as in Art. 769, that S 
remains on that line of curvature as the pencil moves. 

Cor. The focal ellipse can be constructed by a pencil guided by 
a string fixed at two points on the focal hyperbola. 

774. The locus of the intersection of geodesic tangents to two lines 
of curvature on an ellipsoid, which cut at a constant angle, is the 
curve of intersection of the ellipsoid with any one of three distinct 
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quarticSy each of which is a surface of revolution round a corre- 
sponding principal axis of the ellipsoid. 

Let cf—k^^ a* — A/ be the squares of the primary semi-axes of 
the confocal hjperboloids of one and two sheets which pass through 
the point of intersection P, whose distance from the centre is r; 
then k^^ k^ are the major and minor semi^axes of the central section 
of the ellipsoid parallel to the tangent plane at P. Let Z>, jy be 
the central radii parallel to the two geodesic tanj?ents at P, inclined 
to the semi-axis k^ at angles ^Ta, whose difference is constant. 
Then, if q^ q' be the perpendiculars from the centre on the tangents 
to the central section which are parallel to J9 and I/j q and q will 
be constant throughout the two lines of curvature and their 
respective geodesic tangents. Hence Aji, = qD = j Z^, and 
k* + k* ^a^-^-V + c^-r^Eu suppose ; 
/. V cos' (tf - a) + V s'ln' (^ - a) = q% 
whence (i/ - A/) cos (20 - 2a) = m - 2q\ 
Similarly (A:/ - k^^) cos (20 + 2a) = m - 2y * ; 
•"• (V - *i')' = (w - 2' - q'y 8ec«2a + (j'" - qj cosec»2a 
= (V + ^y - ^mK = ^* - ^a'Vc^lp\ 
and since it can be shewn that 

a«6V// = a'(J' + c"-r«) + (a"-J0(«'-<^)»>N 
the equation is of the form P(r', a?*) = 0, therefore the locus lies on 
a quartic surface of revolution round the principal axis 2a, and 
similarly for the other principal axes. 

Cor. 1. If the geodesies touch the same line of curvature the 
equation reduces to cos'2a a*6V/p" = (j* — u sin'a) (u cos'a — j"). 

Cor. 2. If the geodesies cut at right angles the locus is a sphero- 
conic, the square of the radius of the sphere being a*+6*-fc''-j''— 3". 

This may be shewn independently of the general proposition, since, D and ly 
being perpendicular radii, Lr* + !)'■* = A,"* + k{* 5 /. j" + j" = a* + 6* + c* - r*. 

Or, by adding the equations of the two geodesies, h^ eos*$ -i- k^* nn*0 b 9*, 
k* sin"^ + k* cos'e^s q'*, we obtain the same resulL 

Cor. 3. Tfiefootof the geodesic perpendicular from an umbilic 
on any geodesic tangent to a line of curvature lies on a sphero-conic. 

For any geodesic through an umbilic touches the limit of the 
lines of curvature for which q^b. 

775. To find the conditions that it may he poesibJe to draw geodesic tangents 
to two lines of curvature on an ellipsoid which shall intersect at right angles. 

The surfaces a:"/a« + yV6«+«-/c»= 1, and «« + y' + 25" = a" + 6"+ c'-y'-g'' 
intersect only when the hyperbolic cylinder 

(a«-i>«)xVo"-(&'-c»)sVc' = a« + c'-j«-^ 

intersects the ellipsoid, which can happen only 

when 5* + 5/^ - c* lies between a" and A*, 

or J* + j'* - o' lies between 6* and c*. 
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776. A torse circumscribing a conicoid along a geodesic line has 
its edge of regression on another conicoid. 

Each point of the edge of regression is the intersection of three 
consecutive tangent planes of the torse, which touch the enveloped 
conicoid A in three points on the geodesic, hence each point of the 
edge is the vertex of a cone enveloping A^ and having an oscolating 
plane of the geodesic for its plane of contact ; and since, by Cor. 1, 
Art. 771, these planes all touch the same conicoid 5, it follows that 
every point of the edge of regression is the pole with respect to A 
of a tangent plane to B and therefore lies on a fixed conicoid C, 

For umbilical geodesies on an ellipsoid this fixed conicoid, being 
the polar with respect to the ellipsoid of aj*/(a*— &*)-2;*/(6*— c') = l, 
reduces to the hyperbola (a* — V) x^la*—(b*- ef^z^jc*^ 1. 

777. Oeodesic lines of paraboloids. 

Let (Z, 7W, n) be the direction of the tangent to a geodesic line 
at a point (ic,y, z) of a paraboloid whose equation is y^jb+z'' I c=2xj (1) 
and let D be the length of the chord arawn through tne vertex 
parallel to the tangent, p the perpendicular from the vertex on the 
tangent plane at (x, y, z). 

By the equations of the geodesic 

m' = -l'ylb^ n'^-l'zlcj (2) 

also xy = //A' + ««/c» + 1, (3) 

2lD'''=m''lb + n'lc. (4) 

Differentiating (1) twice with respect to «, we have 

mylb-^nzlc = lj and m^lb'\-n* jc + ym' /b + zn' /c^r* 

/. by (2), (3) and (4) HW-' = f (1 +//6' + z'jc') = Taj^j)"*. 

Differentiating (3) and (4) 

d {x^p'^)lds = 2ym/ J" + 1znjc\ 

d{W'^)lds^mmlb + nnlc = "i:{ymlb'''\'Znlc*); 

/. xY'd {IDr') + ID^d [x^p-^) = ; 

/. Ix*Ip*jD is constant, 

hence (w*/ J + w*/c)(H-y/ J* + «'/c*)= constant 18 one form of a 
first integral of the equations. 

778. A second form of the first integral is derived from the 
confocals of the paraboloid. 

The confocals which form the lines of curvature on the paraboloid 
are given by the equations y'Kb — A) + «'/(o — i) = 2a; — A, Art. 312, 
where k is either of the roots i', k" of the equation 

(c-k)y'lb + (b-k)z'lc-\-(b^k)(c-^k)^0, 

or A;'-(6 + c + 22:)i'+(y76' + «7c'+l)Jc = 0, 
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Eefemng to Arts. 242-244, we find that the semi-axes of a 
Beet ion parallel to the tangent plane at {x, y, «), whose equation is 
^y/i + fs/c— f = a?, are the two values of r given by 

{r'lpY - (5 + (J + 2aj) //p + {//*' + «'/<?' + 1) be = 0, 
hence, eomparing this equation with the quadratic in A, the squares 
of the semi-axes of the section are pk' and pk". 

If d be the angle which the geodesic makes with the line of 
curvature corresponding to k\ and jy be the corresponding radius 
of the section, 2)'* cos'^/pi' + Z>'* sin'Olpk" = 1, but, by Art. 244, 

{m'lb + n'lc)JD"^p, 
:. k" cos'tf + A' 8in*5 = WpjIP = &c (1 + fjV + ^'/c') [m'll + n^jc), 
which is constant* 

At an umbilic, y = 0, «* = c (J - c), Z*/ (J - c) = n^Jc^ 

:. k"cofi'd'\-k'Bin'e = b. 

779. Hie results of the preceding articles can be obtained from 
the corresponding properties of geodesies on central conicoids by 
transferring the origin to the extremity of the axis of x and making 
the axes infinite, so as to reduce the equation x^ja'*+if'lb'*+z*lc'*=^l 
to tbe form y*/ J + «*/<j = 2a3. 

Thus, let J'* = a'b and c" = a*Cj and the equation becomes 

a'/a' - 2x+y'lh + z'/c = 0, 
which is of the required form when a' is infinite* 
The condition pD = constant makes 

{Pla'' + m*lb'' + n'lc'^ {(a;- a')' j a" + 7/ j b" -]■ ii' I c''} constant, 

/. (P/a' + m']b + n'lc) {{x - ay/a'' + ffV + ^Vc")}, 

or, making a infinite, {m'jb^-n^lc) (1 +y7&'' + «7^*) '^ constant. 

Again, if we write x — a! for x and ak for A'* in the equation 
x'Ka^- k'*) +...= 1 of a confocal of the central conicoid, and make 
% infinite, we obtain the confocal to the paraboloid, and also the 
constancy of A" cos*^ + *' sin*^. 

780. Tangents to a geodesic on a paraboloid all touch the same 
ym/ocal. 

Following the steps of the proof for central conicoids in Art. 771, 
let the equation of the confocal touched by a tangent at P to the 
geodesic be y7(&-a) + «V(^-<^) = 2a;-a; then, by Art. 318, 
the relation between Z, w, n the direction cosines of a side of the 
3one enveloping this paraboloid referred to the normals to the three 
jonfocals passing through P, is (P^(-a) + wV(A'-a) + wV(r-a) = 0, 
und for the tangent to the geodesic which is one of the sides Z = 0, 
w = cos tf, n = sin tf ; /. (k" - a) cos"5 + (k' - a) sin'^ = 0, and 

rcos'5 + *'8in*^ = a, 

TT 
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which, by Art. 778^ is constant for all the tangents to the sam 
geodesic. 

781. To find the locus of the intersection of geodesic tangents t 
two lines of curvature of a paraboloid at right angles to each otha 

The geodesic tangents make angles O^^ir—O with the lines c 
curvatare, the parameters of which are a and a! ; 

/. h" coB^e + k' sin*tf = a and k" sin'^ + A' cos'5 = a' ; 
.-. A" + *' = 6 + c + 2aj = a+a', Art. 778; 
the locos is therefore a section of the paraboloid hj a plane pei 
pendicolar to its axis. 

782. A point of an elUp$oid and a line of curvature on it are projected on th 
plane of a circular section hy linee parallel to the greatest or least axis ; prot 
that the angle between geodesic tangents drawti from the point to the line c 
curvature is equal to the angle between the tangents from the profeclion of th 
point to that of the Une of curvature. 

Let (*, y, z) be any point on the ellipsoid a^/a-^y'/b ^ fVc = 1, X, Y th 
coordinates of its projection by a line parallel to the axis of « on a plane c 
circular section whose inclination to the plane of xy is w, the axis of ] 
coinciding with that of y, and the axis of X lying in the plane of the circula 
section, so that y= T and z » X sin m ; /. a^/a = 1 - Y*/b - X* sin'w/c. 

If the line of cunrature be the intersection with the confocal2*/(a-i-X}f...= 
by substituting the aboye values of x^ y, s in the equation 

a:"/a(a + X) + //6(6 + \) + ««/c(c + X)-0, 

and observing that ft ^a - e) sin*a; = c (a - &), the equation of the projection o 
the line of curvature will be reduced to 

X'/ic + \) + Y'/ih + X) + h/(a - 6) = 0, (1) 

a conic, the focus of which is the projection of an umbilic. 

Let Aj, A, be the elliptic coordinates, defined as in Art. 287, of the point froii 
which the geodesic tangents are drawn, then 20 the angle between the tangent 
is given by j^^ ^^mq ^ j^ ^j^t^ „ x. (2) 

The projection of the point being (X\ Y'), k^f ^ are the roots of thi 
equation 

XV(c + *) + r V(6 4 A) + b/{a - ft) = 0, (3) 

and if 2^ be the angle between the tangenU from (X', Y) to the conio 

2r*/(c+x)f rv(6+x)+ft/(a-ft)«o, 

writing rf for 6/(a- ft), 

{X'«+r« + rf(ft + c+2X)}«tan«2<A--4rf{X"(ft+X)+r'*(c + X) + rf(ft + X)(c+X)] 
But, by (3), 

-ar'*(ft+jfe) + r'»(c+Aj)+rf(ft+ife)(c+*)=rf(*-;fej)(;fc-Aj; 

/. X'"+r'«+</(ft+c)=-rf(fti + A,), ' 

and -X'"(ft + X)+F'«(c + X) + rf(ft + X)(c + X)«rf(X-A;j)(X-*,); 

... tan-2^ — 4 (X - *,) (X - *,)/(2X -k,- *,)«, 

and sec«2<^« (*,-A:2)V(2X- *!-*,)■; 

/. 2X-Aj,-A:, = ±(*i-*,)(cos«<^-8in*0), j 

whence *i cos"<^ + k^ sinV = X, or k^ sinV + k, cosV = X, 

therefore, by (2), 4>'0ot^^e, which proves the theorem. 
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783. Umbilical geodesies on an ellipsoid. 

Let the tangent QP to an umbilical geodesic UQ intersect the 
ocal hyperbola in P, and let PR be a tangent to the hyperbola at 
^; QP is a side of the circular cone enveloping the ellipsoid, 
he axis of which is PR in the plane of the umbilics, Art. 322, 
ind the normal at Q intersects P5, so that QPR is the osculating 
ilane of the geodesic at Q. Draw QM^ QR perpendicular to the 




plane of the umbilics and to PS, then the angle QRM is the angle 
Df inclination of the osculating plane to the plane of the umbilics, 
measured in the figure towards the extremity of the primary axis 
nearest to U. The osculating plane turns round QP to its next 
position QPR<i PPR being a consecutive tangent to the focal 
hyperbola, and its inclination is then QRM ultimately, R being 
the intersection of MR and P'R. 

Let d, + d0 be these inclinations, and a, a + da the semi- 
vertical angles of the corresponding cones, let ^, <f>-\-d<f> be the 
inclinations of P5, RR to the primary axis of the ellipsoid. 
Then ^dB^LRQR^^RR An0/QR and -d^^^/iRPR^-RRIPR^ 
and QR = PR tana, /. dd/sm d=d^ cot a. 

Let a;*/a+...= 1 and aj*/(a4 k) +...= 1 be the equations of the 
ellipsoid on which the geodesic lies and of the confocal ellipsoid 
through P, and letp,^^ be the perpendiculars on the normal and 
tangent to the focal hyperbola at P which is an umbilic of the 
cooibcal ellipsoid, the squares of whose coordinates are 

(a + A;)(a-J)/(a-c), 0, and (c + A) (J-c)/(a-c); 

/. p* = (a + i)(c + A)/(J + A) and /^''^(a-.J) (J-c)/(6 + A), 
also p = dp'ld<l> ; /. dOjmi = dp' cot a/jp, 
and, by Art. 324, tan*a = i/A, 

. d0_^_ 'J[a-h)s/{b^c)s/kdk 
**' sine 2(6+A)ViV(«+A)V(c+A)' 
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where and a diminish when ^ inpreages, and if o be the value ol 
6 at the nmbilic Z7, 



tan^ft> _ f* V(a- 1) V(t-c) V^^A ,,. 

''^"^ ^^^ii^ - J, 2 (& + k) V6 V(a + A) V(c + *) • ^^^ 

form 

(2) 



Since ^»i cot' a, the integral (I) is easily reduced to the form 
ri'' V(a-6)V(ft-c)rfa 
J a V(*+«tan'a) V{i + ctan'a)' 
or, if p b(3 the primary semi-^^azis of the confocal ellipsoid, to the fora 
V(a-t)V(&-c) [P dp^jp'-a) 

784. Let logm be the value of the definite integral (1) taken 
from to 00 , or of (2) from to ^tt, and let V^ be the value of 6 
at the point where the geodesic runs parallel to the asymptote of the 
focal hyperbola, then tan^o) = m tan^^^ (3) ; if we work backwards 
from the opposite umbilic Z7', at which = <o\ to this point w€ 
must write in the formula (3) ir—O^ and w — o>' for ^, and tt>, 
therefore cot |ai^ '=771 cot ^^, and so tan^(o=m'tan^(tf'; also, if »'* 
be the angle at which the geodesio passes through U a second time 
tan|a>'' = m' tan^a>^\ An umbilical geodesic will therefore pasi 
and repass the opposite umbilics, making with the plane of the 
umbilics a series of angles such that the tangents of their halves 
are in geometrical progression. 

785. The points where the geodesies are parallel to an asymp^ 
tote of the focal hyperbola are in the curve of contact of the 
circular cylinder which is the limit of the circular cone when its 
vertex passes to infinity ; the radius of this cylinder is b^ and the 
geodesic crosses the curve at a point whose distance from the 
plane of umbilics is b sin 0^. If ff be the value of m for the 
particular geodesic which passes through an extremity of the mean 
axis, for which ^j = |7r, tnen w=tani/3, and 0^ is determined bj 
the equation 6sindj = J sin/8sin<iD/(l ^cos/Scosw). 

For the geodesic whiph leaves the umbilic at right angles to the 
plane of umbilics tan i^, = cot J/8, /. ^^ = tt - /8. 

786. To find the point at which a particular umbilical geodesii 
meets ike curve of contact of the cone whose vertex is a given point on 
the focal hyperbola. 

Using the same notation as in Art. 783, let the geodesic be 
particularized by the angle a> at which it leaves the umbilic. By 
Art. 302, the equation of the plane of contact referred to the 
normals to the confocals through the given point P is pxjk +p^zlb= 1^ 
or since 5c = rcosa, « = rsinaco8 5, where r is the length of the 
tangent from P to the geodesic, r~*=p cosa/A+p'sina cos^/i, (1) 
whence r is known, since 0^ p^p' and a are all given in tenns of k. 
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Again, If y be the distance of the point from the plane of 
umbilics, y = r sin a sin tf, therefore by (1), since tan*a = J/A, 
h^xudjy^P tanon-^' cos^, 

or tan*i^(ptana-y)-2tanJ5J/y+ptana+/ = 0. (2) 

It follows from (2) that if o), ©' correspond to two geodesies 
which cnt the plane of contact at points which are the same distance 
from the plane of umbilics tan^a> tan \<a' is constant. 

The cotangent of the an^le which the geodesic (jo) makes with 
the curve of contact is drfr umaddj which, by (1), is equal to 
rp' sin^/i =yp'jb sin a. 

787. If P be a point in the focal hyperbola which meets the 
ellipsoid, on which the geodesic lies, in £7, and the confocal ellipsoid 
ybich passes through P be intersected by a tangent plane at 27, 
It has been shown in Art. 354, and could be shown directly from 
■the equatiops, that [7 will be a focus of the section; also, if PQ, 
'a side of the circular cone enveloping the ellipsoid, be a tangent 
at Q to the umbilical geodesic 17Q^ then ^, the point in the 
confocal ellipsoid which corresponds to Q, will be a point in the 
section of which 27 is a focus, Art. 334, and since P corresponds 
to J7, by Art. 332, UQ" = PQj which is Ivory's theorem, and since 
every side of the cone is equal to the focal distance of the cor- 
responding point, it follows that the equation (1) of Art. 786 is 
the polar equation of the section, which may be written in the form 

1 _ [(a + k)(c + k)dk ^ ( (a-h){h-c)dk 

r^j k(b+ky "^"^^^J bib+ky • 

Hence the inclination of the osculating plane of an umbilical 
geodesic to the plane of umbilics is equal to that of UQ" to the 
axis of the ellipse. 

788. To find the element Pd<o of the arc of a geodesic circle 
tohose radii are umbilical geodesies inclined at an angle do). 

Let PQ^ PQ[ be tangents to two neighbouring geodesies from P 
in the focal hyperbola, then since k is constant, log tan ^q>— log \xcl\B 
is constant fpr Q and Q^ .*. da}lsina} = dO/sin0^ and if QM be 
perpendicular on P^, Pda> = QM = r sin add ultimately ; 
/. P^r eina Bind I Binto^ylsinw, 

CoR. 1. If Uj Vbe neighbouring umbilics, and UQ=p^ VQ^^p' 
be the geodesic distances of a point $, let (P', «') for VQ correspond 
to (P, ft>) for UQy then P sin cd = P' sin <o\ 

Cor. 2. If ^^ be a small arc of a line of curvature, the per- 
pendiculars from Q on VQf and VQf will be ultimately equal; 
/. Pd<o±P'do/ = % ± as the line of curvature bisects the angle 
t7(2 F externally or internally; /. c?o>/sin«±fl?o)7sina)' = 0, so that 
throughout a Ime of curvature tan^a> tan^oi' or tan^oi cot^oi^ is 
constant. 
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789. To find the length of an element of a curve traced an aw 
ellipsoid^ the dltptic coordinates of whose extremities are fij r and 
fi, + dfA^ y + dv. 

The four lines of curvature correspondiDg 102*001181801 values of 
these coordinates form an infinitesimal rectangle of which the 
element is a diagonal, and if (a;, y, z) be the point (ji^ v) using the 
notation of Art. 287, 
-i87«' = a(a + /A)(a + v); .\2dxlx=:dfJLl(a + fA)+dvl(a-\-v)j 
-4/37((iBy = a(a + M)(a + v){rf/ii/(a + /ii)+rfv/(a+v)}'; 
similarly for (Jy)' and (<&)*, 

.-. 4^^M(dfiy + 2Bdf^y + N(dv)\ ' 

>, M «C« + y) h(b + v) c(c + v) I 

wnere m - ^^^ j^^.^^^^^^ + (j.aX&-cXJ+/*) ^ {c-alc-bjic^^) \ 

which are the partial fractions of 7 — ; — r-^— — rj^r— — r-, and 
similarly for iV^; (a + M)(A + M)(o + A*) ' 

also B = -(aa-\'bl3 + cy)la^y = 0. 

H.n.>. rhY ^(^-v)(rf^y . v(y ^M.)(dyy 

jience i^as) -4(„^^) (j + ^)(e + ^) •*• 4(a+ v)(& + v)(c + ;*) * 

The two terms in the expression for (ds)* are the squares of 
elements ds^ and ds^ of the lines of curvature v = constant and 
/inconstant respectively. Hence, if be the inclination (of the 
curve to the line /a =» constant, 

fan'/?- ^(^^>' (a + v)(fe.fv)(c+y) 
^*'^^-_v(rfv)--(a + /i)(6 + /i)(c + M)' 

790. A first integral of a geodesic on an ellipsoid is 

fi co8*^+ V sin*e + * = 0; /. tan"5 = -(/[A + A)/(v-f.A), 
hence, by the last article, 

"^^ y (a+/i)(HM)(c+A*)(A+/i) * '''' V (a+F)(i+v)(c+v)(A+v) " ^ ' 
and since the variables are separated, this gives rise to the complete 
integral of the difierential equations of a geodesic on an ellipsoid. 

791. To find the length of any portion of an umbilical geodesic. 
Let ds^j as^ be the elements of the lines of curvature ti = constant 

and V » constant, corresponding to the element dp of the geodesic 

inclined at an angle d to the former ; 

.•. d/3 = cfo, cos5 + rf5j sin5, and /i cos'tf + v sin*tf + 6 = 0, 
.% cos*tf = (6 + v)/(i'-/A) and sin'tf = (6 + /*)/(/[*- v); 
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Lm. 

(1) On a right circular cone, whose vertical angle is cos~^{, two points are 
joined by a geodesic which completely surrounds the cone; proye that the two 
tangents to this geodesic at the double point are at right angles to each other. 

(2) If two surfaces touch each other along a cunre, and if the curve be a 
geodesic line on one surface, prove that it will also be a geodesic line on the 
other surface. 

(3) The umbilical geodesies through the extremities of the mean axes of a 
system of confocal ellipsoids all touch one or other of two planes. 

(4) The geodesic distance of the extremity of the mean axis of an ellipsoid 
from an umbilic is equal to the perimeter of a quadrant of the ellipse passing 
through the four umbilics. 

(5) If /»'', v'S be thie measures of curvature and tortuosity at any point of a 
geodesic, and /»,, p^ the principal radii of curvature at the corresponding point 
of the surface, prove that a-" + (^"* - /»f *) (/»*» - ^">) = 0. 

(6) A geodesic is drawn on a torse, and cuts any generating line of the 
surface at an angle ^, and at a distance t from the edge of regression measured 
along the generator, p is the radius of curvature of the edge of regression at 
the point where the generator touches it ; prove that tU/d^ + icoi^ = p. 

(7) The angle between the geodesies passing through a point («, y, z) on 
the ellipsoid sr/a* + y*/*' + S5*/^ = 1, and through the umbilics, is given by 
the equation 6« («« + y» + 8« - o» + 6" - c'/ tanV = 4 (6« - c") (a* - b*) y\ 

(8) The ratio of the radii of torsion and curvature in a geodesic line on a 
torse at any point is ecjual to the tangent of the inclination oi the curve to the 
corresponding generatrng* line. 



LIV. 

(1) If a geodesic on a torse be a plane curve, it must be one of the 
generators, or else the torse must be a cylinder. 

^2) If a geodesic be drawn on an ellipsoid from an umbilic to an extremity 
of tne mean axis, prove that its radius of torsion at the latter point will be 

(3) If an ellipsoid be such that its central circular sections pass each 
through a pair of umbilics, prove that the geodesies drawn from two adjacent 
umbilics to any point in either section will be at right angles. 

(4) When an umbilical geodesic which passes through an extremity of the 
mean axis is produced until it meets a second time the curve of contact of 
the cylindrical envelope whose axis is parallel to an asymptote of the focal 
hyperbola, prove that at that point the inclination of the osculating plane to 
the plane of the umbilics is 2 cor'm', with the notation of Art. 784. 

(5) ABfAC are geodesic lines on a surface, ab, ac corresponding lines on 
the horograph, shew that, if torses touch the surface along AB and AC, the 
angle between the two generating lines which pass through A is equal to 
the angle between the tangents at a to o^ and ac. 



328 PROBLEMS^ 

(6) If P be a point on a given line of curratflre of a conicoid, PQ, /*( 

feodesic tangents to another given line of eurrature of the same system. Pi 
* Fff eodesics to two adjacent umbilics, prove that the ratio cos i QP Q : cos i UP t 
will oe constant. 

(7) D is the semi-diameter of an ellipsoid parallel to the tangent at a poiij 
P of a geodesic traced upon it, <r is the radius of torsion at P, A is the arei 
of the central section parallel to the tangent plane at P, A the projectial 
upon the osculating plane of the geodesic of the central section conjugate K 
D; prove that o- = AD/ A', 

(8) Prove that, if ^ be the inclination of a geodesic line to a generatiiM 
line of the helicoid whose equations are x = r cos 0, ^ » r sind, s s oB, and i 
be the inclination of the tangent plane at the corresponding point to the axi^ 
of s, sin^ sec^ will be constant. 

(9) If the geodesic on a surface lie on a sphere, the radius of curvature oi 
the geodesic at any point will be equal to the perpendicular from the centre 
of the sphere on the tangent plane to the surface. 

(10) The sides of a geodesic triangle traced on a surface of revolution make 
with the meridians which pass through the angular points six angles ; prove 
that the product of the sines of the three angles not adjacent is equal to the 
product of the three others. 



LV. 

(1) The angle between the geodesies passing through the point (x, y, s) of 
the paraboloid y'/6 -f z*/c = 2x, and through the umbilici, is given by the 
equation h{h- e- 2xf tan'd » 4 (6 - e) y\ 6 being greater than e. 

(2) If X be the parameter of a geodesic on the conicoid «*/a*+y"/6'4i^/c*=l, 
and <r be the radius of torsion of the geodesic at a point (x, y, s), prove that 
o*6Vff-« = Xy (a» + 6* + c" - «■ - y* - «" - X') - a"6Vy, p being the central distance 
of the tangent plane. 

(3) If a line of curvature on an ellipsoid be the intersection with a hyper- 
boloid, one of whose principal sections is a rectangular hyperbola, no geodesic 
tangents, which are at right angles, can be drawn to it, except £rom the 
extremities of one of the axes. 

(4) Prove that the projection upon the plane £y of a geodesic on the 
surface ar" = «(«" + y") = a* has the equation rr*//»" » (r* + 4aV) / (r* + 4a*). 

(6) P is any point on a geodesic A P drawn on a conoidal surface, < is the 
length of the geodesic AP^ «-, N^ O are the projections of «, P, and the axis of 
the conoid on a plane perpendicular to the axis. Prove that, if q be the 
projection of OA'on the tangent to the geodesic at P, dq/dv = dr/ds, 

(6) If a geodesic bisect the angle between the lines of curvature on a 
central conicoid at every point along it, prove that the sum of the principal 
curvatures will vary as the cube of the perpendicular on the tangent plane at 
any point of the geodesic. 

(7) If ABC be a geodesic triangle on a conoidal helicoid, and (Oj, a^] 
(fiu t^i\ (71* 7i) ^ ^^ angles at which the sides cut the generating lines through 
A, B, C, prove that sinai sin/Si sin 71 = sina, sin^, sin 7,. 

(8) The intersection of a tangent to a given geodesic on a central conicoid 
with a tangent plane to which it is perpendicular lies on a sphere. 
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LVL 

(1) A geodesic is traced on any conical surfacei and any involute of the 
l^eodesic is taken, prove i, that it lies on a sphere whose centre is at the vertex 
>f the cone, ii, that each tangent to the geodesic makes a constant angle with 
jhe corresponding radius of the sphere, ill, that the radius of curvature of the 
|;eode8ic is perpendicular to the radius of the sphere. 

(2) At every point of a geodesic on a conicoid for which pd » X*, and 
perpendicular to it, lines are drawn touching the conicoid. 

Prove that the surface generated by these Hnes is a scroll, whose equation 
s given by eliminating x, y, z from the equations fa;/a" + »?y/5' +t2/c* = 1, 
(£-«)•+.. .}a'6V/\* = a"(^-*)*+...-{(f-ar)a:+...}", and those of the geodesic. 

If two planes be drawn perpendicular to the tangent to the geodesic at P, 
me through the centre and the other touching the conicoid, »', p' being the 
iistances of P from the first and of the centre from the second, p'*-p'*={a*b*c*)/\\ 

(3) The angle of geodesic contingence of a curve traced on a surface of 
revolution ssd{r sin6)/r cobO, where is the angle made with a meridian, and 
r the radius of the corresponding parallel. 

(4) The curve « = c tan*^ revolves about a straight line in its plane perpen- 
dicular to its axis, at a distance 2c from the cusp, not cutting the curve. Sliew 
that the polar equation of the projection of the geodesies on a plane perpen- 
dicular to the axis of revolution is r = a cosh(2c^/a). 

(5) A surface is formed by the revolution of a catenary about its directrix ; 
)rove that the projection on a plane perpendicular to the axis of revolution of 
I geodesic upon the surface is given by the equation p sn (</> /kfk) = c. 

(6) Find the differential equation of the projection of a geodesic on a 
spheroid upon a plane of circular section, and shew that it is tne same curve 
nrhich the base of a right elliptic cone would trace if the cone rolled on a plane. 

(7) The meridian curve of a surface is the roulette of the focus of an 
ellipse rolling on the axis of revolution, a, /3 are the greatest and least values 
:>f tne focal distance ; prove that the projection of a geodesic on a plane perpen- 
licular to the axis is given by the polar equation r"" = a* cn"(fi(?) + /3^sn' (;i6^). 
Shew that if the geodesic cut the meridian at its maximum distance from the 
ixis at an angle 7, then ;t = /3 cot7/(a + ^) and ^* = (a"/ /3* - 1) tan*7. 

(8) The polar equation of the projection of any geodesic of a helicoid on 
ts principal plane is of one of the forms 

r tn {(o ~ 6)/k] = mf or r en (a - 0) ■: mk/k, mod, k, 

n being the pitch of the helicoid, and a, k arbitrary constants. 
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CHAPTER XXIV. 



CUEYILINEAR COORDINATES. CURVES TRACED ON SURFACB8. 
DEFORMATION OP INEZTENSIBLE SURFACES. 

792. In this chapter we give an acconnt of the method of 
dealing with the geometry of surfaces hj curvilinear coordinates 
employed bv Gauss, and we call attention to work done by 
LiouviUe, Cfayley, Bour, and Maxwell in the general treatment 
of the subject, but especially in establishing propositions concerning 
deformation of inextensible surfaces, and the applicability of such 
surfaces to one another. 

793. The coordinates Xj y^ z o{ sl point are regarded as 
functions of two parameters 2? and ^ ; by eliminating p and a from 
the three equations, we should obtam the equation of a suiface S 
on which the point must move as the parameters change their 
values. When a constant value is given to ;, we can, by elimi- 
nating j?, obtain two equations which will determine a curve lying 
on the surface 8; thus the surface can be striated by a series of 
curves corresponaing to a series of constant values of q. 

In the same manner 8 can be striated by a second series of 
curves corresponding to constant values of p. These curves can be 
conveniently described as the curves (q) and (p) respectively. 

£very point on 8 will be the intersection of two carves 
corresponding to certain values of p and q^ which are therefore 
curvilinear coordinates of the point considered. 

794. To express the length of an element of a curve traced on 
a surface in terms of curvilinear coordinates. 

Let PQ be a small arc of any curve passing through the point 
P, the values of the parameters being p, q at P, and p + dp, q + dq 
at C and let PMj NQ be the curves for which q and q + dq 
respectively are constant, PN^ MQ those for which p and p-hdp 
are constant. 

Suppose a?, 9, z the coordinates of P to be expressed as functions 
of the two parameters p and 9, and let the partial differential 
coefficients of x with respect to p and q be denoted, those of the 
first order b^ a and a', and those of the second order by a, a', a", 
and let a similar notation be used for y and z. If &b, £», Sz 
be the projections of PQ on the coordinate axes, we diall nave, 
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neglecting terms of the third order, 

Sx^dx + id'x^adp + a'dq + ila {dpy + 2a!dpdq+a!' (^)'}, 
S!f^dt/ + ^d'y^bdp + Vdq + ^{ff{dpy + 2ffdpdq + fi"{dqy], 

and B9^d»+ ^d^z^cdp + c'dq + i {7 {dpf + 2y'dpdq + 7" {dqf] ; 

eliminating dp and <2jr^ we Lave ultimately Adx^Bdy+ Cdz^O^ 
where A^hc -Vo^ &c., and this is the dinerentiid o(|aation of the 
surface. Fot the lengUi of the element of the curve, if PQ » ds, 

{day = {dxy + {dyy + {dzy » i^(rf^)' + 2Fdpdq 4- G^ (d2)», 

where i;=a"4-i' + c», flf-a^ + J^ + c", -F=aa' + Sy + cc', also 
JJG^ - J" = -4« + 5« + 0' = 7' suppose. 

It should be observed that, since for PM c2^ = 0, PM:=: dp ^E^ 
and that a/ V-E, J/ V-^i c/jB are the direction cosmes of the tangent 
to PM at P, also that AjF^ -5/7, (7/7 are those of the normal 
to the surface at P. 

795. To express the direction of a curve at any paint ly curm^ 
linear coordinates. 

Let (29p ds^ denote the elements PN and PM of the curves {p) 
and (^ which are the sides of the infinitesimal parallelogram 
of which PQ i^ds) is the diagonal, then if d, a> be the angles 
QPN^ NPM, smce ds^^dp^/E sjiA ds.^dq^G^ 

also [ds^y + 2di^(&, cos© + ((&J' « jB(Jjp)' + 2JR^{^ + {dqy ; 

.•• QQ^fo^Fl»J[Ea) and, by the triangle ^Pif, 

ds cos^scZ^, + (&, coso) ^<2^ ^JQ-^dpFls/O^ 

dsBme^^{{dsy''{dq^a^dpFi^/ay}^dpVi^G. 

If the two systems of curves be orthotomic, dqiJOiBXid^^dp iJE. 

Cor. For geodesic polar coordiaates, with the notation of 
Art. 749, 2> = p and 2 = 6); therefore, since (&)' = (c?p)" + (P(io))', 
js;=i, i^=0, G=P'. 

796. To express the radii and directions of principal curvature 
by curvilinear coordinates. 

Let B be the radius of curvature of the normal section cor- 
responding to the direction dp : dq of the element PQ^ QTj the 
perpendicular from Q on the tangent plane at P, 

^{ASx + BSy+CSz)IV^^{E{dpy-^2Fdpdq + a'{dqy\IV, 

where E\ F' and G' are written for Aa+Bff-^Oy, Aa'-^-Bff+Cy', 
and Aa" + Bfi" + 67", and iJ = P<^V2 G^ ultimately ; 

. fi_ E{dpy^2Fdpdq+G(dqy 
:'• 7 "■ £' (c/p)' + 2f "c/;?rfj + G' {dqY • ^^^ 
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Making R a maximum or minimum by the variations of dp : rfj 
we obtain for the radii and directions of principal curvature 

B Edp-¥Fdq Fdp-k-Gdq 
7" Edp + Fdq " Fdp + G'di ' *^ ^ 
dg BE'^VERF'-^VF 
Whence -^ - EF'^VF' BO'-VO ' 

E'{E'G'''F'J^BV{EG'+E'G-2FF)+r{EG''F')^0, (3) 

{dq)\ -dpdq, {dpY 
and Ej F, O =0, (4) 

£', F, a i 

(3) and (4) give the radii and directions of principal curvatur 
independently of each other. By (2), when the magnitude of on 
of the principal radii of curvature is given, we can determine tli 
direction of the coiTesponding line of curvature, and vice versa. 

(4) is the differential equation of the lines of curvature of tin 
surface, and by (3) the specific curvature or Gauss' measure o 
curvature is [E'G' - F")I(EG - F')'. 

797. We shall in what follows use the notation employed b; 
Cayley in the memoirs referred to, viz., if ?7be a function of /> am 
J, the first and second differential coefficients with respect to j 
and q will be written Z7j, Z7j, ^7,^, Z7,„ Z7„. 

798. To express the specific curvature in terms of E^ F and 
and their partial differential coefficients. 

The following functions can be obviously so expressed, viz. 

u =aa +J)9 +C7, u Ea'a +Vi3 +c% 
VEaa' + bfi' + cy\ v' E a V + b'ff + c'y\ 
w = aa" + lj3" + cy"j vS E a a" + b'fi" + cV '. 

We have thus ^E=^u^ i-E',=v, iG^^v\^G=w\ F^^vi-u^ o; 
i^ - ii?, = tt' and -P; = w? + v, or i^, - i(?, = t^?. 

Also E' = Aa+B^ + Gyy u=aa+b^-\-cyy u' ^aa+b'ff-\-cyi 

therefore since 

Cb''Bc'={aU^a'b)b''-{ca''-c'ay=^a{b''-^c'*)''a\bb'+cc')^aG^aIi 

and similarly Bc-Gb- a'E- aF 

eliminating successively /3, 7 ; 7, a ; and a, /S ; 

AE'-\-{aG^aF)u^-{a'E^ aF) v! ^V'a, 

BE' ^{bG-'b'F)u + [b'E ^bF)u' = V'fi, 

CE' -{-{cG' c'F) u + [c'E - cF) u' = V\ 

• E'G' + {wG-- w'F) u + [w'E-- wF) v! = F^ (aa" + /3)S" + 7/') ; 
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ia a similar manner, since F' = Ad + Bff + Oy', we obtain 
r' + {t;(? - v'F) V + [v'E'-vF) v' = V (a" + )8" + 7'^). 
Now u\ = aa" + a'a, + /8/3" + y/3, + 77" + c'7,, 
and v\ = a" + a'< + /8" + 6'y8\ + 7** + c'7\ ; 
therefore, since a, = a„ = «,i = a'l, &c., 

tt',-t;>aa" + i3/3N-77"-a"-/8^-7'", 
hence 

the first term of which ia - i (-Bff - jp'*) ( JS'^ - 2F„ + G„) ; the 
third differential coefficients of the coordinates, which seem to enter 
the expression, disappear, as can be shewn directly, or indirectly 
by considering that the term jE'(?' — jF'* from which it was derived 
involves second differential coefficients only ; since w, u\ &c., can 
be expressed as above in terms of the differential coefficients of 
U, jPand G, the specific curvature {E'a' -• F")I{EG- F")' can be 
so expressed. 

Cor. In the case of geodesic polar coordinates, -B=l, 2^=0, 
G = P*, tt, r, u vanish and v = iG^i, .'. the specific curvature 

— iG',./G=+iG';/(?»=-p../p=:i/irir', 

as in Art. 757. 

799. If the curves [p) be geodesic lines, and the q system cut 
these orthogonally, since, by Art. 794, Aj J?, G are proportional 
to the direction-cosines of the normal to the surface, which is in 
the osculating plane of the geodesic, 

A, B, a 

a ) P » 7 
also Be' '-CU^-^aG, &c. ; /. aa" + J/3" + 07" = 0, 

hence -i(?j = 0, or (? is a function of g' only. 

This is apparent geometrically, for the two curves (q)^ (? + ^g') 
by Art. 747, cut off from the curves (/>), {p-^dp) equal lengths, so 
that fJGdq is independent of p. 

Hence, by assuming q a new value of the second variable such 
that slGdq=^d(l^ the expression E[dp)* -\- G{dqY can always be 
put in the form E[dpY + [dq)*. 

800. Liouville* has shewn that the expression ^ ((//?)'+... for {ds)^ can be 
put in the lorm \ [{daf + {d^y], for, being never negative, it is expressible in 
the form of the product of two imaginary expressions 

dp V-E:+ dq [F± %^{EG - F^)}HE, 

♦ lAou. Jour, tome 12, 



= 0, 
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and, if fk -f W be an integrating factor of the aboT« expression with the uppe 
sign, fu^vi will be one for that with the lower sign, and multipljing b 
these factors, the expressions become d{a^ pi) and d{a^ p%), 

/. (fi*^^'){dBy=(da)U{dp)\ 

and since the number of integrating factors is infinite the expression for (d*] 
can be expressed in the form \ {{da)* + (dfi)*] in an infinite number of ways. 
The specific ounrature referred to these coordinates is 



1 rdVlogX) rf'QogXn 



801. Lines of curvature with curvilinear oooreUnatee. 

If p 3= constant, j^^^ constant be the equations of two systemi 
of lines of curvatore the equation (4) of Art. 796 must reduce t< 
dpdq = 0, /. i^= 0, jF' = 0, the first of which, viz. aa' -{- bb' -^^ cc :== 
represents the fact that the two sets of lines arc at right angles 
and the second enables us to obtain a differential equation in termi 
of E and G^ which is satisfied by the coordinates x^ y and z. 

For ^E^^ aal -¥ hff -¥ (^\ 

and J^^^O^^a' + ^B/y+Cy; 
hence, eliminating /3' and 7', observing that VC^ JB^aO^ &c., 
^aGE^^\a'EG,^[A^^'B'^C')a'^EGa'i 
. i!^ .dE^dx .dG^dy 
•• dpdq^^Edqdp^* Gdpdq""^' ^^' 

and similarly for y and z» 

The equations (2) of Art. 796 shew that p constant gives the 
line of curvature for which R^VGIG\ andf a constant that foi 
which B^VEfE'. 

802. If the surface be the conicoid ^/a + y*/h + 1^/0 « 1, 

(fl - 6) (a - c) a:* « fl (fl + jp) (a + q\ 

d log E/dq = - ( jp - j)"* « - rf logG/dp, 
, .dx . dz d*x 

so that the equation (1) of the last article is satisfied. 

803. To find the direction of the inflexional tangents at an^ 
point of a surface^ and the differential equation of the infiexian 01 
chief curves. 

If dp : dq give the direction of an inflexional tangent, for which 
the radius of curvature is infinite, by (1) Art. 796, 

E' [dpY + 2Fdpdq + & (dqY = 0, 

which is the differential equation of the mflezion cnrve8| called by 
Cay ley chip/ curves. 
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If -E'«0 and G^'=0 the equation becomes dpdq-O, ao that the 
urface is striated by chief carves. 

In this case, by (4) Art. 796, the differential equation of the 
ines of cnryatnre is 0{d^y--E{dpY=Oj (1), representing that 
he lines of cnrvatnre bisect the angles between the striating 
orres. Also the principal radii of curvature are 

{± y/{ECF) + F] y/{EG - F')IF\ 
In the case of the hyperboloid of one sheet and the hyperbolic 
laraboloid these chief curves are the generating lines. 

804. If a paraboloid be given by x-lp-^mq, y^p-^-m'q, z^pq, the 
eneral equation of the lines of curvature obtained by integrating (1) Art. 603 is 

pVa- + 5»/i3« - 2Dpq/ap » !)• - 1, 

rhere D is an arbitrary constant, and P + m* = o*, I* + m** ■ /3", and if D = cosec 27, 

(jp/a - tan7 . q/P) (jp/a - cot7 . q/fi) a cot»27. 

805. Oeodesic lines* Suppose i?, ; to be functions of a new 
'ariable t^ and write p\ jp", &c for -^ , -^ , 

x' = ap' -f oY, 

x" = af + a V + ap** + 2ay j' + a V ; 
tnd the direction-cosines of the normal being ss A:B:Cj Art. 794, 
he condition that it lies in the osculating plane of the geodesic is 

Ay B, 

^\ J/, «' 



aj" 



y, 



= 0; 



>r,if f ,f' be written for thetermsmvolvingp",}" andjp',2'respectively} 



A, B, 



y\ 



»0. 



A, -B, C 

^', y\ ^ 
Now y'r-«'i7=(ic'-yc){yj''-pY); 

lence the first determinant is F' {p'(f -p**^) ; 
ilso Bz'^Gy'^p\Bc^Cb)^'^{Bc''-a')^p\Ea''-Fa)''^{Ga^Fa') ; 
lence the differential equation of a geodesic in curvilinear coor- 
linates is 

EG-'F')(p'i"-qy) 

+ (ap" + 2a>V + a'V) {/ {Fa' - Fa) + 2' {Fa' - Ga)] +...= 0. 

When the curves j7 = 0, ^^0 intersect at right angles jP=0, 
ind the geodesic equation is, having regard to the values of 
i'a+... &c., given in Art. 798, 
2EG{p'i'-'qy)+F!p'{-E,p"'{'2G,p'gf+ G,q'^ 

^Gq'{E,p-^2E,p'q'^G,q'^»0. 
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If, moreover, ^ = constant be a geodesic line, the condition wH 
be -E, = 0, whence £ is a function of p only. 

806. Radius of relative geodesic curvature of ttoo curves traced on a suffaa 
Let FQt PQ be small elements of two curves having common rectilineal 

and geodesic tangents PT and PM, and let a plane through T perpendiculai 
to the tangent PT intersect the surface in the curve MQ, so that PQ-^PQ^Pl 
ultimately. The rate of increase of the geodesic angle of contact QPM of P( 
per unit of len^h is MQ/PQ\ and, by analogy with plane curves, PQ^/2Mi 
IS called the ramus of geodesic curvature. The measure of the relative geodesic 
curvature of PQ and PQ' is 2 QQ'/PQ*. 

Cayley* has fully worked out the formulae connected with geodesic curva- 
ture. The following articles sufficiently represent his method of working. 

807. Expression for the radius of relative geodesic curvature in curvilinem 
coordinates. 

Let Pf q be given functions of « an arc of PQ measured from some filed 
point in it, p\ ^ their differential coefficients with respect to «, also let P", Q, 
be written for /?", j" when », q belong to the curve PQ. Therefore, with tht- 
notation of Art. 794, since dp ^p'ds + ^' {ds)\ dq = q'ds + \^ {dsf, 

ix = (ap' + aV) A + i {ap' + aY) (dsf + J (ap'« + 2ay^ + al'q^) {4sY 
is the projection of PQ on the axis of x, and, if PQ s PQ, that of PQf diffen^ 
from ix by writing P", Q" for jp", qT. 

Hence, QQ'=i{«(p"-^') + tf'(2"- Q")}" W+... 
= } {B, F, GXp" - P", q' - Q")' W\ 
and the relative curvature = 2QQ/{dsy = V{(^» ^* (^Xp" '^^ ^' Q^W- 
For orthotomic coordinates the expression becomes 
V{^ (|i" - PT + 6? (y" - 0")*} = p-\ and l^Ep'^i-O^ for both curves, 
.-. 0»2J?jpy' +26?^^' +(^il'' + ^j^JP'' + (6?ip'+6?,j')j'«, 

and 0«2J?yP"+2(?^Q"+ ; 

.-. = 24>'(p"-P") + 2(?<?'(j''-Q"), 
.-. (p" - P") ^IS/qWO = (q" - Q) ^GZ-pyS^p^WiEp'' + O^n 5 
.-. p-»oV(^(?){i/j'-ffV-(P'V-0>')}. 
The general expression for the relative curvature, when the curves (p) anil 
(q) are not orthotomic, viz. F'{;?Y."^y-(^(?'- Q^P')} ™ay be found in tht 
same way, but the particular case is sufficient to shew how the problem^^fiM 
be dealt with. 

808. To find the radius of geodesic curvature in terms of orthotomic eurv 
linear coordinates. 

The differential equation of the geodesic line is 

2EG{r'q'-Qy)^£p^{-E,p^^2G,p'q'-^G^q'')-Gq'(E,p''+2E2p'q'-Oiq'*), (1 
whence the radius required can be expressed in terms of p, q, and their fin 
and second differential coefficients belonging to the curve itself. 

For the special curve 9 = constant, ^' = and ^"=1; let p^P2 for thi 
curve, then G (P'V - QTp') = - iE^p"" = - J-K, /£ '^JB, 
P;'--BJ2E^G. 

Similarly, If p^p, for the curve p = constant, 
p;' « GJ2G V-&, 
P^ being considered to be measured in the same direction as p^ when the cor 
cavities of the curves (p) and (q) are in the same direction. 

♦ Lond. Math, Soc,y voL xii. p. XIO. 
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809. If ^ be the inclination of the cunre to the line q s constant, 

.-. y « - ^ gin 0/^E' i cos e {E^p* + E^)/EylB, 
hence -JiEQ) f^- &Qq' - \p*^Q {E^^ + E^')/^E, 
similarly V(J&GOff"- ^^-ii^E{0,p' ^Q^')/'JQ, 
:. ^{ECf) (pY- rP>'^'ip'9' mi^-^^aT) ^0/^E-{Q,p'^Q^ ylEHG\, 
ind by (1), Art 808, smoe J^'« + Qq* « 1, 

2EQ{F'i-Q['p')^-E,p'^0,ii^p'^{E(Q,p'^0^q')^G{E,p'A^E^)y, 

:. p^^^-HE^p'-Oj^'W(EG)ie^c.p{^coB0'i^p;^ tmO-^de/ds. 

810. The relations between the coefficients E^ E\ &c. being 
so much simplified when the striatin^ curves are orthotomic, it is 
worth while to go through the worn for this case of curvilinear 
coordinates in a form better adapted for shewing the geometrical 
meaning of the operations. Considering the infinitesimal rectangle 
QNPM^ let PifojP^, PN^ QBq be the elements of the curves (q)y(p) 
respectively, and let \, ft, v and \\ ia\ v* be the direction-cosines 
of the tangents to these elements at P, l^m^n those of the normal 
to the surface at P. and let Sx, Zy^ Sz be the excess , of the coor- 
dinates of Q over tnose of P, 

Bx^PXSp+QK'iq 

+ i[(^^)i¥ + 2{(PXXor(eV)JS^82 + ((2X').(Sjyj+...^ 

and R^ the radius of curvature of the normal section containing 
the tangent at P to PQ, is the limit of 

ISx + mSy + nSs KP' (Sp)' - 2 TFQ^Sq + HQ' (Sg)' ' 
where KF*=l(F\\+...^P(lK, + m/t,+nv^)t 
- TPQ = P(l\, + «»/*, + wf^ = C GK + "»/*'. + ""'i). 
E(/~Q(l\',+tn^\ + ny';). 

It is obTioos that £^tB are the carvatores at P of the carves 
\S)i (i>) respectively^ Twill be interpreted in the following article. 

R, jB") the maxinmm and minimnm values of B, are given 
by the condition of eqnaUty of the roots of 

' (BE- 1) iPdj>y - 2BTPdp.Qdq + (JZIT- 1) {Qdqy = ; 

.-. (i'-jB-')(fl--jB-')-T*-0, 
and the spedfic corvatnre at P» EK— T\ 
It follows from the above equation that 

(K- BT") Pdp = TQdi, (ff- iT') Qdq = TPdp ; 
so that iT' = {KPdp - TQdq)IPdp = (HQdg, - TPdp)l Qdq j 
.-. T(Qdqy-iK-H)Qdq.Pdp-T(Pdpy^O 
the differential equation of the lines of corvatore. 

XX 
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811. Torsion of a geodesic. Let B, R be the pri^f^Hi^^Jj 
of curvature of the surface at the inmnt (p, 3) of a geodesic mciin^ 
at an angle ^ to (j), so that co8^ = i%/& = i^' ^} let ^ «>e ^' 
inclination to (2^ of the normal sectid^corresponding to it. 
Art. 751 the torsion of the geodesic is ^v^ 

a^ = sin (5 - «,) cos(5 - ^,)(i^\-B'")- 
Now, by Art. 810, 

/. ^(S" - ST') sin (0 - 0,) = Qq' ^(H^ST') - i>V(^- ^"^\ 
and ^(S:"^Ilr')co9(0''0,)^PpW(S^Ilr')+ Qq'9^^'^^' 

= rcos2tf + J (K- H) sin 25 ; *^ 

.'. T IS the torsion of the geodesic tangent at P to either ol 
curves (j) or (jp). 

If the geodesic tangent to either of the curves or the curves thezns 
were rectilinear, as miffht happen in the case of a scroll, it might appear 
TeO, but what is called the torsion in that case is rate of increase o 
angle between consecutive principal normals which are the normals tc 
surface along the line; 2* will not vanish except, wher* the normals ax 
parallel to the same plane, as in a torse. 

812. Specific curvature in terms of P and Q. 

Since jKP= l\^ + mfi^ + nv^^ (] 

let X = Vx; + AtX + vV, = -\\\-/tA*',-vv\; (S 

and, by Art. 146, fiy'-^vfi's^l^ i^'n - v'm s X, wiv- w/» = V ; 

/. KPl +iV = \, 

similarly JrPm + X/A' = /i*i, (3 

and KPh + Ly' « v,. 

In the same way, if M= \\\ + fifi\ + vv' HQl + MX -= X',. 
Multiply the left side of eguations (3) bv lEQ^ mHQ^ nlJ 
and the right side by their equivalents, and add, 

KnPQ^\\\ + /i,fA\ + vy^ (4) since \\-f...= 0. 

Again - TQ^ ZX, + waa, + «v„ 

... ^TQl-MK'=^\^ &c.; 
similarly -^TPl^Lk^X',] :. r'Pe = XX + A*.^'i+^'''i- C^) 
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Now L^ = V,Xj + X'\„ + lAjA^ + /i*>„ + v\v^ + vV„, 

and - if, = \\\ + \'\„ + A*>8 + M>„ + ^v, + vV„ ; 

/., by (4) and (5), {KH^ T') PQ^L.^M,^, 

and since (PX), = (GX% P.X + PX, = C,V + §\;, &c.; 

-. P^^Q QOJ, + M/*\ + vv\) = - (^i, (6) 

(2, = P(VX, + A.>,+ vV,) = ^Pilf; 
t, the specific curvature at P, =-{(Pje),+(Ci/i^x),)/i'0. (7) 
> Cor. For geodesic polar coordinates i? = <»|j = p, = 1> 

J'P 
/. ^ + A;P= 0, as in Art. 757 ; 

,d, by Art. 808, or geometrically by Art. 814, the geodesic curva- 
f iIj of p is - -7, J- , as in Art. 758. 

gelY(13. Geometrical interpretations of some of these analytical expressions 
f thaW follows. 

jf ti^ince \JP = d\/Pdf = dk/d8^^d^x/{d8^^, if />' be the radius of curvature 

g Ihte curve {q)^ <l> the inclination of its osculating plane to the normal section 

jg ah is the osculating plane of the geodesic tangent to (q\ p'\i/P, p'fiJPf 

P are direction-cosines of the principal normal, therefore, by (1), Art. 812, 

cos <P = {l\i + nifi^ + n**,) p'/P = p'K, Meunier*s theorem, 

and byl(2), sin<^ = (X'Xi + /i>, + i''i'i)/>7P = f>'X/P; 

''l) ly Art. 763, L/P is the geodesic curvature of the curve (j), which also 

' irs from (3) since K' + (£/Pf - p' -». 

;14. To express the specific curvature at any point of a surface 

(2) *^'ed to ortkotonm striating curves^ in terms of the geodesic 

atures of the curves intersecting in the point, 

jet PM^ NQ be elements of the curves (q) and (q + dq)^ PNj 

of the curves (p) and (p + dp)^ and let geodesic chords of the 



(3) 



m 



tx- 




:5) 



• curves be drawn ; draw PT, TM geodesic tr 

TQ PM at P and 3/, and let geodesic tangents P 

' meet the chord NO in t and t\ and dr«iw, , .. . ,. . 
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Then, ultimately, {NQ^PM)IFp^'-{Np^-Qm)IPp 

^^{LtPp'VLtPN-VLiMm-'LiMQ)^'-{LMPT^/.PMT\ 

since Z iMQ — L tPN vanishes compared with either of the angles I 
hence the angle at T, which is the angle of geodesic contingency 
of the curve (5), ^''d{Pdp)IQdq^ and dividing by PM or Pdp^ the I 
geodesic curvature of M^-^P^jPQy similarly that of (p)^^QJP^.' 
if p^^ p^ be the two ra£i of geodesic curvature, by (7) of Art. 812, J 

•■RE- d,\J-^ds,\pJ p: p,«- ^ 

815. Differential equations connecting H^ K and T. 
By Art. 812, (JO'),+ {TQ),^ l,\- \\+ mji,-m,^,+ n.v,- «,v..J 
Now Z=/*v'— /*V, »a = vX'-v'X, and n = X^' — X'/». * 

^i = /*/ - •'iM' + /*"', - "/* « 2'Q\ -= I (/«/*, 4 w,) - X (»n/», + ny,), 
//t-»iX = v', ZF-nX -.-/*'; .-./»/- v^ = TQX ; 
^(2X' = - Z (mV, + vV.) + X' (m/*'. + « v'^ ; 

-?/*' + »iX'«=v, -iv' + nX'--/*; 

/. vm', - Mv', = S^<2X' ; :.l,^Q(T\- Hky 

Similarly 7!PX' = I (jilp!, + vV,) - X' (mp.\ + f.v'^ = - v/*', + ,iv'„ 

ZPX = - 1 (ptfi, + VK,) + X (m/», + nv,) = - /»,!'' + v,/*' ; 

.-. ^."PC-^x+rx'); 

.-. (ZP), + ( r0, - - HQL + TPM= HP, - TQ,, (6) Art. 8 12 ; 



.-. r, C + 2 re, + ff,P+ (IT -H)P^^ 0. 
Similarly 2;P+2rP, + fi;C+(fl-.fi^) <?. = 0. 



(7) 



816. If geodesic polar coordinates be used, and q be the^ 
'desic radius vector, Q^l, and the equations (7) become 

^+PB;+(i:-ir)P,=o, or 2;+(Pi:),-i/p.=o, 

d PT, + 2rP, + fl;=:0, or (TP'X + Pflj^O; I 

^he equation derived from- the specific curvature, viz. 
7^) =0, are the three fundamental equations employed 
memoir on deformation of surfaces. 

similarly — 2. •/<»»•. VEc, PoI^. tome xxn. ^ 
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817. To find the differential equation of a geodesic considered 
as a line of minimum length between two points on the surfaos. 

Let PQ be a small element of the geodesic joining two points 
Ay B on the surface, and let AP'QfB be a curve slightly differing 
from the geodesic; let p^ q and p-^-dp^q-^^dq be the coordinates 
of P and Qy p-^-Sp^ q and p + Sp + a(p + tp)j q + dq those of 
P' and Q^j so tnat p and o + ^ are different functions otq. 

If S^Jdsr=.J^{(Pdpy + (Qdqy} be a minimum, then, for all 
values of ^,Si$sO, 

and 8iS=/[{PP, (dpy + QQ, (dq)'} Spjds + rdpBdpldal 

=/Sp[{PP,(ip)«+ QQ,(dqy}lds^dirdplds)l 

since Sp. F^dpfds vanishes at A and B\ 

:. PP,(dpy-hQQ^(dqy^dsd(P'dpld8)^0; 

and if 9 be the angle at which the geodesic crosses the curve 
J = constant, Pdp^dscosOj Qdq=idse!in0; 

:. P^dpcoB0+Q^dqBm0^d(Pcose)^{P^dp'\^P^dq) cos^-Psin^rf^; 

:,dd = dpPJQ^dqQJP, 

and bj eliminating 6 we obtain the equation of Art. 805, writing 
F* and Q* for £ and G respectively. 

818. Integration of the equation of a geodesic on a central conicoid, referred 
to lines of curvature. 

By Art. 789, P* = - ii (g -|>), Q* = v (y -p), where u and v are retpeotively 
functions o£p and q alone, also, by Art. 817, 

d0 = dp Pi/Q -dqQJP^dqQoXe. PJP - d^ tan 6^ . Q,/ Q , 

/. 2de sin cos ^ = (dq cqa^O + dp sin'^?) / {q -/?), 

/. dq cosV + q dco%*0 + dp sin'6^ +/> rfsinV = 0, 

.*. q cos*^ 4 j!> sin'd s constant, 

which is a first integral of the equation. 

819. The equation of Art. 817 enables us to obtain Liouvillc's 
equation, Art. 809. Let PJj, TQ be geodesic tangents to the 




curve PQ, PT intersecting NQ in q ; and let B be the inclination 
of PT at P to PJ/, e^dH^e-^ie those of TQ and P2'? to NQ^ 
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then, by the triangle TQq^ dO-iO is the geodesic angle of contin- 
genee of P^, and (dd- hd)ld8 the geodesic curvature p'\ 

But, since id is the dd of Art. 817, Se^djf^FJQ-dq.QJF; 
/. p'^^^dd/ds-hp^'^ coB0 + p^''8in0j as m Art. 809, 
Pj, p^ being measured In the direction towards which is mcreasing. 

Deformation of Surfaces. 

820. The method of curvilinear coordinates is of special impor- 
tance in the investigation of surfaces which arc applicable to each 
other when thej are considered to be flexible and inextensible. 

A familiar example of the deformation of a flexible and inexten- 
Sible surface is that of a torse which may be developed into a plane 
and then be transformed into any other torse, and it is obvious 
that the generating lines of one torse may oe curved lines on 
the other. 

It should be noticed that the edge of regression, vhen the torse becomes 
a plane, is developed into a plane curve, and although every part of the torse 
lies on the plane some parts of the plane do not oecome parts of the torse 
when reversion of the process of development takes place, viz. those parts from 
which no tangent can be drawn to the plane curve. And, afortiori^ the whole 
of a torse cannot always be deformed so as to form the whole of any other torse. 

821. Conditions that a given surface may he lent into the form 
of another surface. 

These can be deduced from the consideration that any line 
drawn arbitrarily upon the surface will be unaltered in length, 
although its form will generally change. 

Let (x^ y, z) be a point on any surface 8 and let ({, 17, ^ be 
the changed position of the point when the surface 8 has been 
deformed into the surface S. If a;, y, z be expressed as functions 
of p and q so that p^ q are curvilinear coordinates of (a?, y, z) on 
the surface 8^ then ^, 17, (T, depending only on x^ y, z and the 
constants which determine any change of position of the surface 
as a whole, will also be functions of the same p and q. Hence, in 
order that no line may be altered in length, the elements of corre- 
sponding arcs measured from any point in any direction on 8 and 
2 will be equal. 

Now for an element ds of an arc measured from (x, y, z) on the 
given surface 8, (dsy^E(dpy + 2Fdpdq+ 0{dq)\ where JF, F, G 
are definite functions of p and j, viz. x^^ + y^+z*j a:,x, + yjV| + «j2, 
and a?,'+y/ + «,', and since the corresponding value of (a*/ must 
be the same for all directions measured on the surface 2, that is for 
all values of dp and dq^ the coctficients of (rfp)*, dpdq and (dqY 
must be the same functions of ^ and q] therefore the coordinates 
f, 1;, f of the point, corresponding to (a-, y, «), in the deformed 
surface must satisfy the differential equations 
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If a general solution of these equations could be obtained we 
should have a solution of the problem, to find all the surfaces into 
which a given surface can be transformed hy lending mtkout extenr 
sion or creasing. 

Since Ej F^ and G are functions of p and q unaltered by the 
deformation ot the surface, the same is true of any function of these 
quantities and in particular of the specific curvaturci Art. 798. 

The inyariability of the specific curvature is a necessary but 
not a sufficient condition of the possibility of a transformation from 
8 to 2, since we cannot generally deduce from this alone the 
equality of all corresponding arcs. 

It should be observea that the integral currature of any closed area is the 
sum of the integral curvatures of all the elements of the area; also the integral 
curvature of an element is the area of the element multiplied by the hpecilic 
curvature vhich is unchanged by deformation, therefore the integral curvature 
of any closed area, as well as the specific curvature at any point, is unchanged 
by deformation. 

822. The subject of deformation has been variously treated by 
Liouville*, Jellettt, Mindinrf, Bonnet§, Bour||, and Maxwelllf ; but 
anything like a complete solution has been obtained in only a very 
few cases. 

823. It will give some idea of the form in which the general solution of 




and It^Oi in this case 

f ,» + 111" = i» - J,* « jr\ suppose. 

Let Ci 8 IT cos V, iiis CTsinv, (1) 
&B Q cost?', 1J3 s Q sine'; (2) 
.". UQ coBitf-v)^0 and t7'-© = }w, 
and ^3 S3 - Q sin v, Vt^ Q cos v, 
ii%o U^coiV' UvtBinv^-Qi sine- Qti cos v, 
iiua CT, sin 0+ I7b, cost? s Q, cos o - Qti sin v ; 
.\ 17; + Qt?i = and Qi- Z7t^ = 0j (3) 
.-. (I7^)2t;a + ((?)it?i«0 or (i?«)2t;2+(Q')iC, = 0, 
and this being a linear equation, if /(jPi <?) » /3 be a solution of 

whence f, v, and ^ could be determined in terms ofp and q. 



* Monge ed, LiouviUef p. 588. § Jour, VEc. PbJyt, tome XiX, 

t Proc. Ir, Ac, vol. xxii. p. 343. || Ibtd^ tome xxii, 

t CVe/fc, xviu. pp. 297, 865. 4 Canib, PhU. TV. vol 12. 
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824. To find iurfacea applicable to each other for which (A)"«W'^(S*.* «*)(*)'' 
and far which the distance of any point from a fixed plane ie a fiinetwn eUhet 
of p (i) or g (ii) onh. 

Take the plane for that of xy, 

u In this case ft a 0, «i* + yi* = 3* + fl*-»i*aX*, (1) 

Let dTiaXBinOi ^isXcosv, 
*,s» sin©', y,=i COS*'', 
cos«-v)aO, t< = i> + i'«', 
«, = cos V, y, = - sin v, (2) 
dr,, = X, 8inv + X0,cosvB~V|SinV| 
yis - Xa cos V + Xv, sin t? « - Oi cos V ; 
/. r, = or v^f(p)f 
andXaa-ri»-/'(jP) or X = - j/'(jp) + 0(p); 
.-.. by(l), /'(p) = ±l, 0(p)»O, fj« = a«, gi^-qwup, yt-Tgcos/?; 
/. « = ap, « = yco8|>, yt"T?Bin^f 
since by (2) the arbitrary functions yanish and the origin may be chosen sc 
that any constant will disappear. 
iL In this case Si s 0, 

«,« + y,««l-8,» = A4% (1), where fij = 0, 
and, as before, Xi^Funv, yi « P cos t?, (2), x^^^cosv, y, » - 14 sin p, (3] 

Xi2 a 1^8 sin + Pvi coso s ~ fWi sin o, 

y „ = P, cos « - Pv2 sin © = - ^©1 cos » ; 
.-. Pt + ^f?, = 0, t;,«0; :. v*f(p), also j/V(j* + a*) + A'/'(rt = <>i 
and ^ being a function of q only, f'(p) is constant a - n, suppose ; 

by (2) ii«aV(9* + 4i^oosfi/7, fiyaV(j* + «')8inwp» 
since, by (3) the arbitrary functions of q disappear. 

Again, nV = n«-j«/(5» + a») = {aV-(l-n«)3»}/(5» + a»); 
^ aV-(l-ft«)9« ^ 

,ndif^-^fc!!>=.cos., ''-If-^!!?;^ 

or fMr/a = P(n,^)-JE?(n, ^). 
Case L gives a helicoid, and case ii. a surface of revolution for which tbi 
equation of the meridian is given by fir » ^(^ + a"), 

These surfaces are therefore applicable to each other. 

If fi< 1, since ^ < aV/(l - n'), a portion only of the helix is applicable. 

If n = J, « = a log {r/a + V(H/a« - 1)}, and r^ia («•/• + «"•/•) ; 

therefore the surface is formed by tiie revolution of a catenary about its directrij 

If n > 1, and q V(l - n"*) » - a cot ^, r^a V(cosec«0 - n"*)/(fi« - 1), 

z f d0 

a°Jsin*^V(l-»"*sin*^)' 
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825. Maxwell* has given a means of forming a conception of 
rvhat takes place when a surface changes its form by bending. 
tie has also shewn how to construct the lines about which the 
sending takes place. 

826. General conditions of the applicability of two surfaces. 

i. Every point, line, and angle on one surface has its corre- 
sponding point, line, and angle on the second. 

li. If any line whatever be drawn on the first surface the 
jorresponding line on the second will be equal to it in length. 

iii. If two curves on the first surface intersect, the corresponding 
curves on the second will intersect at the same angle ; for if on the first 
31 third curve be drawn so as to form a triangle with the first two, 
find be then moved towards the point of intersection, the triangle 
becomes ultimately a plane triangle and the corresponding triangle 
Dn the second surface will have its sides, and therefore its angles, 
equal to those of the first triangle. 

827. Polyhedrons can he inscribed in each of two surfaces which 
are applicable to one another j such that corresponding facets are 
parallelograms equal in all respects. 

Let one of the surfaces be striated by two systems of curves 
such that the tangents at each point of their intersection are 
parallpl to conjugate diameters of the indicatrix at that point. If 
abed be a quadrilateral formed by two consecutive curves of each 
system, it will ultimately be a parallelogram inscribed in the conic 
section made by the plane of abc, whose sides are necessarily 
parallel to conjugate diameters of the conic. The two systems of 
curves are called conjugate systems. 

Consider two surfaces applicable one to the other; take two 
points, one on each surface, corresponding to one another, and 
suppose the surfaces to be so placed that the tangent planes at the 
two points are coincident, and then the surfaces to be turned about 
the common normal, until the tangents to corresponding curves 
drawn through the points are also coincident, which, by iii. of 
the last article, is possible. The indicatrices of the two surfaces are 
conies which intersect in four points, and these points are the 
angular points of a parallelogram whose sides are parallel to 
coniugate diameters of both conies. 

There are therefore at every point of one of the surfaces two 
particular directions which are conjugate and remain conjugate 
when deformation takes place. Hence there are two conjugate 
systems which remain conjugate systems on deformation. 



♦ Camb. Phil, Tr. vol. ix. 
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828. Deformation of the corresponding polf/kedrons inscribed iii 
two applicable surfaces. 

Let P be a solid angle of the polyhedron inscribed in one ol 
the surfaces, the four facets of which are the quadrilaterals, ultimately 

— ^ 




parallelograms, a&, ic, cJ, da^ the deformation about P is cffcctcil 
by changing the angle of inclination of two of the facets having; 
a common edge P«, in consequence of which there will be a 
definite change of the angles about the other edges, and these 
changes define the new positions of the adjacent facets, such as (f, 

\\\\Q\\ \\i\ ]>rMCco«l l(» the limit, the polvi:^ons hP'K nPf\ kS*^ . 
Ihhnuiic tilt' rurv<.'> NvliM'li Ik'Imii^' t<» tho cnnjucfalc sy.-^t<•)ll^i <:«mihm"ii 
Tu Im»i1i .surtaxes. >s'lii<*h \\\'^\ tlms /fc/*'>- *f I'lnliitq, 

hi |»ns.-iiii:; tVojii «»iir surfnci^ to nnothcr by <lrturmjitl«.it ^vi 
may suppose the bonding to take place continuously. The luics r.i 
bending in the passage from any one surface to the next consecutive 
will generally change their position at every instant, and for cvciy 
intermediate form of the surface there will be a definite >iy>t( m 
whicli are instantaneous lines of hendinrj. Jiut, under certain 
conditions, these lines may retain the same position while a Hnitt 
amount of bending takes ])lace ; they are then pnnnnnpnt ///// ^ 
of hendinf/. An exam])le of this will be seen in the case of tiic 
scroll described in Art. 833. 

830. Specific curvature at an;/ point is unchanged by deformatio^u 

The horograph of the portion of the polyhedron including the 
four facets ^I, U, (7, J) forming the solid angle at P, is a quadri- 
lateral ab'c'd' whose sides are arcs of great circles. The arc a// 
is generated by the extremities of radii corresponding to lines 
perpendicular to the edge [A, -B), which take the place of normals 
to the surface, hence the inclination of the planes of a'b' and ad' is 
equal to the angle of the facet A, which does not change. 

The specific curvature of the polyhedron at P is measured bv 
the area ab'cd\ which depends only on the angles, and therefore 
remains constant as the polyhedron changes its form. 

Hence, proceeding to the limit, we obtain another proof of the 
proposition, which is due to Gauss, already proved in Art. 821. 
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Ruled Surfaces. 

831. Scroll referred to curvilinear coordinates. 

hct Aa J Bb, Cc... be consecutive generating lines of a scroll, 
each inclined at the same indefinitely small angle dp to the 
preceding line. Let AB', BC\ &c., be the shortest distances of Bb 
from -4a, Gc from Bb^ &c., so that the polygon ABC... is ultimately 
tlie line of striction. The extremities of radii of an unit sphere 
drawn parallel to Aa, Bb, Cc, &c., will ultimately form a curve, 
and p will be an arc of this curve measured from a fixed point 
in it. 

AB' depends only on the position of Aa and the inclination of 
7?i to Aa, and may be represented by ffdp, where ^ is a function 
of p only; similarly BE = ddp, and the angle between BC and 
AB' = 'ydp, where a' and 7 arc functions of p, and a^dajdp. 

If the scroll be striated by the generating lines and curves 
cutting them orthogonally, let any one of these curves be identified 
by q the distance measured along a generating line from one of 
them a'b'c... chosen as the curve of reference, and let q^ be the 
value of q at the line of striction, so that dq^^a!dp, and^^ = a. 

Let BQ be an element ds of a curve crossing Aa, Bb at P, Q, 
whose coordinates are p, q and p-\-dp, q-hdq, and let a plane 
t[)rough P, perpendicular to Aa, meet Bb in N, and draw NM 
perpendicular to the plane through Aa parallel to Bb, then. 




ultimately, NQ = dq, PM- [q - q^ dp, MN- /Bdp, and 
PQ^ = NQ' + PN' = NQ' + PAP + Jl/iV^, 

y{dsy^{dqY-^{{q^q,Y+0^}(dpy. 

If I be the inclination of the tangent plane at P to tliat at A^ 

tan7= PMjMN^ (j - q^)j^. 
The specific curvature at any point (p, q) is 

- P„/P= - ^V {(2 -,7„r + iS? = - cos V//3', 
which is negative, the surface being anticlastlc. 
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m, ., M. 13 and 7 are the functions of Pj whic 

The three quanjR: ^^^ ^^^^ ^^ ^^^ ^^^^^ ^^ ^fi^ ^^ ^ 

T aT, J* • ""^Vt of 7, which iB the onlj' on^ of th, 

observed that as is indetK>w* ^^. ' a, ggo 

three quantities altered by defoMi^X^; ^^^j^ sphere anc 

ihe cone, whose vertex is the ^^^^rex^ |i r * Boui 

generating lines parallel to those of the scrS- ^ 

the director cone of the scroll. 

832. The equation P» = (9- a)" + /3* might have lblll4j^^^'^^ 
from Hour's equations of Art. 816, for ^, being the cur^ 
the generating line, vanishes; /. (TP*) =0 or TJP* = f(/?J^ 
P^^PP^ \fip)YIP', (I), which is satisfied by P^^Lq^-^^Mq 
where i, Jf, N are functions of o only, and, by a proper cbo/V 
the parameter p, 2/ = 1 ; hence P* is of the form (j — aj' + >S**, x 
substituting this value in the equation (1), )8=/(p). ^ 

By the remaining equation Tj + (Piir), = 0, we obtain 

.-. ^=-<i|/+*(y))/i«y, 

therefore, since K is the curvature of the geodesic tangent to t 
curve (j), and Pdp an element of the curve, — d {/+ ^ {p)] is i 
angle of contingence of the normal section perpendicular to t 
generating line, and ^d<l>{p) is therefore the angle between t) 
consecutive shortest distances ; /. <f)' [p) = — 7. It should be notice 
that I is unchanged on deformation. 

Since a radius of the unit sphere which is in the direction of th 
shortest distance is perpendicular to two consecutive generatini 
lines, the cone generated by these radii is the cone reciprocal to tb 
director cone, and a small arc of its intersection with the sphere ii 
equal to ydp the corresponding angle of contingence of the directoi 
cone. 

833. Dpformatwn of a scroll when ihe generating lines are the 
lines of bending. 

The scroll may be deformed in such a manner that all the 
shortest distances are parallel, by turning the whole portion of the 
scroll above Bb about Bb through the angle ^dp until BC is 
parallel to AB\ and then about Cc and so on, and in that case the 
director cone becomes a plane. 

By bending this new scroll back about its generating lines, 
through proper angles, it may be deformed into another scroll, 
whose director cone ii perfectly arbitrary, which is one of Bour's 
theorems. 

When the scroll is deformed so that the shortest distances are all 
parallel, the director cone becoming a plane to which all the 
generating lilies arc parallel, the projections of the shortest 
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ptanceg upon that j)lane ig a curve of which tu'dp^^dc Is an 
^mentary arc ; and since p is the angle made by the tangent to 
^ curve with a fixed line, this is the intrinsic equation of the 
pve. 

] The deformed scroll can therefore be generated by constructing 
J. a plane the curve o!dp = da^ and a cylinder of which this curve 
the base, take MP=i0dp on the generating line of the cylinder 
ssing through a point M^C^^-he base, whose distance from a fixed 
int measured along the base is a ; draw a line parallel to the base 
aching the cylinder at P, this will be a generating line of the 
•oil. If the cylinder were unwrapped the locus of the points of 
^'?>|ct would be the curve given by a; = a, y=//3dpj being the 
^7^*»>ed line of striction of the deformed scroll. 
oice of 

>« jjjj J We can illustrate the propositions given above by taking the particular 
^ ^ich is a hyperboloid of revolution of one sheet, given by the equations 
^ : its generating lines x/a = cos^ - sin <p z/c, and y/a = sin ^ -h co3</> z/c, 
rith the notation of the preceding articles 
ios dp = [a* sin ^ sin(«/> + dtp) + a' cos<^ cos (</> + dtfi) \c^/ (o* + <?), 
or 1 - J (dp)^ = 1 - \a\dii>)y{a'' + c% ,\ dp = adip/y/(a* + c"). 
the line of striction for this surface is, by symmetry, the principal 
, section, and - a'dp is therefore the projection of the arc ad<i> of this 
the ^^^ direction-cosines are - sin^, co8<^, 0, on the generating line; 

.1 -«'4j = aV<^/V(a» + c»)=a(//>, and {fidpY ^ {ad<l>y - (adp)* « c* (dp)* -, 
)tlje •■• W = W + to + «P); + c'j(e(p)«. 

xi ^ /A, y) be the direction of the shortest distance of consecutive generating 
. , Dce it is perpendicular to both 

licea _ ^^ ^jj^^ ^ ^^ ^Qg^ + vc = and X cos«/> + ^ sin</> = 0; 
.. /. \/6in<p=fi/-coB<t*^*'c/a = c/^{a*^c*), 

. I is the angle between consecutive shortest distances, 
"°^ cos i'^dp) = [e* sin tf, sin (<t> + <?0) + c« cos <l> cos (</> + </«/») + o*) / (a* + c*) ; 
/r .-. 1 - J (7*)« = 1 - } (<^^)' cV (a« -f O J 

' ^^ .•. f^dp = cd(f,/y/(a*-¥<^) and rf = c/a, 

yen the scroll is deformed so that all the generating lines are parallel 
ced plane, the cylinder which they all touch has for its intrinsic equation 
ia = 0, and is therefore circular with radius a, and the locus of the points 
the I tact cuts the generating lines of the cylinder at the constant angle 
j/c). ; ' 

.--"^ Surfaces of Revolution. 



be ' 

is V condition of applicability of two aurfojces of revolution. 

je the curvilinear coordinates which define the position of a 

P on a surface of revolution be p the longitude, and q the arc 

ared along the meridian from a fixed point in it to P, and let 




j the surfaces will be applicable to one another, if the two 
, essions for {day are equal for all positions of the element, and 
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this IS clearly the case if q^q^r^kr^ p'^pjk] in fact, th 
elements of the arcs of the meridians and parallels of the t\v 
surfaces are respectively dq = dq and r'dp = rdp. 

If ^, ylr' be the inclination to the axes of revolution of tangent 
to the meridians at corresponding points, 

sin ^' = — dr jdq = — kdrjdq = k sln^ ; 

hence, taking A;>1, the only parts of the first surface which ca 
be applied to the second are those for which sin ^ is not grcate 
than k"'. 

836. Cayley has discussed the forms of the surfaces of rcvoluti(H 
to which portions of a spherical surface included between tw 
meridians and two parallels can be applied. 

Measuring q from the equator which is the great circle of th 
sphere perpendicular to the axis, 

(d8y^(dqy-\-C0s'q(dp)% 

if the radius of the sphere be taken for the unit ; also, for tli 
surface of revolution to which any portion of it is applicable, 

{dsy = (dqy'hk'cos'q(dpy. 

If (z, r) and (z, r') be corresponding points, 

z = sin q and (dz'y = (dqy - (dr'y = (dqy (i^k' sin'j) ; 

... z' =Jdq V(l - k' Bin'q) = E(k, q\ 

which is an elliptic function of the second kind if k < 1. 

Also, if yjr' be the angle at which the tangent to the curve a 
(«', r) cuts the axis, sin ^' = - drjdq = — kdrjdq = k siny. 




Consider the spherical quadrilateral bounded by two moridiani 
AD J BCj and two parallels, one of which -/IT? is an arc of tlic 
equator and the other JJC has latitude q. First, let /»<1, tli< 
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lace into which the qiuiclrilateral is deformed is A'B'C'D\ 
pre the radius oF A'JJ' is k, and jlA'OB' ^lAOBJL Also, 
PX^D'N' be perpendicular to the equator, D'N' >DN^ since 
h term oi jdq ^{\ —k' 9AV?q) is greater than the corresponding 
lis of/^/<7V(l -«!"'(?]• Considering the semihme AEB, deformed 
} A'E'B\ at the equator sin'\|r' = 0, and at E' for which ^ = i'7r, 
>^' = k\ therefore the surface A'E'B' cuts the equator at right 
l(;s and lias a conical point at E\ whose semi-vertical angle 
'in-7r. 

If AB> 27r/»*, A' OB' will be > 27r, and to eflfect the deformation 
hemisphere must be slit along a meridian AE and overlap 
surface A'E'B'. 

Scxt, let k>], then the latitude of the parallel which bounds 
portion of the sphere which can be applied to the corresponding 
ace of revolution cannot be greater than sin"*(/i;"*). Also 




>'—/:. sin 7, .-. the surface meets the ccjuator at right angles, 
at I'\ which corresponds to F in the highest latitude on the 
re, the tangent is parallel to the equator. 

37. Def. a helicoidal surface is generated by the revolution 
given curve about a line, fixed with reference to the curve, 
1 1 moves in its own direction with a velocity always propor- 
vl to the angular velocity of the curve; so that every point 
io curve describes a helix of the same pitch. 

;>8. A helicoidal surface is applicable to a surface of revolutiotu 
,ct r, 6, f be cylindrical coordinates of any point P of the 
[- in an initial position, these will be functions of q^ the length 
e arc measured from a fixed point to the point P; the position 
ill any position of the curve will be given by 

X = r C08(^ + d)j y^r sin (^; + ^), z^ap-\- f ; 
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hence, denoting drjdq by r', &c., y /^ 

{dxy+{dify^{rdqy + r'{dp + e'dqy, dz=-adp + ^'dq] 

^{dqy{r'+r'{aff-^^yi(r^+a')} + {r'W)[dp-\-dq[r'0'+^^^^ 

-{dgy-\-[r*-\-a')[dpy, and, since j' is a function of q only, anc 
therefore r*'\'a* a function of q' only, the helicoidal surface h 
applicable to a surface of revolution, of which the arc of a ineridiar^ 
is q, and the distance of the point (/, q) from the axis is '^{r'+a^}. 

839. If the generating curve be replaced by a straight line cutting the axi^ 
at an angle of 45"^, 

x = i'J2qcosp, y=l's/2q6inp, e = flfp + }V2y, 
and (day = J {(dqY + q* {dp)*] + {adp + i y/2 dq)* 

^{dqy-^^2adpdq + {iq'-{-a*)(dpy . , 

where <f?'' = (</g)'(^ + «')/(?'+ 2a«) '"^^ 

rfp' = rf;> + V2 «<??/(?* + 2a«) f /^ 

and BO y =p + tan'*(y/av/2). j?^^ 

Let «', y be coordinates of (/?', g^) a point in the curve generating the^"^ 
surface of revolution ; ^ '* • 

y''-W^a\ ,^^d^X=qdqH[q'-^2a% l-i. 

(dx'y = (dq'f - {dyj ^ \ {dqy; /. x''= \q* ; 
hence y" = «'* + «*; therefore the meridian curve is a rectangul&r hyperbola. ^ 
If (a?*, y', 2*) be the point in the hyperboloid which corresponds to (p, q)^\ 
and q/a'\/2 = t&n^, >^*< 

y' = V(l?* + <**) cos {pi^)=a cos/? - Va 2 s^n J^t , *^ ' ^ 

*' = V(a5* + «*) sin (/? + «/') = « sinp + Va <? cosp; iVc 

/. y'co8|> 4 £'sinj» = a, the equation of the tangent plane to the hyperboloid )l'y 
y'* + 2f*-x'* = «* at the point (0, a cosp, a sinjt?): hence every generating line \m 
of the helicoid has for its corresponding line a generator of the hyperboloid, .j , ^ 
and since when q = Of y'* + z'* = a\ the axis is bent into the principal circular '^ 
section. • *^ 

840. It has been shewn that, when the form of P in the ic 
equation (rfs)* = (rfy)' + (Pdpy is given, we have equations sufficient 

to determine the values of if, JS and T for all the surfaces which 
are applicable to one another and which have the same value of P; '• 
and that when these three quantities have been determined, such 'p 
curves as the lines of curvature and the chief curves can be formed h 
for each surface. ; ^ 

Instead of supposing P given, as by giving one of the above ^ 
surfaces, we may endeavour to find what must be the form of P ? 
in order that the surfaces applicable to each other may all be * 
derived by deformation from a surface possessing a given property 
which can be represented by a relation between If, K, T] an ^ 
example of such a property is that the area of the surface included } ' 
within any closed curve traced on it be less than for any other ^^' 
form of the surface bounded by the same line, in which case the*^^ I 
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two principal curvatures at any point must be equal and in opposite 
directions, the corresponding relation is H-\-K=^0] Bour has 
obtained a differential equation for the value of P in this case, 

841. To find a differential equation for determining P when the 
corresponding surface is applicable to a surface of minimum area. 
In this case, since -H+-K'=0, the fundamental equations become 

(^P'), = -P2;, {TP\ = PK,, and T' + K'^S', Art. 816, 

where — 5* is the specific curvature — P,,/ P. 

Let jr=Scos(/», T=i5sin^, /. Kdr-- TdK=^S'd<f>; 

/. S*(I>,=KT,-^TK,^'-{K[KP\^'T{TP\]IP=^''{S^P*)J2P'; 

.-. ^,=:-iP{log(fi'P*)}, = -iP{log(P'PJ}.. 

Similarly ^. = iP-Mlog(P-^PJ},; and ^,. = ^,,, 

which is the differential equation required. 

By Art. 810, if be the inclination of a line of curvature to 
the curve (^), since Pdp / sinO = dq / cosff, TcoB20=^Ks\n20, so 
that the subsidiary angle is 2d. 

Cor. If the surfaces which are applicable to surfaces of minimum 
area be surfaces of revolution, the first term only remains, since P 
is a function of q only. 



LVII. 

1. Prove that the curve given by 

is a line of curvature on «•/«" + yV*' + *'/^ =• !• 

2. If FMQN be an infinitesimal rectangle formed by strialinff curtes of 
two systems cutting orthogonally, and a, fi be the angles made with tne tangent 
plane at P by the tangent at if to MQ and that at iV to AQ, prove that 
a.MQ^p.NQ ultimately. 

3. Prove that the chief lines on a surface are not generally geodesies. 

4. If the line of striction of a scroll cut the generating lines at a constant 
angle it must be a geodesic line. 

5. Shew that every scroll may be deformed into a surface generated by 
stiaight lines moving parallel to a fixed plane. 

ZZ 
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6. When a scroll is deformed so as to become another scroll, the relatlv( 
position of the tangent planes along any generating line are unaltered hi 
the transformation. 

7. The curvilinear coordinates of a point on a sphere are the longitude / 
and co-latitude q, shew that the differential equation of any geodesic line is 

d*q ^ ^ do . 

j^ - 2 coty T^. _ sin y cosy e 0. 

Find the complete integral of the equation and determine the constants 
when the geodesic joins two given points on the sphere. 



LVIIL 

1. Prove that, if the two sets of curves (o), (fi), and (o'), (fi) divide a 
surface into square elemenU, so that {dsy = \{{day-^(dpy} = \'{{day^{d^y.^ 
a + 1/3" is any arbitrary function of a + ip, 

2. When an ellipsoid is striated by the lines of curvature, correspondin;? 
to constant values of ;i and q, find the principal curvatures at any point in terms 
of the values of p and q at that point, and shew that they satisfy the equations 
(7) of Art. 815. 

3. Prove that if the curves {p) and (q) on a hyperboloid of one sheet bi> 
generating lines the equation of any plane curve will oe of the form 

apq-^bp^cq-^d^O. 

4. Prove that a flexible and inextensible surface in the form of a hyperbolol J 
of revolution of one sheet, whose transverse and conjugate semi-axes are 
respectively a and c, and the angle of whose conical asymptote is 2/9, may be 
deformed as follows : 

i. The principal circle may be bent into a straight line, in which case one 
system of generating lines will be the generating lines of a conicoid of unifonn 
pitch inclined to the axis at a constant angle, the axis being the straight line 
into which the circle was bent. 

ii. The circle may be bent into a helix of pitch Jw -/3 traced on a cylinder 
of radius a, in which case the generators become tangent lines to the cylinder 
perpendicular to the axis. 

ill. The surface may be applied to the surface of revolution of which the 
equation of a meridian curve is r = c sec/S cosh(x/c}. 

5. Shew that a sphere may be deformed into a surface of revolution, which 
in its general form resembles that obtained by the revolution of an arc less 
than a semicircle round its chord, the half chord being greater and the versed 
sine less than the radius of the sphere. Also that a zone of the sphere contained 
between two parallels may be deformed into a surface, which in its general Ibrm 
resembles that obtained b^ the revolution of a half ellipse about a line paraliel 
to and beyond its bounding axis, the semi-axis being less, and the greatest 
radius of rotation greater, than the radius of the sphere. 
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6. Find the area and length of the circumference of a amall ffeodesio circle 
traced on a surface, neglecting higher powers of the radius than uie third ; and 
deduce that, on deformation, the specific curvature at any point is unaltered. 

7. When a scroll is transformed into another scroll the angles of contingence 
of the normal sections perpendicular to the same generating line increase or 
diminish by the same amount as do those of the director cone. 



LIX. 

1. A hyperboloid of revolution is given by the equations xoaBec4> cosO, 
f/ =a sec<p sin 0, and s a a cot/3 tan <^, shew that the curves which cut orthogo- 
nally all the generating lines of one system are given by the equation 

6-<p-^ cosec'/3 tan <p = cosec/3 q/a, 
ivhere q is the constant part of any generating line intercepted by two of the 
curves, one of which passes through the point ^ = 0, a 0. 

2. Two generating lines of a hyperboloid of revolution intersect the principal 
circular section at points A, P, the arc AP subtending an anele p at the 
centre. A curve cuts all the generators of one system orthogonally and meets 
the generators through A and P in A, A\ A".., and Q, Q, Q''..., shew that 
^^' = ^'^"=...= QQ'«0'Q"=..., and that the length AQ of the curve is 
Jo cot*/J (coti^ cosec^ + logcotj^), where 2/3 is the vertical angle of the 
asymptotic cone, and cot </^ =p sin ^ tan /3. 

3. If a finite quadrilateral be formed on a conicoid by four lines of curvature, 
the distances of the angular points from the consecutive confocal will form a 
proportion. 

4. Prove that the equation of the wave surface referred to elliptic coordi- 
nates is ( J + r - a - 6 - c) (r +|> - a - 6 - c) (/) + g - a - 6 - c) = 0. 

6. Prove that the complete solution of the equation {P(logP"P^),}, = 0, 
Art. 842, Cor. is given by the equations q^c-a {tf**^/(n + 1) + r"V(n - 1)) and 
P = ma {t**^ + t"^^), the four arbitrary constants being e, a, m and n. 

6. Shew that, when a surface of minimum area can be obtained by the 
deformation of a surface of revolution, 

i. Its lines of curvature are cut at a constant angle by a geodesic which is 
one of the deformed meridians. 

ii. The same line of curvature cuts any two deformed meridians at angles 
whose difference varies as the difference of their longitudes. 

7. Shew that the surface formed by the revolution of a hypocycloid of four 
cusps about the line joining opposite cusps, may, by slitting it along the circular 
cuspidal edge, be deformed mto two parts of another surface generated by a 
similar hypocycloid, which cut one another at an angle 2a, where cos^'a is the 
ratio of the linear magnitudes of the two hypocyoloids. 

8. A point moves along a generator of a scroll with velocity F, prove that 
the angular velocity of the tangent plane to the scroll at the point is 
F/v^(jKiif,), i^^JKj being the principal radii of curvature at the point. 
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LX. 

1. A quadrilateral figure ABCD is formed on an ellipsoid by four linei 
of curvature, prove that if O be the centre of the ellipsoid, Oul'+OC^O-B*-f Olf^ 
and that the chords A C, BD will be equal. 

Prove that when a confocal ellipsoid intersects the hyperboloids, whici 

determined the above four lines of curvature, in another quadrilateral A'B'C'J^ 

OA^'OA^^OB'^-'OJE^^OC^-'OC^^OB'^-OJf \ 

2. The principal radii of curvature at the intersection of two of the thret 
confocal8«V(a+/') + y'/(i+l>) + J^(c+i>)=l, (1), «"/(a + j)+...= l, (2), an^ 
««(a+r)+...=l, (3), are, for the confocal (1),/)^/),; iot{^),tr^<r,\ for(3),T^T^ 
p^ corresponding to the normal section touching the line of curvature common 
to (1) and (2), &c. Prove the equations />,a^^Tp « />,«>t^i ^r/^p^'^J'Tp^li 

-^phq ^Pr/Pq « h a^d pjp^ + cj^^ - 1, 

3. If the polar equation of a surface be expressed in the form 

rf logr = Prf^ + Q sin^ cf0, 
prove that the angle i/r between the radius vector and normal will be g^ven by 
tan*«^ = P* i- Q*; verify this result in the case of the ellipsoid. 

4. A hyperboloid of one sheet is determined by the equations 
x/a^\\^pq)/{p-^q\ y/h = {p-q)/{p-\q), s/c = (l -pq)/{p^g), 

prove that the lines of curvature are given by the equation 

dp (1 - 2Ap* +1?*)-* ±dqil- 2Aq* + q*)'^ = 0, 
where ^ « (a« - 2b* - 0/(«' + c"). 
Shew that the striating curves (p) and (q) are the generating lines. 

5. Prove that along certain generating lines of a scroll the specific curvature 
is zero at every point except where it meets the line of striction. Explain the 
apparent discontinuity. 

6. A scroll is generated by a straight line moving so as to intersect the 
circle s ^ 0, ar* + y* == a* and the two straight lines x^O, z^e and y = 0, s-'-c; 
prove that, if it be deformed by bending about its generating lines until they 
are all parallel to the same plane, their projections on that plane will envelope 
an epicycloid. 

Shew that the generating lines will touch a cylinder on the epicycloid as 
base at points of a curve of constant inclination to the base. 

7. If a be the radius of a flexible and inextensible sphere, />, q the longitude 
and latitude of a point upon it, ada, ip, iq the increments of a, p, q when any 
part of the sphere is bent infinitesimally, prove that 

^ + aa = 0. ^ (sec jij)- secy ^»0, 

d dip 

and -r- (sec qiq) + cosy ;/ ^ ^ > 

shew that the general real value of ip is /(p f tti) +/(/i - tu), where 
ti B log (secy + tan y). 

Deduce the particular solution 

ip = cos sp [A tan* (> - Jy) + -S cot« (}?r - Jy)), 
secydy = - nn$p {A tan*(l7r - }y) -^ col*(i?r - Jy)}, 

ia s 8in«y {A {s + sin y) tan'O - a?) + P (» - siny) cot'O - I^)). 



CHAPTER XXV, 



FUNCTIONAL AND DIFPEBBNTIAL EQUATIONS OP FAMILIES 
OF SURFACES. ENVELOPES. 

842. Before discussing the general question, we will consider a 
imple case, with which the student is already familiar. 

He has seen, Art. 209, that if a straight line move so as always 
;o intersect three given lines, which do not themselves intersect, the 
straight line will generate a definite surface. But consider a 
straight line which has only the two constraints, that it must 
ntersect two given straight lines which do not themselves intersect, 
he straight line no longer generates a surface when it assumes all 
ts possible positions, but the freedom which the omission of one of 
:be constraining lines has given to it will enable it to fill all space ; 
iny arbitrary additional constraint which still allows it some 
reedom of motion will cause it to sweep out a definite surface as 
t assumes all its possible positions. And all such surfaces have a 
common character due to the two constraints common to them all, 
although they differ among themselves in consequence of the 
xrbitrary nature of the third constraint. 

843. Thus, if y = 0, z — c and « = 0, a; = a be the equations of 
the two fixed lines, those of the moving line will be a? = a + a;r, 
5 = c + )8y, intersecting each of the former, and, by a proper choice 
of a and $y passing through any point in space ; let us introduce 
[iny other arbitrary constraint, such as that it shall always intersect 
[I curve whose equations are F{Xj y, «) = 0, G (x^ y, «) = ; since 
there are values of rr, y and z which satisfy these equations and 
those of the moving line, we can eliminate these three quantities 
and obtain a relation between a and /8, viz. y (a, ff) = 0, or 
^ = ^ (a), where/ or ^ denote arbitrary functions, and the moving 
line will then generate any one of the family of surfaces 
denoted by 

/{(a: -.«)/«, («-c)/y}=0 or («-c)/y = {(a;-a)/«}. 

844. If we take away one of the two given constraints, we 
must, in order to oblige the line to generate a surface, subject it to 
two arbitrary constraints, and the family of surfaces generated will 
be more extensive, including the former as a particular species. 

Thus, if the only given restriction be that the line shall always 
ntersect the given line whose equations are » = 0, a? = a, the equa- 
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tions of the generating line will he x^a+az^ y-ffz + y, and if it be : i 
constrained to intersect each of two arbitrary curves we shall obtaii^ , 
two arbitrary relations between a, /8 and 7 by two eliminationsjj^ ^ ^f 
whence /8=/{a), 7 = ^(a), and the equation of the family ot * tciv 
surfaces, which the straight line might generate, would be j|' 

which includes the former if — </ be written for 6. b ^ 

845. If the functions be eliminated in the ordinary way by!J ^ 
differentiation we obtain for the first case , ^! 

{x - a) (« - c)p + y« J = « (« - c) , 

and for the second 

2*(a;-a)V + 22(a;-a){2;-p(a:-a))«+{«-2?(a;-a)}'^ = 0. ^^^^ 

These are the partial differential equations of these families of ^^ 
surfaces, from which the functional equations can be reproduced. ^^ 

846. Oeneration of a definite surface by the motion of a curve. » 
Consider now the case of a curve of a particular species; such «,, 

a curve is represented by means of equations, the manner in which . 
the current coordinates enter the equations defining the species, j 
and the constants determining the position and dimensions of the^ 
curve ; if one of these constants be made to vary it is called ae 
parameter^ and as this parameter changes continuously the curve 
changes its position or magnitude or both, and generates a defiuitOg 
surface represented by the equation resulting from the elimination)- 
of the parameter from the equations of the curve. y 

The same thing is obvious if there were n such variable* 
parameters, connected by n — 1 fixed and independent conditions, ^ 
the n — 1 equations representing these conditions, with the equa- 
tions of the curve, givmg n + 1 independent equations, from which 
the n parameters could be eliminated and the equation of a definite .. 
surface obtained, which would be the locus of the curve. 

847. Families of surfaces generated by curves^ on which one or 
more arbitrary conditions are imposed. 

If one or more of the conditions, which would constraljn a curve 
to generate a definite surface, were removed, there would be no re 
point in space thfough which, by a proper determination of the 
parameters, the curve could not be constrained to pass ; but if, in 
place of each removed condition, we were to substitute an arbitrary 
condition, surfaces would be generated by the curve, as it assumed 
all its possible states, which would be definite for each arbitrary 
condition, and they would be represented by an equation involving 
arbitrary functions, and form a jamily of surfaces having a common 
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jbaracter; and by the elimination of the arbitrary functions we 
should obtain a partial differential equation, whicli would be satisfied 
It every point of each individual of the family. 

848. Functional equation of surfaces generated by curves subject 
\o one arbitrary condition. 

Let the equations of the variable curve contain n parameters, 
mbject to n — 2 independent conditions; these, with the two 
equations of the curve, supply n equations, from which w — 1 of the 
parameters can be eliminated, and two final equations, u = ajV = fi 
found, u and v being determinate functions of x^ y^ z; these 
equations represent the variable curve, and in order that a surface 
may be generated an arbitrary relation between a and fi must be 
imposed, let this be /8=/(a). Hence, the equation of any surface 
3o generated must be of the form v=:f{u\ where f{u) is an arbi- 
trary function of w. 

849. We may notice that, whatever arbitrary condition is imposed which 
compels the generating curre to describe a surface as it passes through all its 
states by the variation of the parameters, we may always replace this condition 
by means of an arbitrary curve which the generating curve must intersect. 
For whatever surface is described we can trace upon it a curve which will 
intersect all the curves by which the surface was generated; therefore if the 
surface be removed with the exception of this curve, it can be again reproduced 
by constructing the generating curves which intersect this curve. 

850. Partial differential equation of surfaces generated by cu7*veSj 
subject to one arbitrary condition. 

Since each surface of the family is generated by curves for each 
of which u and v are constant, the tangent plane at any point 
(ar, y, z) must contain an element of the generating curve through 
that point, whose projections on the axes are djpy dy, dz^ which 
satisfy the equations 

. u^dx-\-UJdy + u^dz=^0, v^dx •\- v^dy -k- vjiz = Oj 

where m„ i*„ m,, &c. are the partial differential coeflScients of w, t; 
with respect to x^ y, and z ; hence dx : dy : dz^^F: Q : By where 
P=MjUg-w,v„ &c., and, if z—f{xy y) be the equation' of the 
surface, pax + qdy = dz] ,\Pp-\- Qq = B, which is the partial 
differential equation of the family of surfaces. 

851. Conversely, if we have given the partial differential 
equations of a surface, 

PF'{x)+QF'(y) + BF'{z)=^0, or Pp + Qq=^B, (1) 
it is evident that every element of any of the curves determined at 
any point by dxlP^dylQ^dzjB (1) will lie in the tangent plane 
to the surface at that point; hence, if we travel along that curve, 
we shall at no point leave the surface, that is, the curve lies wholly 
on the surface; and since the solution of the equations (1) involves 
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two arbitrary constants, or is of the form w = a, 1; = ^; one of thi led i 
curves represented by these equations may be made to pass througl ^ 
every pomt of the surface, and, by what has been shewn before ^nc oi 
will lie entirely on the surface, which will therefore be generated bjtiatclj 
such curves, and this requires that /8=/(a) ; therefore, v=/(tt) if 
the form of the equation of the surface. ^ ^ ; 

This mode of stating the nature of the solution of the partia; 
differential equation was suggested by Moulton. 

8d2. Functional and differential equations of cylindrical surfaces. ^ ; 

Let (/, 171, n) be the direction of the generating lines. The equatfons o ' 
any generating line may be put in the form ly - mx = «, lz-nz = fi, in whicl J 
a, /3 are the parameters connected by the arbitrary relation fi^f(a). The' 
functional equation is 

k -nx^f{}y-mx). 

The differential equation may be found by the usual method of eliminating tctcd 

the function, or immediately froin the mode of generation we have rlviiif^ 

dx/l^dy/m^dz/n, therefore Ipi^mq^n, ^c a 

representing that the normals to the surface are all perpendicular to the samctiioso 
direction. *^V', 

853. Functional and differential equations of conical surfaces. ^ aV'^* . 
Let {a, b, c) be the vertex, then the equations of a generating line may be' |,,o,i 

ivritten y - 6 = « (r - o), 2 - c = /3 (4; - a), and fi -f(a) » hence the functional 

equauonu,— =/(-g. ,j 

Since dx : dy : dz'^z-a ly-h : z-e, the differential equation is i [ 

(«-a)|> + (y-6)j = «-c, 
representing that the tangent planes all pass through the vertex. 

854. Functional and differential equations of conoidal surfaces having d 
given axis and given directing plane, fe 11 1 

Def. a conoidal surface, or conoid, is a surface generated by a straight ^'^^^ 
line moTing so as to interftect a given straight line, the axis, and to remain h 

plane. If the axis be perpendicular tc? p^ 



parallel to a given plane, the 

the directing plane the surface is called a right conoid. 

Let u-0, v^O be the equations of the p^iven axis, u; = that of thd la 
directing plane. The plane containing the axis and a generating line, an^ ; 
a plane parallel to the directing plane, give the equations of the generating 
line in the form v « fiu, w = a\ the general functional equation 'will therefore ^^ 
be » = t(/*(w;). That of the right conoid, whose axis is that of », is y = a'/(«), 
if the axes be rectangular. r 

With the notation of Art. 850 the differential equation is 



dtvy 



UVi-VU^, UV^-VU^f uv^-vu^ 3 

p , q , -l 3 

For the right conoid it is xp \yq^O, ^ 

The student should shew that the tangent plane at any point contains th^ L 
generating line. 1 

865. Functional and differential equations of surfaces of revolution rounf 
a given axis, ^ 

These may be considered as generated by the motion of a circle, whos&i 
centre lies on a fixed straight line, to which its plane is perpendicular, ana 
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^^hose circumference meets a curve in the same plane as the axis, called a 
sieridian. 

Let (a, b, e) be a point on the axis, ivhose direction is (Z, m, n). The equations 
of the generating circle may be written 

(ar-a)'+(y-6)S(s-cy = r', Ja-^my^nz^p. 
The form of the meridian, which is arbitrary, gives a relation between an 
^jibscissa p-la-mh-nc and an ordinate V{»'* -(p-la-mh- wc)'}, so that r* is 
in arbitrary function of j9, and the required functional equation is 

^' («-«)« + (y- 6)' + (z-c)*=/yx + my + «z). 

J The differential equation is 

^ {m (s - c) - n (y - ft)} p + {» (x - a) - ; (z - c)} y = / (y - 5) - m (a? - a). 

J, The student should find the differential equation of surfaces of revolution 
considered as surfaces all the normals to which intersect a fixed straight line. 

856. Families of surfaces generated hy curves having more than 
one arbitrary condition. 

I Consider now the general case in which, after determining the 
bpecies of curves by which a surface is generated, that is, after all 
the fixed given conditions have been introduced, there remain more 
ethan two parameters; these are to be connected by arbitrary 
conditions, such that, if we name any one of the parameters, each 
of the remaining parameters will be an arbitrary function of that one. 
The equations of the curve will then be of the form 

s^ -^K y^ «) «j (a)j t («)» .-} = 0, 

G^{.c,y,2J, a, ^(a), >fr(a), ...}=0. 

The general functional equation would be found if we could 
eliminate a between these equations; but this is obviously not 
^generally possible, since the functions 0, '^, ... are arbitrary for 
fflie family, determinate only for a particular surface. 
• But in certain cases it happens that one of the final equations 
involves only one of the parameters so that it appears under the 
form u = a, where t^ is a known function of cr, y, z. In this case 
<thc general equation of the family of surfaces can be obtained, viz. 

857. Partial differential equations of surfaces generated hy 
icurves subject to more than one arbitrary condition. 

( Take the case In which one of the final equations resulting from 
the elimination of parameters Is w = a, involving only one of the 
parameters, the general equation of the family of surfaces being 

^{^j yj h * Mj ^ M, X (m), ...} =0, 

in which there are m arbitrary functions. 

Differentiate with respect to x and y as Independent variables, 
' r {x)^F (z)p^F [u){u,^u^'p)^% 

F (3() +i^' W <l^F (li) K + U32) = 0, 

AAA 
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where F' (a?), F [y\ F [z) involve the m functions, and F [u) theiijthcf ^ ^^^ 
differential coefficients as well, which may therefore be eliminatecbgl jju^ 
all at once, and an equation of the first order will be obtainedpre |t^ xh 
viz. 5j = 0, involving only the m functions. In the same way ariby ^' g 
equation of the second order 1?, = may be obtained, involving the*) ie ■ 
m functions only, and so on. ' 

From m equations 5^ = 0, ...J?|^ = 0, and the original equation/tia' [ 
the m functions can be eliminated and a final differential equation 
obtained of the order w, the number of the arbitrary functions. 

If from the original equation and the ?n - 1 equation8[g ^ ., 
^j = 0, ...fi'^^^^ = 0, we eliminate all but one of the m arbitrAryhicl^ ^' 
functions, we shall have m different differential equations, of theThi *"») . 
(m-'Vf^ order, each involving an arbitrary function, and these will 
be w first integrals of the final equation of the m^ order. ! 

. \^n \ 

858. It should be observed that if vre were required to eliminate m i ^ ^ 
arbitrary functions of different known funclions of x^ y, s, we should havt^ ' tho 
generally to proceed to a higher order than the number of arbitrary functions. ^ 

We should thus have two equations of the first order involving <t>, ^, ..JS™^ 
and <f/, \l/'f ..., three of the second order involving </»", i/r", ... as well, and so ferK 

on to the «lh order, the number of equations would be 

l + 2+...(«+l) = J(«+l)(» + 2), V be 

and the number of functions to be eliminated would be (« + l)7»; therefore°°^' 
i(8^2) must be greater than m, or « = 2m - 1. 

859. To skew that the order of the differential equation of 
families of surfaces generated by curves subjected to more than one 

arbitrary condition is the number of arbitrary conditions, 

A general method of eliminating the parameters of a curva ^ 
which generates a surface, so as to obtain the partial differential^^ ^ » 
equation of the family of surfaces, depends upon the considerationaigbt > 
that the whole of the curve in each position lies on the surface. main ' 

Let the equations of the generating curve in any position be*^ *° ^ 

reduced, by the elimination of one of the current coordinates, to? ^^^ . >j 

the two ' and 

F{x,y, z, a, /?, 7, ...) =0, ating 

f[x,y, a, /3, 7,. .0 = 0, ^^^ f^l 

in which a, )8, 7, ... are n parameters connected by n- 1 arbitrary 
relations. 

These equations still hold if we write for x, y, z the coordinate^ 
x-\-dx^ y + dy^ z-\-dz of an adjacent point on the same curve j \ 

hence c2x, dy^ dz satisfy the equations 

F^dx + Fjly + F^ {pdx + qdy) = 0, 

and Adx-^f^dy^Q, ^ '^" i 

dF ^ 

where F^ is written for ^ , &c. , '^"^ • 

••• /»2>-/i?= ^ («j y, h «) iS, 7...), (2) \ ^nd 
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ad this equation being true at every point of the curve considered, 
/, {rdz + sdy) -/^ {sdz + idy) +pd/^ - qdf^ 
= G,dx + G,dy + G^ {pdx + qdy) ; 
••• f>-¥J,s+f,'t = H{x, y, z, p, q, a, ^, 7...).^ (3) 

If there be only three parameters we can now eliminate them 
rom the equations (1), (2) and (3), and the result will be the 
lartial differential equation of the family of surfaces. 

If there be four parameters we can treat (3) as we treated (2) 
md obtain another equation, and as before, by elimination, we shall 
lave the partial differential equation of the third order, which 
Delongs to the family. 

Differential Equations of Ruled Surfaces. 

860. In all cases of ruled surfaces the partial differential 
equations of families satisfying given conditions may be found as 
follows. 

Let F (ar, y, «) = be the equation of any ruled surface, and let 
the equations of any generating line be 

(f-^)/\=(i7-2^)//i = (r^«)/v = r. 

The equation F[x + \r, y + fir^ z + vr) = must then be identi- 
cally true, being true for all values of r; therefore, with the 
notation of Ai*t. 462, 

F{x^ y, z) = 0, DF=^ 0, ...Z>"i^= 0, 

if the equation be of the rfi^ degree. 

From these equations, if the conditions to which the generating 
line is subject be expressed in terms of \, m, v, a series of 
differential equations may be obtained by eliminating X, /n, v, any 
one of which must be true at every point of the surface, and may 
be considered as a differential equation of the surface. 

It should be noticed that the symbol D denotes the rate of 
change of the function to which it is applied In passing along the 
generating line through the point (a:, y, z), so that if D''F=0 at 
every point of the generating line .W^^F must also vanish. 

861. If the equation of the surface be given in the form z=/{Xf y\ the 
equation a + »'r=/(a: + Xr, y + /ir)' will be true for ail values of r, and we 

, obtain the equations 

and generally ^ = (^jr+A*j") s, 
where m may have all integral positive values except unity. 

862. Family of surfaces generated by a straight line moving parallel to a 
given plane. 

The direction of the plane being (/, m, n), the straight line must move 
BO as to satisfy the condition l\ -{• mfii- n» = 0, and the partial differential 
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equation may be found by eliminating \, /t, v from this equation, DF^^O an 
J)*F= 0, or from v^pX-^ qfi and rX* + 2»\/* + ^/4* = 0, giving in the last form 

(m + nq)*r- 2 (m + w^) (/ + «/>)«+(/ + «;?)• < = 0. 

863. Family of surfaces generated hy a straight litis tthich inter serU 
given axis. 

Let the axis be given by ^~a'=lpf ij - 6 = m/), l-e-np, and the genera! : 
by ^ - ar = Xr, i; - y = /ir, ^ - s = w, then, since they intersect, 

\r-//>4 a:-a = 0, &c., 

and \ {n (y - &) - fn (s - c)} + /t {/ (s - c) - n (a: - a)} + p {m (a: - n) - / (y - 6)} = 0. 

or ZX + Jtf/i + i\'i' = 0; also i)-F= I/\ -f F/t + JFi/ = 0, 

whence X / P = /i/ Q = y/ -R, where P = JIf FF- AT, &c. ; 

therefore, since 2)*^=0, the diflfercntial equation is 

P'li + Q'r + ii»«7 + 2QjR«' + 2RPv' i 2PQeo' = 0. 

Or, when s is expressed explicitly, by Art. 861, 

V ^p\ + q/ii, and rX* + 2«X^ h //** = 0, and, ns before, XX f Mfi + A\ = ; 

whence ( J/+ A^s)* r - 2 (3/ + iV^(/) (i + JV/O » + (-Z^ + A»« i = 0. 



Torses. 

864. The condition of a torse is that at every point the inter 
section with the tangent plane contains two coincident lines, 80 th.i 
DF= and D*F= give two equal values of \ : fi: v; therefore 
if X, /I, V were current coordinates of a point, DF'^ would be j 
tJingent plane to the cone D'*F=^0^ that is, with the notation u 
Art. 461, DUj U= DVI V= DWI W= p, and, eliminating X, ^, 
and p, the general partial differential equation of a torse is tlj 
bordered Hessian 



W, !£?', v\ U 



w. 



V, u\ V 



= 0, 



V , u'j w^ W 

u, r, IF, 

or, if z —J{x^ y\ ri - *' = 0. 

865. General Ruled Surfaces, 

If there be no restriction on the motion of a straight line 
except that it must generate a surface, the differential equation 
which will be of the third order, will be found by eliminating X, a. \ 
from the equations DF^ 0, D'F^ 0, and ITF^- 0. 

When the equation of the surface is supposed to be in tlj( 
form z^f[x^ y), the corresponding equation is found by eliminatiiij; 
the ratio X : /* from the quadratic rX' + 2«X/a + //** = 0, and the cuLi< 
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866. When the equation of a particular surface is given, it can 
be shewn whether the surface belongs to a certain family of surfaces, 
by comparing its equation with either the functional or the 
differential equation of the family. The method of doing this may 
be seen by examining which of the conicoids are, for example, 
a conoid, a surface of revolution, or a torse. 

Thus, if we ask when a conicoid is a conoid. Taking the axis 
of z for the axis of a conoid, and a plane containing the axis 
of X for the directing plane, the functional equation of the conoid 
family is y = xf {my •\- nz)^ which is an equation of the second 
degree if/(M) is of the form (aw 4- 0)1 {yu + o), and the equation is 

y {y [my + nz) -f 8} - a* {a [my + nz) + ^} = 0, (I) 

and, taking the usual form for the conicoid, 

a = 0, & = wy, c = 0, 2a' = wy, 26' = - wa, 2c' = — Twa ; 

/. JJ' = 2a'c', hence aa" + J6'* + cc" - a Jc - 2a'J'c' = (2) 

is satisfied when these axes are chosen, and, the left side being an 
invariant, this is a condition which must hold for any axes. 
The equation (1) becomes 

[hy + 2a' z) [a'y + Vx) + 2a [a"x + b"y) = 0, 

thus the only conicoid is a hyperbolic paraboloid. 

If the conicoid be a right conoid m = 0, /. c' = and &=aO; 
hence for all positions of the axes the invariant a + i-f c as well as 
aa"^ + bb'^ + cc* - abc - 2ab'c will vanish. 

Since the equation in this case is 

2a yz + 2b'zx + 2a z + 2V'y = 0, 

the conicoid is a hyperbolic paraboloid of which the principal 
sections are equal parabolas. 

Envelopes and Families of Envelopes, 

867. The problem of finding the envelope of a series of surfaces 
will separate into two distinct classes, viz. those in which the 
general equation of the series involves one or tvoo arbitrary 
parameters. The following are simple illustrations of the marked 
distinction between the two cases. 

When a sphere of constant radius moves with its centre always 
in a given straight line, in everv position which it assumes it is 
touched by the cylinder whose radius is that of the sphere, and axis 
the line described by the centre; and the contact is not in an 
isolated point, but all along a circle, which circle is the ultimate 
intersection of two consecutive positions of the sphere. 

This is an example of a fixed surface which envelopes a variable 
surface in every position which it can assume in consequence 
of the changes of one parameter. 
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When the sphere moves with its centre confined to a fixed 
plane instead of a straight line, it is touched in every position 
which it can assume by each of two planes parallel to the fixed 
plane and at a distance from it equal to the radius of the sphere, 
the contact being in this case in isolated points, which are the 
ultimate intersections of an infinite number of consecutive spheres. 

This is an example of a fixed surface enveloping a system of 
surfaces which can alter their form or position in consequence of 
the changes of two variable parameters. 

868. Envelope of surfaces whose equations have one variable 
parameter. 

Let 8^j 8^y £l be three surfaces corresponding to three consecutive 
values of a single parameter, and let (7, be the curve of intersection 
of S^ and S^, G^ that of S^ and 8^. Since (7„ C, both lie on S^, and 
ultimately coincide when the three values of the parametei-s are 
ultimately equal, any surface which passes through the curves 
Cj, Cg will touch 8^ all along the curve (7,. 

Hence the locus of the curves which are the ultimate inter- 
sections of consecutive surfaces of the system is a surface which 
touches each individual along a curve, and is the envelope of the 
system. 

Any curve C is called the characteristic of the envelope. 

869. Envelope of a sysfmi of surfaces whose form and position 
depend upon two independent parameters. 

Let 8 be any surface of the system corresponding to the values 
a, b of the parameters, in this case there is no definite sequence of 
surfaces which enables us to speak of the next consecutive surface, 
but there will be an infinite number of surfaces for which the 
parameters diflfer from a and b by quantities which may be taken 
as small as we please; let 8\ be a surface corresponding to the 
values a + Sa^ b + Sb of the parameters where Sb = XSa, S\ and ^' 
will intersect in a curve Gx, which is the curve of ultimate inter- 
section when Sa becomes indefinitely small, and, since the parametore 
are independent, X may have any value and there will be an infinite 
number of such curves as C\ which will cover the whole surface S. 
These curves, it will be seen, intersect in a finite number of points, 
at each of which the tangent plane to 8 contains the tangent lines 
to all the curves. 

870. Equation of the envelope of a system of surf aces whose form 
and position depend upon one parameter* 

Let F[Xj ij^ z, aj = be the equation of any sifrface 8 of 
the system, corresponding to the value a of the parameter, the 
equation of a surface 8' corresponding to a consecutive value a-\'Ba 
of the parameter is F[z, y, z, a + Ba) = 0. 
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At every point of the curve of intersection of S and 8' 

F{x, y, z,a-{-Ba)-F{x, y, «) = ; 

if now Sa becomes indefinitely small, this equation will be replaced 
by F'{a) = 0] thus F{x, y, z, a) = 0, and F'{a) = are the 
equations of the curve of ultimate intersection of S with the next 
consecutive surface of the system. 

By the elimination of a from these equations we obtain an 
equation 0(a:. y, «)=0, which is the locus of all the mrves of 
ultimate intersection and which envelopes all the surfaces, touching 
each M along the curve, which is called the characteristic of the 
envelope. 

871. The property proved in Art. 868 that the envelope of a 
series of surfaces having one parameter touches each individual 
of the series at every point of the characteristic can be shewn by 
means of the equations in the last article. 

F{z^ y, «, a) = is the equation of any one of the series of 
surfaces, and also of the envelope, a being constant in the first 
case, and in the second a function of x, y, and z^ derived from 
F'{a)^0. 

At any point (:r, y, z) of the characteristic, the direction-cosines 
of a tangent line are in the ratio dxi dy \ dz. 

For the particular surface, since a is constant, 

F* [x) dx^-F' {y)dy^F' (z) dz=-0, 
and for the envelope at the same point 

F{x)dx'^F'[y)dy + F'{z)dz + F{a)da = 0', 
hence, since F' (a) = 0, the tangent lines coincide. 

872. Equation of the edge of the envelope* 

Two consecutive characferistics will generally intersect in a 
finite number of points, and the locus of these points of ultimate 
intersection is called the edge of the envelope. 

The equations of two consecutive characteristics are i^asO, 
i^'(a) = 0, and F+F'{a)da^O, F' {a) +F" {a)da = 0; hence, 
where they ultimately intersect, F= 0, F' (a) = 0, F" (a) = ; and 
the locus of such points will be found by eliminating a, which will 
give the two equations of the edge of the envelope. 

Thus, in the case of a developable surface, derived from the 
motion of a plane whose equation involves one parameter, the 
characteristic is a straight line and the edge is the edge of 
regression. 

The following problem serves to illustrate the principal points 
connected with surfaces having one parameter. 
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873. Envlope of spheres having for diametral planes one system of circte^-^y 
sections qf an ellipsoid* 

Let ao:* 4 5^' + C2* = 1 be the equation of the ellipsoid, 

X ^(b - a) + a V(<' - i) = « (1) that of a circular section of the given system , 

ar V(5 - a) - « -^{0 - 6) = |3, of the opposite system, 

ft(«* + y'-f2*)-l-(a + i3)V(^-«)a? + («-i8)V(^-^)« + «/5 = 

is the equation of a sphere containing the two circles, where, if the centre 

lie in (1), jS (c - a) = a (c + a) ; and the equation becomes 

(c-a){6(a:« + y* + «»)-l}-2a{cV(ft-o)iC + oV(c-6)2} + o«(c-ha) = 0. 
The characteristic of the envelope of these spheres is 

c V(^ - «) a: + o V(c - ft) « =» « (c + «)» « 

and the envelope either of the two forms 

(c*-a«){6(a:* + y* + ««)-l} = {cV(ft-o)« + oV(c-ft)2)* 
or (c»-a»)(a«'+6y« + c««-l) = {aV(6-a)« + cV(c-ft)«}*. 

Turning the axes of ar, z through an angle tan"^ ~\/ 1 » ^^® envelope may 

be shewn to be a prolate spheroid, whose axis passes through the two umbilics 
which are the foci. 

The characteristics will be real only when 

a* (c + a) ac = or < (c- a) {(c + a) 6 - ac]. 
The last real characteristic is at the umbilic. 

The edge of the envelope becomes the two circular points at infinity, which 
lie in the plane ex ^(6 - «) + «« V(^ - ft) = 0. 

874. Equation of the envelope of a aeries of surfaces depending 
on two arbitrary parameters. 

Let the equation of a surface of the system be 

that of any neighbouring surface 

F(ar, y, 3, a + Sa, I + ih) =F-\' F' (a) Ba + F [b) Bb + ... = 0. 

The curve in which they ultimately intersect is given by the 
equations J!^= and F' (a) da + F' (J) db = 0, and, since a and b are 
independent, and therefore da : db may have any value, tli^l\are 
an infinite number of such curves which intersect in a defiiHe 
number of points given by the equations F= 0, F' [a) = 0, F' (&) == 0^ 
The equation required Is found by eliminating a and b from these 
three equations. 

875. That the locus of ultimate intersections of the series of 
surfaces is an envelope, that is, touches each individual of the series, 
as shewn in Art. 869, appears also from the equations F= 0, 
F[a)=^0,F'(b) = Oil). 

For the relations between dx^ dy and dz in the locus, at the point 
(x, y, z)^ one of the points of ultimate intersection may be found 
from jP'= 0, by considering a and b as functions of ar, y, z^ given bj 
i^ (a) = and F [b) = 0, and the result is 

F{x)dx'^F{y)dy'\-F{z)dz^% 
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in which a and I are to be expressed in terms of x, y and z. But 
this is the same equation for any surface of the scries which passes 
through (z, y, z) since a and h are constant. Hence, all the 
tangent lines at the points of ultimate intersection are common to 
the locus and the surfaces of the series, that is, they have a common 
tangent plane. 

The points of contact may be real or imaginary. 

876. Envelope of a series of spheres^ having for diameters a series of 
parallel chords of an ellipsoid. 

Take the diametral plane of the ellipsoid bisecting the chords for the plane 
of xi/t the principal axes 2a, 2b, of the section for the axes of x and y, and the 
axis of z perpendicular to this pie*-?. Let («, ^, 0) be the centre of one of the 
spheres, the radius r is given by a* /a* + fi*/bl* + r*/c* =1, if 2c be the diameter 
of the ellipsoid parallel to the chords ; the equation of the sphere is therefore 

(x-a)« + (y-/3)« + s« + cV/a« + c»^/6« = c«; 

for the envelope, a: = a (1 + c*/a'), y = /3 (1 + c^/b*), whence the equation of the 
envelope may be found, and reduced to a:*/ (a' + c") + y'/(^* + <'*) + «*/«* = If an 
ellipsoid whose focal ellipse is the section of the original ellipsoid by the 
diametral plane bisecting the chords. 

It may be shewn that this ellipsoid has a double contact with the given 
ellipsoid at points where a normal to the envelope coincides with one of the given 
system of cnords ; also, that the contact of the spheres with the envelope will 
be real only when the centre of the sphere lies within the ellipse 

(a" + c») «Va* + {b* + c*) yV6* = 1. 

877. Envelope of a series of surfaces whose equations wvolve n 
parameters^ connected hy n — l or n—2 equations. 

This is the general statement of the problem in which the series 
of surfaces depend upon one or two independent parameters. It 
should be observed that there could be no locus of ultimate inter- 
sections if more than two were involved, for in that case, by 
making small variations in each of the parameters^ we should 
obtain more than three equations for determining the points in 
which a given surface ultimately intersects the neighbouring 
surfaces, from which equations the current coordinates could be 
eliminated, and a relation be found between the parameters, which 
would be contrary to the supposition of independence. 

The problem might be solved by eliminatmg all but one or two 
parameters, and then proceeding as in Arts. 870 and 874; but we may 
consider that, when the equations of the series of surfaces in the two 
cases are F[x^ y, «, a) = and F{x^ y, «, a, b] = 0, the equation of 
the envelope being (a?, y, «) = 0, ^ (a:, y, z) is the maximum or 
minimum value of F{x^ y^Zy ...); obtained by variation of a or of 
a and b. 

The envelope of the surfaces whose general equation is 

FaF[x,y,z,a^,a^...a^)^% 
in which a^, a^, ... are connected by n — 1 or n-2 equations^ 

BBS 
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0j = 0, ^, =s 0, &c , will be ^ (a?, y, z) = 0, where ^ («, y, «) is th 
maximum or mmimum value of ^due to Tariations of a^, a,,... . 

The ordinary method of proceeding^ by undetermined multiplier 
is exnlained in all treatises on the Differential Calculus. 

Tne following problem exemplifies the manner of work. 

878. Envelope of a series of planes passing through the centre <if an ettipsoi 
and intersecting it in sections of constant area. 

Let the equation of one of the planes be 2v -f my -I- ns » 0, the parameter 
l,m,n being connected by the equations 

r + m' + n"«l and ro" + mV + nV = (i«; 

differentiate and use undetermined multipliers X, yu, 

then \x^fil +a'/ =0, 

Xy + fim + 6'm « 0, 

\2 + /in + c*n = ; 

multiply by /. m, n, and add, then ^ •}• <i* = 0, and X« -i- / (a* - cT) = 0, &c. ; 

" a*-d*^ h*'d*^ <^-d*" 

18 the equation of the envelope, being a cone whose focal lines are the 
asymptotes of the focal hyperbola of the ellipsoid. 

Differential Equations of Envelopes. 

879. When a series of surfaces depends upon the variation or 
two parameters, one of which is an arbitrary function of the other, 
there will bo a family of envelopes, each individual of which i< 
determined by a special form of the arbitrary function ; this familv 
will have a common differential equation. 

The only additional consideration is that the differential equation 
obtained is true for any^ one of the surfaces as well as for eacL 
envelope, since the elimination takes place between, equations of the 
same form, whether the parameters are considered constant or as 
functions of x, y, z derived from F (a) = 0. 

It is unnecessary to state the case when there are n parameters 
connected by n — 1 arbitrary relations. 

880. Differential equation of the family of envelopes of aurfact^ 
depending upon two parameters connected by an arbitrary relation. 

Let the equation of one of the surfaces be 

z^F{x,y, a, ^(a)}, (1) 

then, since F (a) » 0, both for the envelope and for the surface, 

p^F'ix), j = J?"(y), (2) 

and since these equations involve the parameters but not their 
differential coefficients they can be eliminated from (1) and (2}, andj 
the di£Ferential equation formed. 
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881. Differential equation of the family of envelopes of awrfaoea 
depending upon three parameterSy two of which are arbitrary functions 
of the third. 

Let the equation of the sarfaces be 

z^F{;e,y,a,if>ia), ^(a)}, (1) 

both for the envelope and the particular surface, since F' (a) = 0, 

we have p^F' (a:), q=-F' (y), (2) 

and if r, Sj t be the differential coefficients for the envelope, 
r', a'y t' for the surface, 

r-r'^^— t-t' = ^^ 

doL dx^ da dy^ 

A , _dp da _ dq da ^ 

^ doL dy" doL dx^ 

,. (r-r')(«-0 = (*-»r; (3) 
and since r , 8% i involve the parameters and not their differential 
coefficients, they can be eliminated from the equations (1), (2), and 
(3), and an equation obtained of the form 

882. Differential equation of a family of tubular surfaces, 

Def. a tubular surface is the envelope of a series of spheres of equal radii, 
whose centres describe a ^iven curve. 

Any sphere of the series is given by the equation 

(a:-«)«+(y-/3r + («-7r»c'. 
where /3 = ^ (o) and 7 = ^^ («), and a: - a + p (s - 7) = 0, y - /3 + jr (« - «y) s 0, both 
in the sphere and envelope, /. (1 +/>•+ q*) (« - 7)''« c*. 
For the sphere 1 +/?'4 r'(«-7) = 0, 
;i9 + «'(«- 7) = 0, 
l+j'+<'(«-7)=0, 
and for the envelope (r - r') (« - <') « (« - «T 5 
.-. {(c-7)r + (l+l>')}{(s-7)<+l + ?*}-{(»-7)«+M}*-0; 
/. (r-7)»(r<-0 + («-7){^(l + 2')- 2W + <(1 +/>')} + l+p' + ^* = 0, 
or c«(r^-O + cVll+/'' + j'){'-(l-»3')-2#/»? + '(l+l'*)} + (l+l^ + jV = 0, 
which, by Art. 718, implies that e is one of the principal radii of curvature. 

883. When a family of aurfacea dependa on two parametera^ one 
of which ia an arbitrary function of the other ^ to find the form of the 
function in order that the envelope may (i) contain a given directing 
curvcy (ii) touch a given aurface. 

Let u s be the equation of one of the family of surfaces. 

i. If t? = 0, w-0 be the equations of the given curve, and 
^n ^^» "a> ^i'- ^® ^^^ partial differential coefficients of m, t?... with 
respect to x,y^zi since the curve must be a tangent to each of the 
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enveloped surfaces, the same values of dx\dy \ dz satisfy th 
equations derived from u = 0, v = 0, and to = ; 

= 0, 

and eliminatinpf z^ y, z from these four equations, a final n 
between the two parameters is found. 

ii. If i; = be the equation of the given surface, since tl 
surfaces touch one another, they muat have a common normal 
besides the two equations, we have ^Jv^^v^lv^^v^/v^y w 
^) l/i ^ can be eliminated, and the parameters connected. 
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LXI. 

(1) Shew that the differential equation of all surfaces which are gem 
by a circle, whose plane is parallel to the plane of yr, and which passes ih 
the axis of r, U {t/* + c*) ^ + 2 (z-yq) {I 4 j*j = 0. 

^2) The funciional equation of surfaces generated hy a straight line 
secting the axis of s, and meeting the plane of ri/ in the circle x* -i y 
is VC"*-* + y) - o = zf[yix). Find also the differential equation. 

(3) In a right conoid of the third degree, in which only one gener 
line passes through any point of the axis, shew that the section made b; 
plane through the axis will consist of the axis and two generating lines. 

(4) Shew that the following equation represents a conoidal surface 

c*(2s-a:-y)«+2«(a-2)(:c-y)«-2a«(2-a:)(«-y) = 0. 

(5) Spheres are described upon the chords of the circle x' + y'= lax^ 
which pass through the origin, as diameters, shew that their envelope has 
its equation (z* + y* + z' - ax)* = o' («" + y'). 

(6) The envelope of the plane Ix + my -^nz^Of I, m, n being connectei 
V\Q equations /* + m* 4 w' = 1, aZ + ftm 4 vn » 0, is a right circular cylinder, w] 
equation is (x* 4 y* 4c* - a*) (X* 4 fx* 4- 1'') = (\x 4 /ly 4 pz)*, 

(7) A series of similar ellipsoids are described, having a series of sect 
of a paraboloid, perpendicular to the axis, as principal sections; prove i 
their envelope will be a paraboloid, similar to the former. 

(8) Shew that the envelope of planes cutting off a constant volume fi 
the cone ax* 4 by^ + cz* «s is a hyperboloid of which the cone is the a») mpto 



LXIL 

(1) A surface is generated by a straight line always passing through t 
two fixed lines y = wijr, c = c and y--mx, c«-c; prove that the equation 
the surface generated is of the form 



mcx 



z* "-^V c'-z' /• 



t^-z* 
also that its differential equation is 

(ey - mzx) TJ\ m (mcx - yz) r+ m* (c' - c») W« 0. 



PROBLEMS. 
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(2) Find the general functional eouation of a family of surfaces such that 
the tangent plane at any point (x, v, 2} of one of them intercepts on the axis 
ofsalengthA"*V«". 

Determine the arbitrary function so that the intercepts on the axes of x 
and ,v may be in the ratio x : y. 

(3) Find the functional equation of a family of surfaces generated by a 
straight line of constant length sliding between the coordinate planes of 
yZf zjr, and remaining parallel to the plane of a?y. 

Shew that the differential equation is (xp + t/q)* (/)' + 5') = c'p'q\ 

(4) Find the family of surfaces which cut orthogonally a series of spheres 
.yhich pass through a given point, and have their centres in a given straight 
line. 

(j3) Surfaces are built up of sphero-conics on ellipsoids similar to 
x^/a^y*/b-^s*/c^l; 
prove that the differential equation of the family is 

(6 - c) ap/x i{e-a) hq/y = (a - 6) c/z, 

(6) If an enveloping cone of an ellipsoid be a cone of revolution, the plane 
of contact will touch a hyperbolic cylinder. 

(-7) The equation of a surface is (ar-a) (;/ -a) («-a) + a* = 0; shew that 
If a b' a variable parameter the equation of the envelope of such surfaces 
is x'^ -y y'^ \- z'^ = 0, and that of the projection of the characteristic on the plane 
of xy is xy = a {x 4 y -!• (xy)^\, 

(8) If a cone be described with any point of a central conicoid as vertex 
and the conjugate central section as base, this cone will envelojje a similar, 
concentric, and similarly situated conicoid. 

(9) Find the envelopes of the surfaces 



(1) 



fl, 5, c 




a', h', c' 


«i A 7 


X 


«» A 7 


*• y» s 




X, y, « 



(2) (aa; + /3y + 72)x 



a, Pf 7 in each case satisfying the condition a* + jS* + 7' = 1. 



a, 5, c 
«» Pi 7 



= »i. 



LXIII. 



(1) The differential equation of surfaces generated by the intersection of two 
spheres, one through each of the circles, y* + z* = a*, « =* 0, and x' + «« = c«, y = 0, 
is 2ar (a: + *>s)/(r" - a") + 2y (y + qz)/{r* - c*) = 1 ; where r* = «' 4 y* + z\ 

Find the general cubic surface satisfying this equation. 

(2) Shew that every right conoid of the »*** degree will be cut by any 
plane perpendicular to the axis in a number of straight lines not exceeding 
w-1. 

(3) The generating lines of a ruled surface pass through a given straight 
line (x - a)/l = (y - b)/m = {z- c)/n ; shew that the general functional equation 
is s = ^/(M)"fy</>(w), where :* = {n(y- J)-m(«-c)}/{n (j:-a) - /(s-c)j. 

(4j Shew that the differential equation of a family of surfaces which inter- 
sect tne tangent planes in curves, the two branches of which through the point 
of contact are at right angles, is 

with the notation of Art. 461 • . 
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(5) Shew that the only conoid possessing the property of (4) is a right 
conoid, and that its equation may be reduced to the rorm ^ =x tan (s/c). 

(6) A straight line moves so as always to intersect a fixed circle and a 
straiffht line through the centre perj)endicular to its plane, find the functional 
and difierential equations of the family of surfaces thus generated. 

If the equations of the circle be 2* t^' a e' and 2 « 0, shew that the functional 
equation will be « = {o-V(a:" + y*)}/(y/a:), and that the equation of the oscu- 
lating plane of the geodesic which touches the circle at the point (x^, y', 0) will 
be arx' + y/ - c" = cjg^ (y'/*'). 

(7) Prove that the edge of regression of the torse, whose generating lines 
intersect the two curves, whose equations are f/* = 4ax, 2 = 0, and 7^ « 4ay, z = &, 
is given by the equations car' = Says and cy" =*3ajr (c - z). 

(,8) Along a normal at a point P of an ellipsoid is measured ^Q of a length 
inversely proportional to the perpendicular from the centre on the tangent 
plane at jP; prove that the locus of Q is another ellipsoid, and that the 
envelope of all such ellipsoids is the surface of centres of the original ellipsoid. 



LXIV. 

(1) Surfaces are generated by an ellipse moving so that Its plane is always 
parallel to a fixed plane and its axes unchanged in direction ; shew that the 

difierential equation of such surfaces is 9V-2/?yf 4/?*< + a'*6"*(ay + iy)* = 0, 
the semi-axes being a, 5, and the fixed plane that of xy. 

Find also the two first integrals of this equation by the method of Art 857. 

(2) A thin ellipsoidal shell is bounded by similar and similarly situated 
concentric ellipsoids, and planes are drawn through the centre parallel to the 
tangent planes at points where the thickness of the shell is constant. Find the 
cone which is the envelope of all these planes. 

(3) Find the envelope of a series of spheres described on parallel chords 
of a hyperbolic paraboloid as diameters. 

(4) Apply the differential equation of LXIII. (4), to determine at what 
points of the surface 

a*" + h\f + cz* + 2a'yz + 26'zjr + iLdxy 4 2a''x + IV y + 2c "a + J = 
the generating lines are at right angles to each other. 

(5) Shew that the only surface of revolution, in which the two branches 
of the curve of intersection with the tangent plane are at right angles to 
each other at every point, is the surface generated by the revolution of a 
catenary about its directrix. 

(6) A cone is described with its vertex at a fixed point, and one axis 
parallel to an axis of a given central conicoid, and the cone cuts the conicoid 
in plane curves; shew that these planes envelope a parabolic cylinder whose 
directrix-plane passes through the fixed point. 

(7) A torse touches a sphere along a sphero-conic, prove that the projection 
of the edge of regression on a principal plane of the cone determining the 
'sphero-conic is the evolute of a conic. 

(8) Find the differential equation of the projection on the plane of xy of 
each family of lines of curvature of the surface which is the envelope of 
spheres which pass through the origin, and whose centres lie on a parabola 
** + 4ay * 0, « » 0. 

(9) All cubic torses are cones, including cylinders. 
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BNERAL THEOEY OF POLABS AND TANGENTS. DEGBEE OF 

"d''1°» reciprocal of a BTTRFACE. 

84. The method adopted in the examination of the properties 

an?ent ^^*" ^^ Surfaces, represented by rational algebraical equations, 

fat the »at employed by Joachimsthal,* by Cayley in a discussion con- 

psoid. ing tangents to curves in Crelle's Joumal,1[ and by Salmon 

ae Quarterly Journal of Mathematic8,t in which he gives an 

Uttt of the whole theory of the contact of right lines with 

ices. In this method the position of a point in a straight line 

etermined by the ratio of its distances from two other points 

Inhe ^^ ^^^® ^^^^' Nearly all that is good in this chapter is due 

1 . }almon. 

, * " ' 

., J85. The position of any point in a straight line determined with 

' rence to two other given points in the line, 

"^^ Let P, F' be two points (x, y, «, w) and (a;', y\ a', w'), and B 

J ^g other point in the line joining them, whose algebraical distances 

D P and P', estimated in the directions which correspond to a 

Q^ ition between P and P', are in the ratio \' : X, so that B would 

the centre of gravity of masses in the ratio \ : V placed at 

jliat and P'. 

The coordinates of JB are (\,r + \V)/(\ + V), ..., the position of 
being in PP' produced, when the ratio V : X is negative and 
oaerically greater than unity, and in P'P produced if that ratio 
les negative and less than unity. 

to The coordinates of B are of the same form whether quadriplanar 
* tetrahedral coordinates be used, or when xjwy yfiv, zjw are 
irtesian coordinates, w being written for unity, so as to make 
|f ly Cartesian equation homogeneous. 

^ 886. When a straight line is drawn through any two points^ to 
nd the points of intersection with a given surface. 

Let F=F[x^ y, ;5, to) = be the equation of a given surface of 
je n^^ degree when expressed in a rational homogeneous form, and 
3t P, P' be two points (a;, y, «, w\ {x\ y\ «', w\ B any point in 
he line drawn through P, P' determined by the ratio \' : \ as in 
be preceding article. 

* CrtlUs Joum. Vol. xxxili. f Vol, xxxiv. % Vol. i. p. 329. 
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i 
The points of intersection with the surface are given by 
n values of the ratio which satisfy the equations 

jF(Xx + XV, X^^ + X'y', X« + Xz'j \w + X'm;') = 0. ( 

If we expand the function by the ordinary methods, wp 

for the operations | 

dx ^ dy dz dw 

^ ^, d d d d 

and I) =x j-7 +y T-7 + « j-7+t<? -7-, 1 I 

the equation (1) may be written in either of the symbolical fo^ 
XW^ 2>jP= or X' V/^' ^'F' = 0, each expansion terminating a) 
the {n + 1)"" term, since D'^^F^ ; and it should be observed, fi^, 
the identity of the two forms, that r I Z>' •^ = (n — r) 1 D'. 

887. Poles and Polars, The surfaces which are represented 
the equations 

DJ^'^O, I^F^O^ ..., B"'F=Oj 
or by the equivalent equations 

are called the Ist, 2nd, ..., (w- 1)"^ Pohrs of the surface F= 
with respect to the point (x\ y', z\ w)^ which is called the Pole. 

The particular polars JT'^F^^ and D'^'^F^ 0, or D'F' = ai 
J9'*JF" = 0, which are of the first and second degrees respective) 
are called the ^'oZar plane and polar conicoid of the surface. 

OOR. If /(^, y, «) = 0, the equation of a surface expressed 
Cartesian coordinates, be arranged in homogeneous functions 

tt^ + M, + M, +...+ M^ = 0, 
this will become in the homogeneous form 

uy + uy^-v . . .+ w, = 0, 

and the equation of the r^ polar will be D'F=^0^ whence t 
equation of the r^^ polar of the origin is, since D^wdjdWy 

n(n-l)...(n-r4 l)Wo+(n-l)...(n-r)Wj+...+ r(r-l)...2.lM^.^= 

The polar plane is nu^ + w^ = 0, and the polar conicoid 

iw(n-l)u,+ (n-l)tt, + u, = 0. 

888. Oeometrical properties of polars. 

Let R^ be one of the points of intersection of PP with 
surface -F= 0, and let p, p^ be the distances of P and R^ from J 
then X'^ : X^ = p - p^ : p^ will be the corresponding value* of X' : 
the general values of which are given by the equation 
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;ivea by the ^''-^' = is the locus of a point P, such that 

:0. (1) \W...KJ ' 

ods writing ^ (** "" ^Y^ P^'*'' ^^^^ respect to P' is the locus of a point 

K>lar plane is the locus of a point for which 
2 (/>"'- Pi"') = 0, or np"^p;' + p;'+...+ p;\ 
res the harmonic property of the polar of a conicoid with 
i a point, as in Art. 280. 

Connection between diametral and polar surfaces. 
)lical forms ^ ^jj^ ^q\q [^ ^^ ^n infinite distance, since Pj, /?,,.. are infinite 
lating after ^p^ ^^ remain finite, /. plp^^plp^=.,,= ly ultimately, and 
jrved, from [tions for the polar plane and polar conicoid become respec- 
(p-pj = and 2(p-p,)(p-p,)=0, or 2(PjS) = and 
>BJ = ; these surfaces are the polar diametral plane and 
esentea y ^^^^^^^1 conicoid for a system of parallel chords. 

Properties of Polars. 

Every polar of a surface^ with respect to a given pole^ is a 
kh respect to the same pole, of every polar of a higher degree 
'ace F=0 tnon. 
role. For, D^'F^D^iD^F). 

= ana Every line, drawn through a pole to a point in the curve 
pectively, ^/^„ ^' the first polar with the surface^ meets the surface in 

cident points. 
ressed in the equation (X"4 X^'^^JD + iX"*'X"i>«+...) P= will have 
u3 oes of \J equal to zero, if F=- and DF^ simultaneously. 

If a surface have a multiple point of the m^ degree.^ that 

fill he a multiple point of the (m — !)'•* degree on the first 

nth respect to any point not on the surface, 

P' be the pole, E the multiple point, P any point on P'P, 
nee the j^ x : V, given by the equation (X* + \"*'X'2>+...)i^=0, 
, re m equal values determining i2, therefore 

V,=0. (X"-* + X«-«X'2)+...)i>i^=0 

- 1 values also determining jB, where PP* meets the first 

hewing that iZ is a multiple point of the (m- 1)**^ degree 

first polar of every point. 

B appears also from the geometrical property given in 
with a ,g^ which may be written, if p^ be the distance of the multiple 
om P'l torn the pole, 

^'■■^ p^r ip~'- p..r)'-{m if'- prr + (p-- p„..-'r+...} = o. 

iilarly the r*^ polar has a multiple point at B of the {m — 7*)^^^ 

ccc 
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893. If a tangent cone at a double point of a surface become tin: 
non-coincident planes^ the first polar of any pole will touch the Urn 
in which the planes intersect. 

Let P* be the pole, and iJ, iZ' the two consecutive points on 
the surface in the line of intersection of the two planes* Thci 
straight line P'RP meets the surface in two points coincident 

in 5, hence the equation X"e '' -F=0, which gives the ratio 
X' : X determining the position of 22, has two equal roots, and 

the same value satisfies X""*e ^ i)F=0, therefore jB is a point 
in the first polar; similarly, R' is also a point in the first polar, 
that is, the line of intersection is a tangent to the first polar. 

894. If a tangent cone at a double point become two coinciJcnt 
planesj the first polar tvill have a tangent plane coincident with them. 

Fof a line from P' will intersect the surface in two coincident 
points for any direction indefinitely near to P'RPj hence the first 
polar will have a point in the plane coincident with these point?, 
not only at the multiple point, but at the adjacent point also, the 
plane will therefore be a tangent plane to the first polar. 

895. If r generating lines of a conical tangent coincidej r-1 
generating lines of the conical tangent of the first polar will also 
coincide. 

For, let P' be the pole, and RQ the multiple generating line. 
and take Q indefinitely near R] a line through P\ passing near Q 
and moving up to it, will meet the surface in r points, which will 
ultimately coincide, and, as before, r — 1 points on the firet polar 
will coincide in Q] hence RQ will be a multiple generating line 
of the [r - 1)^ degree of the conical tangent of the first polar. 

896. If a surface Jiave a multiple line of the w*^ degree^ the jirsi 
polar will contain the same line as a multiple line of the (w — 1)*^ 
degree. 

For, if P' be the pole, R any point on the multiple line, P'R 
will have m equal values for the surface and m — I for the first 
polar. 

897. The propositions relating to multiple points may be shewn 
readily by employing, as a fundamental tetrahedron, one in which 
the multiple point is one angular point and the pole another. 

Thus, using tetrahedral coordinates, let the polo be A (1,0, 0,0], 
and the multiple point D (0, 0, 0, 1), the equation of the surface may 
then be written i^=^^i^"""* + ^^^,tt7""'" *+...+ <^h, ^^ representinjr 
a homogeneous function of a;, jy, z of the m^^ degree ; also ^^ = o 
is the equation of the conical tangent at the multiple point* 
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Since in this case 2> = d/dx^ the equation of the first polar is 
^^« to-'- + ^^1 tr"-"-^ +...= 0, (1) 

and d<f>Jdx^O is the conical tangent, which shews that the multiple 
point of the surface is a multiple point of the (m- 1)*^ degree on 
the first polar. 

If the conical tangent reduce to two non-coincident planes, 
Qji = 2 and (f>^ = -^Xi V^ = and % = being the equations of the 
tangent planes, then, by the equation (1), in which 7n=?2, 

dz '^dx ^^ dx 

will be the equation of the tangent plane of the first polar, and 
this is satisfied by ^^ = 0, ;^ = 0, that is, the line of intersection of 
the tangent planes is a tangent to the first polar. 

If the conical tangent become two coincident planes, ^, = V^' 
and d(l)Jdx=s2ylrdy^ldx^0j that is, -^ = will be the equation 
of the tangent plane to the first polar. 

898. When a point on the surface t$ taken for the pole^ the polar 
plane is a tangent plane^ at the pole^ to the surface^ and to all the 
2)olaT8. 

For D'F* = is the equation of the polar plane of the surface 
F^ 0, and is also that of the tangent plane at P\ if P' be a point 
on the surface. 

Again, since 

P' is a point on the ¥^ polar jD'""'"-F' = 0, and its polar plane, 
which is the same as that of the surface, Art. 890, is a tangent 
plane at P' to it as well as to the surface. 

899. The locus ofpolesj whose polar planes pass through a given 
pointy is the first polar with respect to that point. 

Let (/, g^ A, «) be the given point Q^ which is a point in the 
polar plane of P' [x\ y\ z\ w'), if (fdldx +g djdy' ^...)F' ^0, 
but the equation of the first polar of Q is (fdldx'Vgdldy-k-...)F^% 
hence P' lies in the first polar of Q^ which is therefore the locus 
of P\ 

900. Every plane is a polar plane corresponding to (n - !)• poles. 
Take three arbitrary points P^, P„ P, in the plane, the first 

polars of these points are of the (n - 1)*^ degree. The first polar 
of P^ is the locus of all points which are poles of planes througn P,, 
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and therefore contains all poles of the given plane | the threi 
surfaces which are first polars of P„ P,, P, each contain the pole 
of the given plane, and therefore, since every common pole is tLi 
pole ot the plane containing P,, P„ P,, there are (n - 1/ such poles 

901. The first polars of all points in a straight line have ( 
common curve of intersection. 

The {«— l)* poles of any plane through two of the points li 
on the curve of intersection of the polars of the two points, and ti:!- 
curve must therefore be the locus of the poles of all such plane>: 
any point in the line of intersection of the planes must theretun 
have its first polar passing through the curve of intersection of the 
first polars of the two points taken. 

Such a curve is a Polar Curve corresponding to the line. 

Cor. 1 If two lines intersect, their polar curves lie on the fir-: 
polar of the point of intersection. 

Cor. 2. If any number of planes pass through a point, thei: 
poles He on the first polar of the point. 

Cor. 3. A tangent line to the surface touches its polar curv. 
at the point of contact with the surface. 

Relation of Straight Lines to Surfaces, 

902. To find the condition that a straight line may touch a 
surface at a given point. 

Let P' (z\ y\ z\ w) be the given point, P{xy y, «, w) sluj poi:i* 
in a line through P\ then n values of the ratio X : V, given by tL- 
equation (V" + X'""*\jD' + iV"'V2)"+...) i^'«0, determine th. 
position of the points in which P'P Intersects the surface ; and i: 
P'P be a tangent to the surface, two values of the ratio vanisl ; 
hence P' = and i)'JF" = 0, which are necessary conditions K: 
tangency at P', and they stew that generally the locus of P'P i- 
the polar plane of P'. 

I>'F=^0 Is not a sufficient condition If the difltrential coefficient^ 
are all zero, for In that case P'P meets the surface In two colncidei/ 
points for all positions of P, or P' Is a multiple point ; If D'^F' ti 
not also vanish Identically, the point P' will be a double point : 
and if the cooi-dinates of P satisfy the equation i>'*-P" = 0, PL 
which then intersects the surface in three points at P', will be a 
tangent to the surface, and the polar conicoid will be the loc:.- 
of all the tangent lines, that is, it will be the conical tangent at P\ 

The argument is easily continued in the case of triple. ..r-pk 
singular points. 

903. Inflexional tangents at an, ordinary point. 

At an ordinary point the tangent P'P will meet the surface 
In three coincident points if D'F' ^0 and D'*F'^ 0, the inflexional 
tangents are therefore the lines of Intersection of the polar plane 
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and polar conicoid, which arc two straight lines, real or imaginarj, 
since the polar plane is a tangent plane to the conicoid as well as 
to the surface, Art. 898, 

904. If the surface be of a higher degree than the second, and 
if D'^F* «= be identically satisfied at P' for all values of x^ y, «, tr, 
we can obtain three straight lines which meet the surface in four 
coincident points, viz. the intersection of the surface Z)"i'" = 
with the tangent plane D'i^' = 0. And so on to the general case. 

905. If the equation D'F'^0 be satisfied identically, or the 
point P' be a multiple point, the tangent lines which meet the 
surface in four coincident points will be given by equations 
D''F'=^0 and i>"^' = 0, and these are two conical surfaces if they 
be not also identically satisfied, the first being the conical tangent 
to the double point and the second determining the six particular 
generating lines of the tangent cone which satisfy the required 
condition. 

If the singular point have a conical tangent of the r^ degree, 
the number of tangent lines meeting the curve in r + 2 coincident 
points will be r{r+l). 

906. The polar conicoid of a parabolic point on a surface is 
a c^ne. 

The inflexional tangents at a parabolic point coincide, therefore 
the surfaces JD'F'=^0 and jD"jF' = intersect in two coincident 
lines, and the onlj conicoid which can be cut by a plane in two 
coincident lines is a cone; hence D'*F'=^0^ the polar conicoid, is 
a cone. 

Or, since one principal radius of curvature is infinite, the 
equation of the surface may be written 

z-ay^ — z {bx + cy + dz) + w^ -f ...= 0, 

the origin being the parabolic point. 

The polar conicoid with respect to the origin is 

(w - 1) « — « (Jx + cy + dz) -ay^^O or zv = ay', 

which represents a cone, of which z^O and v = arc tangent 
planes, and y = the plane of contact. 

907. To find the locus of the parabolic points on a surface. 
Since D'^F'^0^ the polar conicoid with respect to a point 

{x\ y\ z\ w)j is a cone, if A be the determinant obtained by elimi- 
nating ar, y, «, w from the four equations 

dx dy ^ dz ^ ^ dw ' 

F'ssO and A = will be the equations of the required locus. ^ 
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The degree of the surface A=iO, called by Salmon the Hessian 
of the surface, is the same as that of the term 

d'F' d'F' dT d*r 
dx" • dy" • dz" • dw" ' 

and IS therefore 4 (n — 2). 

The degi*ee of the cur?e containing the parabolic points of the 
surface is 4n(n — 2). 

908. To find the equation of the conical surf ace which envehpa 
a given surface^ and has its vertex at a given point. 

Let P' (a?', y\ z\ w) be the given point, P(a:, y, s, w) any poiut 

in any tangent line drawn from P'. The equation X"c ^^ i^=u 
must give equal values of \ : V, hence the equations X*e F^ 

and y^'^e ' DF^ must have a common root. The eliminant 
of these equations equated to zero is the equation of the locus of i'. 
and is the equation of the envelope. 
If the surface be of the second degree, 

X^F^WDF^iK^D^F^Q and XDF^X'jyF^O 
M'ill have their roots equal, or the equation of the envelope vill be 
iFD'F^iBFf or 4JF!F' « (DP j«. 

909. To find the number of tangents which can he drawn from a 
given point not on the surface to meet it in three consecutive points. 

Let a line from F' meet the surface in three points coinciding 

in P, the equation X"e ' P=0 must have three values of X' : X=0, 
/. P=0, i>P=0, and Z>*P=0 give, by the intersection of the surfaces 
which they represent, the number of positions of FF satisfying 
the conditions; the required number of tangents Is therefort 
fi(n— I) (n — 2); a point of contact of this kind corresponds to a 
cuspidal edge of the conical envelope. 

If the given point P' be on the surface, through each of the 
three coincident points on an inflexional tangent can be drawn a 
line satisfying the conditions ; hence the number of the tangent linci 
meeting the surface in three points distinct from P' will be 

„(n-l)(n-2}-6 = (n-3)(«* + 2). 

910. To find the number of tangent lines which can be draicn 
to a surface at a given point so as to touch at another point as well. 

Let P' be the given point, J3 the second point of contact. For 

contact .at P' two values of X:X' in X'V^^'^P'^O are zeru; 
hence P'=0 and jD'P=0; the equation which gives the remainii^g 
values of X:X' is tt = iX"-*i>"'P'+...+ X*"'P=0, two of these 
values are equal, viz. those which determine the position of li] 
.*. dujdX^Q and dujdK' — O have a common root, the eliminant 
V of these equations will be of the same degree as P*'* (/>'*Py', 
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.'. v-0 represents a surface meeting the tangent plane in (w+2)(w-3) 
straight lines, and this will be the number of double tangents touching 
at two different points, one of which is given. The equation v = 
represents a surface which intersects the tangent plane at P' in 
the tangent lines having double contact. 

911. The number of the double tangents might be obtained by taking P 
as the second point of contact, so that for contact at P*, F' = 0, D'F' = 0, and 
for contact at P, F-0, DF= 0; the position of P would then be given by the 
intersection of the two surfaces F- 0, DF^ with the plane I/F' = 0, which 
would give n (it - 1) positions of P, but, since all three equations are satisfied 
by the coordinates of P', D'F= being a tangent plane to both surfaces F^i) 
and DF= 0, its curve of intersection with each has two branches which touch 
the inflexional tangents, so that there are six of the n(n-l) points which 
coincide with P and are to be rejected, and the remainder is (n + 2) (« - 3), 
as before. 

912. If P' be a multiple point of the r^^ degree, in order that 
P'F may be a proper tangent at P' and some point -B in P'Pj 
r + 1 values of X : X' must be zero, and the remaining values, two 
of which must be equal, will be given by 

u = X'-'-'i>"^*i^7(r + 1) ! +...+ X^^'F^ 0, 

and the eliminant v of dufdX^O and dujdK^O will be of the 
degree of (2)''->j'')— «ir--v that is (n + r+1) (7i-r-2), thus the 
number of double tangents will be the number of tangents which 
are the intersection of t? = with the tangent cone -D'^l^sO, that 
is r{w(n-l)-(r+l)(r + 2)}. 

913. By the method of Art. 911, B'^F'^0 is the conical tangent of both 
F^O and i)i^= 0, and the curve of intersection with each of these touches the 
tangents of closest contact, r(r-i-l) in number, hence among the rn(n-l) 
points of intersection of the three surfaces r (r •)- 1) (r + 2) coincide with jp, aud 
the number of double tangents is, as before, r {« (n - 1) - (r + 1) (r + 2)}. 

914. To find ike locus of tangents which can be drawn from a 
multiple point of a surface to the surface. 

Let P be the multiple point of the r^ degree, so that F' = 0, 
B'F'^Oy ...Z)"'*J?" = 0, the equation which gives the remaining 
points of intersection of a line P'P with the surface is 

w E X'"-'i>"'i^7r !+...+ X-'^JF'=: 0, 
and if this equation have equal roots, P'P is a generating line of 
i? = 0, where v is the eliminant of dujdX'^O and du/dX'^O, whose 
degree is that of (J)'^^')»-»ir— » or (n-+ r) (n-r-1). 

915. To find the number of double tangent lines which can be 
drawn from a fixed point not on the surface. 

Take F for the fixed point, F for one point of contact ; then two 
positions of R coincide in P, hence, fwm the equation X"e^/^ "^-F— 0, 
i^= and DF^ 0, and, for the second point of contact, two roots 
of M = iX*-'i?*i?'+...+ X'"-'i^'=:0 are equal, the degree of v the 
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eliminant of dujdX^O and dujdK'^O is that of {lyF)"^ or 
(n — 2)(n — 3), and the nunaber of solutions of v — 0, F==0 anl 
2>jF= is double the number required, since each double tangent 
corresponds to two solutions, hence the number required is 

in(n-l){n-2)(n-3); 
this is the number of double sides t>f the conical envelope who^e 
vertex is F\ 

On the degree of a reciprocal surface. 

916. The theory of reciprocal surfaces, as far as it has been 
completed, has been elaborated by Salmon and Cayley ; but the 
whole subject of the reduction of the class of a surface or the degrto 
of its reciprocal is so Complicated that we shall only give explana- 
tions of the effect which some of the simpler singularities of a 
surface have upon the degree of its reciprocal, with the object ot 
introducing the student to the subject. 

917. On the cl^ias of a surface. 

The class of a surface represented by an algebraical equation 
of the n^ degree is the number of proper tangent planes to the 
surface which pass through an arbitrary straight line. Let -4, 7/ 
be any two points in an arbitrary straight line, P the point of 
contact of a tangent plane passing through AB^ then APy BP an- 
tangents to the surface at P, each containing two coincident points 
at P. But the converse is not true that APB will be a tangent 
plane when AP^ BP each contain two coincident points, for if V 
be a multiple point or a point in a multiple line on the surface, 
every line through P will pass through two or more points coinci- 
dent in P, and in order that AP should be a proper tangent 
the number of points coincident in P must be one more than the 
degree of the multiple point or line. 

When straight lines drawn through A meet the surface in two 
coincident points, these points lie in the curve of intersection of the 
surface and ^'s first polar, similarly for straight lines drawn through 
P, hence the number of positions of P such that AP and BP both 
pass through two coincident points on the surface, is the number 
of points of intersection of the surfaces of degree n and the two tirst 
polars each of degree n - I, and the degree of the reciprocal surface 
IS « (n — 1 )* when ABP is a proper tangent plane for everj 
position of P. 

If the surface have singularities such as multiple points and 
multiple lines, the effect of these singularities in reducing the degree 
n (n — ] ]' has to be estimated. 

918. It should be observed that by Art. 903 the first polars of 
every point in the line AB have a common curve of degree (n — 1 '. 
called the polar curve, whose intersections with the surface are the 
n [n — 1)* points given above. 
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919. To estimate the effect on the class when the surface has a 
double point. 

Since, Art. 892, where there is an ordinary doable point on the 
surface, the first polars of any point pass through the double point, 
therefore the polar curve of any given straight line passes through 
that point. Hence the lines drawn from the double point in the 
plane containing it and the given line, although they meet the 
surface in two coincident points, are not generally tangent lines. 

Therefore, since the polar curve meets the surface in two points 
at the double point, two of the planes passing through the given 
line are not tangent planes. 

The number of proper tangent planes is therefore less by two 
than the number found above. 

920. To estimate the effect on the class when the tangent cone at 
a double point becomes two planes, 

i. When the two planes are not coincident, the first polars 
touch their line of intersection. Art. 893 ; hence, besides the two 
points coincident in the double point, there is added one more 
point, namely on the line of intersection of the two planes, which is 
common to the three surfaces. On this account the apparent 
number of tangents is diminished by three. 

ii. When the two planes are coincident, the first polars touch 
one of the planes, hence each plane contains three coincident points 
in each of the three surfaces, and the reduction in this case is six. 

921. The surface of the third degree, whose equation is 

<W* + by'^ + /?»"* + dw'^ = 0, 
has four double points one at each angle of the fundamental tetrahedron. 
Hence, the class of the surface is 3.2' diminished by 2 for each double pointi 
and is therefore 3 . 2' - 2 . 4 e 4. 

Reciprocating the surface with respect to the auxiliary conicoid 

let (S, f}» X, oj) be a point on the reciprocal surface, ix-^vy-^-lz-^-uno^O is a 
tangent plane to the surface at some point {xf, y', ^, v/) \ 

.'. ojf^/i^hy'-^/ri^cz'-^/l^du/'^/w, 

and fx' + ny' + Ez' + ww' = 0; 

.-. K)* +(6»»)* +(«)*+ (Jo;)* = 0, 

\vhich, when rationalizedi is of the fourth degree. 

922. The surface xyz^u^hsA double points at A^ B, C of the fundamental 
tetrahedron, and at each the tangent cone is two non-coincident planes, for each 
double point there is therefore a reduction of 3, and the degree of the 
reciprocal surface is 3.2'- 3.3 = 3. The reciprocal surface has an equation 
of ike same form as that of the given surface. 

923. If the equation of the wave surface be put into the homogeneous form 
(o»xV 6y+ C«8') (a:*+y*+2«)-ta* (y-hc»)4r«+ft»(c«-fa')y«+e«(a«+&«)z«} w«+a*6Vi»* = 0, 
it is easily shewn that there are four double points in each of the principal 

DDD 
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planes, real or imaginaryi and four in the plane at infinity, yis. the four points 
of intersection of that plane, and the two cones aV + fty + cVeO and 

The^degree of the reciprocal is therefore 4 . 3* - 4 .4 . 2 = 4. 
In Art. 532 it is shewn that if (sr-f my -ffissp be a tangent plane to the 
wave surface, (/, m, n) being the direction of the perpendicular p, 

r/(/>« - a*) + mWif - i*) + n*/(p* - c») « ; 
hence, taking the origin for the reciprocating point, if />r s ao' a (6' s ec', and 
(jT, y, z) be the point corresponding to the tangent plane 

o' V/ (f^ - a«) 4 6'y /(r» - 6«) + cV/{r* - c«) = 0, 
therefore the reciprocal surface is of the fourth degree as stated. 

924. To estimate the effect of a double straight line on the clas^ 
of a surface. 

The first polars for any two polDts in an arbitrary straight line 
contain the line singly which is double on the surface, and, bv 
Art. i51, the number of points which correspond to the line which 
is common to the three surfaces is 5n — 8. But for each of the 
points of the multiple line at which the two tangent planes coincide 
there will be an additional point common to the three surfaces, acJ 
the number of such points must be deducted. 

Let CD of the lundamental tetrahedron be a double line, the 
equation of the surface will be of the form P«" + 2Cxy + £y* = 0, 
where P, Q^ and B are of the (n — 2)**^ degree ; the tangent planes 
will be coincident if PE — Q' » 0^ which represents a surfiBUse whose 
degree is 2 (n — 2), which is the number of the points in which it 
meets the double line. 

Hence, for a double line the class is lowered by 7n — 12. 

925. To estimate the effect of a multiple straight line of th 
f^ degree of multiplicity. 

The polars contain the line, each in the (r - 1)^ degree of 
multiplicity, Art. 896, and the number of points which correspond 
to the common multiple lines is, Art. 451, 

{r-l)'n + 2r(r-l)(n-l)-2r(r^l)*=(r-l){(3r-l)n-2r'}. 

Taking, as' before, CD for the multiple line, the equation of the 
surface may be written in the form i 

Fr (^, y) E Par + Qx^'y +...+ Ty' = 0, I 

in which the coefficients are of the (n - r)^ degree. 

The equation of the tangent planes at any point (0, 0, z'^ w] 
in CD is P/(ar,y) = P'a:'+^aj'^*y+...«0, where P\ Qf, ... are 
the values of P, 0, ... when 0, 0, z\ v/ are substituted for sb, y, «, w. 

Now the points in CD at which there are two coincident tangent 
planes may be obtained by eliminating ^, y from the equations 

dF;{x,y)ldx^O and dP; {x,y)ldy^O, 
and the eliminant is of the (r-1)^ degree in the coeffidents of 
each equation ; therefore the degree of the resulting equation in 
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z\ w' Is 2(r-l)(n-r), and, since the polars touch the line at 
each of these ])oint8, this is the number of additional points which 
lie on the multiple line. 

Hence the total number of points corresponding to the multiple 
line, each of which is a point which gives an improper tangent 
plane, is 

(r-l){(3r-l)n-2r» + 2(n-r)}=(r-l){(3r+l)n-2r(r+l)j; . 

this is therefore the number by which the degree n (ti - 1}' is 
reduced in the reciprocal surface. 

026. If a surface of the u^^ degree contain a multiple line of the (n- l)tb 
degree which must be a straight line, the degree of the reciprocal will be 

»i(n-l)«-(«-2){(3n-2)n-2(n-l)n} = «, 
so that the reciprocal surface will be of the same degree as the original surface. 

927. If a surface of the n^ degree contain two multiple lines which do not 
intersect, which are respectively of the degrees n-r and r, the number of 
])oints which give improper tangents will be 

(n-r-l)[{3(n-r) + l)n-2(n-r)(n-r + l)] + (r-l){(3r+l)n-2r(r + l)} 

= n«(»-r-l) + (r-l){n«-(3r+l)n + 2r(r+l)} + (r-l){c3r + l)n-2r(r + l)} 

= n«(n-2), 

and the degree of the reciprocal will be as before the same as that of the 
original surface. 

928. To estimate the effect af a curve of the r^ degree of multtr 
plicity on a given surface^ the curve being the complete intersection 
of two surfaces of theW^ and l^ degrees. 

The number of points which correspond to the multiple curve 
is, by Art. 452, 

K{7i(r^l)' + 2{n-l)r(r-l)-(i + Z)r(r-l)'}. 

Let ^= and i » be the equations of the two surfaces, that 
of the given surface will be 

where the coefficients P, Q, ... are of degree sufficient to make each 
term of the n^ degree. 

At any point in the multiple curve for which P^P\ Q^Qf^ &c. 
the approximate form of the surface in the neighbourhood of that 
point will be given by the r values of the ratio K : Z, obtained 
from the equation 

and two tangent planes will be coincident for all points in the 
curve for which the eliminant of dF'jdK^O and dF'jdL^O 
vanishes ; this eliminant is of the degree 

(n-AT)(r-l) + (n-Zr)(r-l) = (r-l){2n-(*+Z)r}. 



388 PROBLEMS. 

The class of the surface is therefore reduced in conseqaence o 
the multiple curve by the numbei: 
H(r-l){n(r-l)+2r{n-l)-(i + Z)r(r-l)}+iZ(r-l){2n-(*+Z;;'^ 

= AZ(r-l){(3r+l)n-2r-(A+?)r'}, 
which agrees with Art. 925, when k^l and Zs= 1. 



LXV. 

(1) The polars of any order, the same for all surfaces of the ntb deer^? 
vhich pass through 0(n)-l given arhitrary points, hare a common curv. 
of intersection, <f>(n) being the number of conditions ^r^hich a surface ot ti . 
nth degree may be constructed to satisfy. 

(2) The r^ polars of all surfaces of the n^ degree passing through «p (n)-i; 
arbitrary points have (ft - r)* common points. 

(3) U, F are the first polars of two points P, Q with respect to a surfc - 
of the nth degree; prove that the first polars of F with respect to T^ and oi 'v 
with respect to CTare the same surface. 

(4) If U, V be respectively the/>th polar of P and the jth polar of Q wit: 
respect to any surface, prove that the p^^ polar of P with respect to V will b- 
the ^th polar of Q with respect to U. 

(5) When the p^ polar of P with respect to a surface of the nO» degrt. 
has a double point Q, prove that the (»-;?- 1)^ polar of Q with respect :. 
the same surface has a double point at P. 

(6) If a cubic surface have a double atraieht line, the number of cuspid:: 
edges on the proper enveloping cone will be diminished by 3. 

(7) If the polar conicoid of //a: + i?i/y + n/« + r/M7 = 0, whose pole is r, 
resolve into two planes, there will be four positions of P given by equation* 
similarto -«// = «/»» = «/n«u7/r. 

The corresponding conicoid is the two planes x^O and y/m •{- z/n -h v>/r = 0- 
and the plane polar is Sx/l-y/m-z/n-to/r^O, 

(8) Prove that the inflexional tangents at any point on a surface arc 
generators of the polar conicoid of that point 
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(1) The points on a surface of the n^ degree, for which the perpendicular^ 
upon the tangent planes from a given point are equal, lie on a surface who^ 
degree is 2(n~l). 
> (2) The envelope of the first polars of all points on the surface 

x'^/a'^ + y'^/ir + e'"/c'" = 1, 
with respect to the surface 

17= tt„ + M„-i +...+ W| + Wa = 0, 

is (a dU/dx)^i + (J dU/dy)^i + (c dV/dz)Sri a P^i, 
where P ~ - w„.i - 2w^2 -• • '^ "«*•• 
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(3) The condition that the first polar of (a;\ ^, s', w')f with respect to the 
surface //a: + fn/y + n/afr/w = 0, may be a sphere is, vhen tetrahedral 
coordinates are employed, 

a*mn + af*lr - h*ln + h'*mr = cHm + &*nr = p. 

The pole is given by the ratios 

a?' : y' : jT w^^e^jm + h** /n^a'^ /r- p/mnr : ... : ... . 

Also, the locus of such poles, corresponding to all surfaces of this form, 
is the curve 

a^yz + a'^xw = V^zx + h'^yw = e^xy + c'^zw. 

(4) When a cone circumscribes a surface of the n^^ degree, prove that the 
number of points of inflexion in a plane section of the cone is 4n (n - 1) (n - 2], 

(5) Prove that if a straight line be wholly on a surface of the n^ degree, it 
\viU touch the parabolic curve of that surface in ft - 2 points. 

(6) The equation of a surface is asj;' + 25tojry + csj/' s 0, shew that the 
equation of the reciprocal surface with respect to the auxiliary conicoid 
ac'^ + j/2 + «' + w* = is w (ay^ + cx^) + 2hxyz = 0, and explain the reduction of 
the degree. 

(7) Prove that the degree of the locus of points on a surface of the nth 
decree, at which lines can be drawn to meet the surface in four coincident 
Ijoints, is 1 In -24. 

(8) Prove that the degree of the locus of points, at which tangents meet 
a surface of the n^ degree in three coincident points, the tangents touching 
the surface at some other point as well, is (n - 4) (3n* + 6n - 24). 
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VOLUMES, ABBAS OP SUBFACES, 4o. 
LINE SUBFACB AND VOLUME-INTEGBALS. 

929. To find the differential coefficients of the solid contained 
hetioeen a surface, given in rectangular coordinates^ the coordinate 
planes^ and planes parallel to two of them drawn through any point 
of the surface* 

Let Xj y, z and ^ + Aa?, y + Ay^ z-^-^z be the coordinates of 
two points F and Q upon the surface. 




Draw planes through P and Q parallel to the planes of yzy zxj 
and let V be the volume CRPSOM cut off by these planes from 
the given solid. If ^^V be the increment of k, when x is changed 
to a; + A.r, while y remains constant, and a similar interpretation 
be given to the operation A^, the volume PrM=^^^V\ also the 
volume PQNMy which is the increment of A^V when y changes 
to y + Ay, =A (A^F), which is easily seen to be the same as 
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Let z^j z be the least and greatest values of z within the 
)rtion of the surface PQ, then PQNM lies between z^^xAy 
id z^^x^y ; 






rA.F\ . / A,F > 

. — or \ y ' lies between z. and «,. 
Ay Aa; it 

Proceeding to the limit, in which z^^z^^ 0, we obtain 

We majr observe that, since the volume Pr3f is ultimately equal 
• the area iZilfxAo;, the partial differential coefficient dVjdx 
presents the area BM^ and similarly dVfdy the area 8M. 

930. The differential coefficient of the volume of a wedge of the solid 
ntained between the planes of zx, xy^ a plane through the axis of s, and 
)lane parallel to yOz may be obtained as follows. 

Let V be the volume included between the planes zOxj xOy, the surface, 
; plane whose equation is y-tx, and a plane parallel to ^Os through any 
Int {x, y, s), then A|F is the increment of K when t changes to t-¥At, 
emaining constant, and is the volume which stands on a base whose area 
ixAt.x; AgiAtV) is the increment of AfF when x changes to « + Ax, and 

he volume which stands on a base whose area is 



i (a: + Ax)* At - is^At = (« + jAor) Ax At ; 
:At 



ice, as before, — 2 — !_' ig between Zj {x + JA*) and «^ (« + iAx), and, pro- 



ding to the limit, j^ j^ - — '• 

931. To find the differential coefficient of the portion of a surface 
en in rectangular coordinates^ cut offhy two coordinate planes^ and 
nea parallel to them draum through any point of the surface. 
Let P, Q be the points (a?, y, z) and [a + A;r, y + Ay, z + A«), 
:he surface PBCSy cut off by the planes through P. A^iS is 
surface iV, which is the increment of 8 when a is changed 
ir + A^. 

A ( A^iS) 19 the surface PQy which is the increment of A^8 when 
{ changed to y + Ay, and is evidently the same as A^ (A^iS). 
Let 7., 7, be the greatest and least inclinations of the tangent 
Qo to tne plane of ay for any point within the surface PQ* 
Therefore PQ is intermediate between A^Ay sec7^ <^d 
Ay sec 7,. 

; A (^) A, (^) 

^i Hence ^ or , r is intermediate between secy, 

J Ay ^ Aj? '* 

i B^C7„ which are, in the limit, each equal to 8007. 

' Therefore, || or || = 8ec7 = y{l+ (|)V (|)]. 
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932. If S he the surface contained between the plane zOx, and a p!:l 
whose equation iByoUr, we can shew, by proceeding as in Art. 930, that 

ll;V[{'*©"}-(S)"]- 

933. To find the differential coefficients of the volume of a surf i 
referred to polar coordinates. 

Let r, 0y 4> be the polar coordinates of a point P in the snrfr; i 
6 being measured from Oz^ and from the plane zOx^ and let 
be* the volume of the wedge of a cone contained between the pla^l 
zOx and zOP^ and the given surface, the axis of the cone bt!s 
Oz^ and 6 the semi-vertical angle. 

OPErS is the increase of the volume when increases by ^1 
4> remaining constant, therefore OPErS =A^V. 

OPSQT is the increase of A^V when if> becomes ^ + A^, aj 
therefore = A^ ( A^ F), and similarly = A^ (A^F). 




If OP, OS, OQy OT intersect a sphere, whose centre is O : 
fadius OP^ in P, », j, t the volumes of OPSQT and OP^ji will 
ultimately equal, and Ps^r/^0, P<=r sin &.A0, therefore A^(A, 
is ultimately equal to ^r' sin^ A^ A^ ; 
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934. To find the differential coefficient of a surface referred to 
polar coqrdinates. 

Let r, ^, (f> be the polar coordinates of P, and let 8 be the 
surface CPB, 

Aj/S is the increment Pr when changes to 5 + A^, 
A^ (Aj)8) is the increment PQ when ^ changes to ^ + A^. 

Let '^^, '^, be the least and greatest inclinations of tangent 
planes at points taken on the surface PSQTy to tangent planes 
at the corresponding points of the surface Psqt in the construction 
of the last article, then the ratio of the surfaces PSQT and Psqt 
lies between 1 : cosi/r^, and 1 : cosi/r,, each of which becomes 
ultimately r : p, where p is the perpendicular from on the 
tangent plane at P; /. A^ (A^S) : r* sin 6 ^(f>^6 : : r : p, ultimately ; 

d'8 r» . . 

,11 1 /rfr\' 1 /rfrV ^ , _^ 

"^^p' = P + /(55)-*-/¥n-^a5^)' ^-'^'5 

935. To ^nc? ^Ae volume of a closed surface^ the boundaries of 
tohich are portions of known surfaces j given by equations in Cartesian 
coordinates. 

Let (;c, y, z) be a point P within the closed surface, and let 
At, A^, A2; be the lengths of the edges of a small parallelepiped, 
whose faces are parallel to the coordinate planes, the volume of 
this elementary parallelepiped will be A.rA^A2;, if the axes be 
rectangular. 

We imagine the volume to be made up of an infinite number 
of such elements, each of which is supposed indefinitely small, and 
in order to obtain the volume we have to sum these elements, and 
we must be guided by the form of the surfaces, in our choice 
of the order in which we propose to eflfect the summation. We 
can give general directions only, leaving to the student's ingenuity 
the task of adapting them to particular cases. 

If we commence by summing the elements, for which x, y have 
constant values, we shall obtain the parallelepiped (^f^- 2jJ Aa;Ay,* 
since the incomplete elements near the boundaries oi the surface 
vanish compared with the parallelepiped upon AxAy, when A a? and 
Ay are indefinitely diminished ; z^- z^ can be expressed in terms 
of X and y by means of the equations of the bounding surfaces. 
This supposes the closed surface to be pierced by the ordinate 
through (a?, y, 0) in only two points; if it were pierced 2n times, 
the firat summation would give S^" («^ - «„.^) rfjrtfy ; we shall not 
further consider such cases. 
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If we next sum the parallelepipeds for all values of y, keep n 
X constant, we shall obtain the snm of all the elements which i 
between two planes at distances x and x+ ^x from the plu3 
of yz. The first and last of the parallelepipeds must Tani^i 
therefore the summation must generally be made between valuj 
of y obtained from the equation z^ — z^^O^ x being constant ; !l 
y„ y, be those values of y, supposing only two to exist ; the wb 1 
sum will then be obtained bv summing these sheets of elemeil 
between values of x obtained from the equation y^^y^^ 0. 

In the case of a closed surface, which is pierced by no straigi 
line in more than two points, the process for finding the volume 
is expressed as follows : 

J^\ \Jy\ V«i J) Jxi Jyi 

= rrfa:{</)(a?,y,)-^(a?,y,)}='^(a;,)-'^(a;J. 

936. The student will have to determine in every particular case the I 
order in which to make the summation of the elements ; in some cases it ^1 
be advisable to take elementary slices of the surface, instead of the elemeDUj 
parallelepipeds, as when the area of a plane section is known. 

Thus, in the case of an ellipsoid, tne area of a section RPQ is vQyM 
and a slice of the thickness dz s vahc'* (c* - ^) dz, whence the volume i 
irab r ^ , 







937. He must also judge whether it is advisable to use other coordin<^ 
than those in which the equation of the surface is given. 

Thus, the equation of an anchor-ring being 

(jf« + y" + «« + c«-a»)«-4c«(«» + y^e0, 
if we make «• + y" = r*, and so «" = a" - (r - e)*, we can sum the elements va 
have their projections on the circular ring Zirrdr, and the volume is 



f 



■/: 



Airrdr V{a* - (r - c)'} =1 4;r (r' + c) dr" V(a' - »^")« 2rc . wa\ 
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938. To find the volunu contained between the surface whose equation is 
t^ y)* = 4azt the tangent plane at a given point, and the planes ofzx and yz. 

Let the given point be (/, g, h), the eqQation of the tangent plane is 
^ .V = y/(o/h) (s + h) I the volume required' is IJIdxdgdz, the limits being from 
= y[h/a) (* + y) - A to (« + y^/^a, then from y s o to y » 2 ^{ah) - ar, since 
le tangent plane meets the surface where (x + y)* - 4 '/{ah) (x + y) + iah = 0, 
stly from a; « to « » 2 ^(ah). The volume required is 



/A 



{x + y-2^{ah)Ydgdx 



J 12a 



[X'2^{ah)Ydx^lah\ 



This result may be verified thus. Let A OB be the surface, A CB the tangent 
lane along the line AB, ADB a plane parallel to xOy, adb any section of 
16 surface parallel to zOy. 




Then area adh : area ADB : : ad* : AB^ i: Od: OD; 



therefore volume A OBD 



'i: 



2ah.jdz«ah'; 



also volume ACBD = J2aA.2A « iah*; 
hence the volume required is iah\ 

939. To find the volume of the elliptic paraboloid y*/b + i^/c s 2x, cut off by 
le plane ir + my + n« =;>. 
Perform the integration in the order x, y, z, 

a?i = J (y V* + «*/0i Xf^ip-^my- nz)/L 

or a given value of z, the values of y at the curve of intersection are given 
y the equation x^ = X2, or y* + 2y6m / / + z*b/e - 2ft ( p - ««) / Z = 0, of which 
p y2 are the roots, and z must be taken between the limits which correspond 
) yi = t/r ^^^ ^ ^p ^« ^® ^^® '^^^ ^^ ^^ equation 

z'b/e-2b(p'nz)/UbW/l\ (1) 



dd6 









^2 

{(y - yO (y. - yj - (y - ya)'j dydz 



tut (y,-y.)' = (y,-yi)'-4y,y,=4(s-«i)(8,-«)*/iJ by (i), 
therefore the volume 

{♦' J y 

coB^OdO, putting t* = 7 sin^. = f ^ 7*. ^ . I ^ 

ci 4.22 






and 7« = i (z, - 2,)' = cV//« + 2^7?// + 6cmV/" ; 
therefore the volume is Jtt ^{hc) (2/?/+ 6m* + cny/l\ 

The student may verify )this result by the summation of elementary s. 
bounded by planes parallel to the given plane., 

910. To find the volume contained between surfaces given 
polar coordinates. 

The volume of an elementary parallelepiped Is 

r* B\nddrd0d(f>. 

If we integrate this expression from r = r, to r = rj, r^, r Lt! 
the radii of the bounding surfaces corresponding to 0^ ff>^ we obr 
a frustrum of a pyramid, the angular breadtbs of whose facei? r 
dd^ d<f)y intercepted between the two surfaces or the two sL*- 
of the same surface; its volume is ^ sin 6ddd<l) (r^^-r*)^ the n. 
being given in terms of 6 and 0. 

1? now we integrate, considering <^ and ^■^d<f> constant, f: 
^= ^j to ^ = ^5, ^„ 6. being given in terms of by the boundur 
of the volume considered, we obtain the portion included bctw-. 
the planes inclined to z Ox at angles and + d^^ 

=^d(t> f' J(r,»-Osin0(/^. 

The whole volume is found by integrating from ^ = ^j to ^ = : 
the extreme planes between which the volume is included. 

The volume is therefore / I ^ (r^' - r,'; sin 0d6dd>. 
J <Pi J di 



■••'/-^ 
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94 1. To find the volume of a sphere cut off by three planes through the centre. 
Let the radius of the sphere be a, O its centre, and let ABC be the 

spherical triangle cut off. Take OC for the axis of e, and a plane perpendicular 
to A OB for that of zx; and let « be the inclination of OC to the plane AOB, 
- /3 that of the planes AOC and zx, then the equation of the plane A OB \rill 
be cos^ = tana cot^y and the limits of integration will be 

r = to r = a, 

fl a to ^ = cor* (cot a cos 0), 

i^ = -/3 to <p«C-P; 
the volume = la* Jj&in0d0d<t> 

r^-^ f _CO8CMBO80_1 

-^ \ V(l-cos««8in»0)J ^ 
■» Ja* [ C - sin"' {cos a sin ( C - /3)} - sin'* (cos a sin /3)] 
oJa»(^ + J?+C-7r), 
since cos^ = cos a sin (C- /3) and cos^ « cos a sin/S. 

We have given this as an example of the determination of the limits in the 
case of polar coordinates, but the result is obtained immediately from the area 
of the spherical triangle, the volume required being the sum of an infinite 
number of pyramids whose vertices are in the centre, the volume of any one 
of which is iadS, and the whole volume » }a x area of the spherical triangle. 

942. To find the volume of a wedge of a sphere cut off hy a right circular 
cylinder y a diameter of whose base is a radius of the sphere. 

Let the equation of the sphere be p* 42^ = 0', and that of the cylinder 
/3 = a cos ^, and let a be the inclination of the planes of the wedge. 
Ta faooa^ fa 

The volume is 1 I 2p ^{a*''p*)dpdip=\ f (o» - a' sinV) <?0 

"^Wi^-i /(3 sin i> - sin 3^) d^] d<p from to «. 

= W {« - i (1 - cos a) + A (1 - cos 3a)}. 

The surface =/l\/^/'*-* (>*) +^"(^) f ^P^^f between the same limits, 

«= a* /(I - sin^)(f</, = a'(a- 1 + cosa). 

943. To pxd the volume of a solid whose bounding surfaces are 
given by tetrahedral coordinates, 

I-'Ct f, ^, ? be coordinates referred to rectangular axes of a 
point whose tetrahedral coordinates are jr, y, a, w. 
Since »r, y, z arc linear functions of f , 77, f, 
imdvd^^CJfJdxdydz, 
and if V be the volume of the tetrahedron of reference, 

imdrid^^^Vi 
but the limits for the tetrahedron are, since a + y + e + w^l^ 
a = to ?^ = or «s=l— or — y, 
y = to y = 1 - »r, and or = to a? = 1, 
and with these limits JJJdxdydz=-^] therefore 6F= C. 
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Hence, If F{a^ y^ z^io)^Q be the equation of any closed sart;^ 
the volume will be 6VfJJdxdt/dzy the limits of the integration be!; 
obtained from F{x^ y, «, I — ;r — y - «) = 0. This method is J 
to Slesser.* 

944. To fnd the element of a surface employing curvilv' 
coordinates. 

It has been explained in Chapter xxiv. how, when each of :' 
coordinates x^ y, z of any point in the surface is regarded a? 
function of p and j, the surface may be striated by two str 
of curves corresponding to different constant values of p and 
respectively ; and it has been shewn that if PMQNhQ an element.r 
quadrilateral of which the sides PAf, NQ are elements of curr 
traced on the surface for which q and q-i-dq respectively n 
constant, PiV, MQ those for which p and p-\-dp are constant, i 
lengths of the elements FM^ FN will be respectively dp \fE s 
dqslO\ also that, if cw be the angle -NPi/, cosoi^ F j ^/[EG]. : 
that the area of an element dS of the surface S is 

dpdq ^{EG - F') = dpdq {A' + B'+ C')K 

945. To find the surface of an ellipsoid expressed by elliptic coordinates. 
Let the equation of the ellipsoid be jc'/a + y"/6 + cV<5 = 1» and let /i, ^ i 

the elliptic coordinates of the point (d?, y, z), so that 

«7(fl + ^) + yV(6 + /*) + 8V(c + /*)= 1 and x'/ia + •') + y'/(6 + ►)+ e"/(c r *) = l 

Now, with the notation of Art. 287, 
-/37aj'=a{a + ^)(a + i'), -7ay« = 6{6 + /i)(64-»')> and - a/3«'= c (c + /*) (c + 1^) ; 1 
.-. -rfady^/dft^bib-^v), - a/3 (fe»/c//4 = «(« + »), 

-70 dy*/dy =6(6 + /i), -o/3 ds^/dif »c(c + ;«); 

(dy* dz* dy" 



■■••■^(ts-IS-'-"-'<'-" 

Now, if/) be the perpendicular on the tangent plane at {x, y, z)fp* = ahc . 
Art. 291, and the cosine of its inclination to the axis of d? is 

/. V(^« 4 ^ + C«) = Aa/xp = abc (fi - v)/iap*^{xytp, 
but, by ( 1 ), - a«^ V A'«y = «'^'c« (a + /i) (6 + /[*) (c + ;*) (a + ( J + (c + *) »• 

.-. (fiS = i<i/trfvOi-i;) V(H/V{-(« + /0{& + /*)(<^ + /*)(« + '')(^ + »)(<? + "i- 
whence the surface can be expressed in the form of a double integraL 

If M==y/fi/y/{-{a^fi){b-^fi)[c + fi)] and -y= V/VU^ + «')(* -»-»')(c + »), ta 
area of the surface cut off by two confocal hyperboloids of one sheet for k i-J 
fi^fi, and /ij, and two of two sheets for which y = y^ and y b y^ can be psi 
in the form 

ij^ fiMdfi X jj' Ndu - ij^ Mdfi X jj* i,Ndy. 

— ^— ^ ■ I ' — 

• Qiiar, Jour, of Math., vol. Ii, 
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946. If the elliptic coordioates be the primary semi-axes c^, a" of the 
confocal hyperboloids, as in Art. 286, the equation of the ellipsoid beins » 
«Vo* + y*/(«' - iS*) + 8*/ (a* - 7*) = 1, we must write a' for a, a'* - a* for ft, and 
a"* -a* for «', and the double integral which represents the surface becomes 

[ [ (a-«-a->)V{(a«-a-')(a'-a-»)} 

947. To find the volume hounded by surfaces defined hy curvt" 
linear coordinates. 

Let the position of a point be given by the intersection of three 
surfaces whose equations are F{a;, y, «) = 7?, ^C*^? y? ^) = ?) *"^ 
H{x^ y^ z)=r (1) ; when p is constant, the variation of q and r 
gives rise to two series of curves striating the surface F{x, y, z) =p, 
an element of this surface is therefore {A* + B^ -^ G^)^drdq^ where 

^ " ^ 5" ~ ^ 5" * ^^'* -A^B^ being the minors of the Jacobian 

of equations ^ =/(;?,?, r) = 0, y=y(;?,gr,r)==0, «=A(jp,j,r)=0, (2) 
derived from (1). 

The equation of the tangent plane at the element considered is 
-4(f- .i?)+5(i7-y)+ C'(f-«) = 0, the perpendicular upon which 
from a point whose curvilinear coordinates are p + dp^ j, r is 

[A dxfdp + B dyldp -f G dzjdp) dpls/{A^ + 5' + 0'), 

hence the volume of the elementary parallelepiped, whose opposite 
faces correspond to p and p-^dp constant, is 

[A da I dp + B dyfdp + C dzjdp) dpdqdr^ 

and the volume is JJfJdpdqdr or JT/J'"* dpdqdr taken between 
limits corresponding to the boundaries, where «/*, J' are the 
Jacobians of the two systems (2) and (1) respectively. 

Liney Surface^ and Volume-IniegraL 

948. We give here two theorems relating to line, surface, and 
volume-integrals, which are of great importance in certain problems 
in Electricity, Hydrodynamics, and Conduction of Heat, and which 
serve as illustrations of the subjects of this chapter. 

949. Definitions of line-integral and surface-integral. 

i. If B be any quantity having direction, called a vector 
quantity, and s be the angle between its direction and that of the 
tangent to a curve at any point {a, y^ z) estimated in a definite 
direction, the integral jBcoseds is called the line-intearal of B 
along the line «, supposed measured from a fixed point. This 

integral may be written ;(^'J~ +^;/ + «^^] ^^) ^) v, w being 
the components of B in the direction of the axes of ^, y, and z. 
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ii. If 7} be the angle between the direction of It and a n r 
to a surface at any point (d*, y, z), the inte^al //7? cost? ^ 
called the surface-integral^ the summation being taken over ' 
whole of a surface S. The integral may be written 

Z7, F, W being components of jR ^parallel to the axes of .r, •.. 
and ?, 771, n the direction-cosines of the normal to the surfa-A 
(^, y, 2) estimated in a definite direction. 

950. To shew that a line-integral taken round a given f ' 
curve can he represented as a surface-integral over a surface Uv'. 
hy the given curve. 

Suppose the closed curve L to be filled up by any surfao 
and suppose S to be divided into an infinite number of ii 
elements, one of which is <t bounded by the line \. If we t 
the sum of the line-integrals for two of these lines which h 
a common part /£, both estimated in the same direction^ the : 
portions of the sums taken over fi will be taken in opposite &.: 
tions, and being of the same magnitude will vanish ; those liu- - 
which abut upon L arc the only portions which will not be trave.^ 
twice; hence the sum of all the line-integrals for the elemei.:- 
will be that of the line L. 

The proposition will, therefore, be proved if we shew that I: 
true for any elementary line X and corresponding surface <r. 

Let {x^y^z) be any point on o-, and (.p + f, ^4^7, 2 4-?' '.: 
point on X; the line-integral for \, w, v, w being given at (,<-, ., 1 

Since X is a closed curve, jd^ = 0, /f rf| = 0, and, if we sur: 
the summation taken in the direction from x to y, 

hence the line-integral for X is •!( -^ ,- j w +,.. I 

The line-integral of i is, therefore, equal to the surface-iutc. 
JS{m^rVm^Wn)dS, when U=^^~, &c. 

951. The surface-integral of a directed quantity or vector, ' 
over a closed surface^ may be e^rjyresscd as a volume-integraf ' 
certain function. 

Wc observe that if the theorem can be proved for an elemeiiti 
portion of the volume enclosed within the surface, within v^'J^ 
the directed quantity is supposed to be continuous, the gene.i 
theorem will follow, as well as its modification, when the enci A 
volume is intersected by surfaces across which the directed quanti 
changes discontinuously. 



a-. 
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.'"or, if u,, u, be two elementary volumes enclosed by the 
1CC3 o-j, o-,' to which a portion of a is common, the normal 
ponents along a', which belong respectively to o-j and <7 , being 
pposite directions and of the same magnitude, will disappear 
le summation. 

f, therefore, we sum for all elements within a volume F, 
ughout which the value of the vector changes continuously, 
only sets of the resolved vectors which are not destroyed will be 
e which belong to the points of those elements which abut on the 
osing surface 8. 

f the vector change discontinuously in passing surfaces 2^, 2,, &c., 
theorem will hold for the portions V,, F,... into which they 
le F, and the volume-integral over F would be equal to the 
ice-integral over 5, together with the surface-integrals over 
2,; the differences of the vectors on opposite sides of these 
ices replacing the vectors in the first integral, 
jet an elementary volume v be inclosed by the surface cr, 
r, z) being any point within v, and let (•« + f , y -I- ^7, « -I- ?) be 
point upon a-, and u, r, \d the components of the vector at 
r, z) parallel to the axes. 
?he finirface^integral for a Is 

and //««r = 0, //f ?<f<r = fj^dtid^= v, &c., 

se the sarface-integral for ^= [j~ + ~r +-r}v ultimately; 
cfore, if u^, u^ be the values of u on opposite sides of 2„ 

+ , 

;h represents the theorem in its most general form. 

52. Some elegant applications of the theorem which expresses 
urface-integral as a volume-integral have been made by Webb.* 
le supposes the interior of a closed surface to be filled up with 
ices constructed according to some definite law such that the 
iding surface is one of the set. 

>'or the components of the vector he chooses the direction- 
les l^ 971, n of the normal at a point P of one of the interior 
Lces measured outwards, so that at the bounding surface 

• Mett. of Math., toL IX., p. 170. 

PFF 
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Za-i- mv f ww = l, and if />„ p, be the principal radii of curr. 
of the interior surface of which P is a point, 

da dv dw ^ I 1 
da dy ^ p, />, * 

Hence, if there be an interior as well as an exterior surfacr 
diflference of these surfaces ^jjj[p^^ + p^^)dxdydz''^ and in . 
to calculate the surface from this expression, Pi~*4-/>/* idl;- 
expressed in terras of .r, y, z by eliminating the parameter w 
defanes the particular surface passing through [xj y, «), usicj 
this purpose the equation of that surface. 

953. An example is given of a sphere filled with sphere^ 
touching at a &;iven point ; also the surface of an ellipsoid i§ f | 
in the torm of a triple integral by filling it with similar cone.: i 
ellipsoids; and it is observed that if the ellipsoid be filled 'i 
confocal ellipsoids the interior surface will be twice the area ot I 
focal ellipse which is the limit of a very^ flat ellipsoid. 



LXVII. 

(1) Find the porlion of the cylinder a:" f v* - 2rx = 0, intercepted be. 
the planes ax\hy^cz-0 and afx -i- 6y -I- es s 6. 

(2) Prove that the volume of the surface zy^yz^zx-a^^O^ cut l 
the plane « + y + « = c ^3, is Jw (c + 2a) (c - a)\ 

(3) Shew that the surfaces y'+ xP«4ax, and x - x » a, include a volumi 

(4) Prove that the volume included between the surfaces r = cr, z = 0. 
2 = mr cos^, is ifna\ r and 6 heing polar coordinates in the plane xy. 

(5) Shew that the volume enclosed by the surfaces »' -i- ^ = as, x* ^ y i 
and z s is i^a^^'i &i^d draw a figure representing the progress of sammuL i 

(6) Prove that the volume included between a cylinder y"* 2cx -x', a I 
boloid aa? + hy* = 2s, and the plane of xy, is Jwc* {fia' [ h"^), 

(7) Two cones have a common vertex in the centre of an ellip^*:- . 
their bases are curves in which the surface is intersected by planes par. I 
the same principal plane, prove that the volume of the ellipsoid ecu:.] 
between the cones varies as the distance between the planes. 

(8) li ^8 be an element of the surface of an ellipsoid at any point, vl 
the area of a section by a plane drawn through the centre parallel : 
tangent plane at that point, prove that the limit of 2(^8 /A) ^4^ the suzi.n..| 
beini; taken over the whole surface. 

Find a8 in terms of a, /3, if x ■ a cos a, y = 5 sin a co8/9, and c s c sino ^ \ 
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LXVIIL 

[1) Shew that the whole volume of the Borface whose equation is 
^^y• + «•)• = ca:y« is equal to c'/360. 

2) Prove that the volume cut off by the planes yik from the sucface 
+ 6V = 2((M;4-fe)y« is ^irk^/Sab. 

[3) A cavity is just laree enough to allow of the complete revolution of 
rcular disc of radius e, whose centre describes a circle of the same radtiis c, 
te the plane of the disc is constantly parallel to a fixed plane, and perperi- 
ilar to that of the circle in which the centre moves. Shew that the volume 
he cavity is f c* (liw + 8). 

[4) State limits which can be used to find the volume of a closed conicoid 
se equation is aj^ + 6y" + c«" + 2a'yz + 2b'zx + 2c'xy « 1. Shew that the volume 
TT {abc + 2a'ft'c' - aa"* - ftft" - cc")"*. 

[0) Find the form of the surface whose equation is 

(xVo- + yV6« + »«/c»)« = ar«/a» + //^ - »•/<?•, 
shew that the volume is ii^a6c/4'/2. 

[6) P is a point in a fixed circle, radius a, whose centre is C; in a plane 
dng through the radius CP, and perpendicular to the plane of the circle, 
role is described whose centre is P and radius equal to the distance from P 
, fixed diameter of the given circle. Shew that the volume of the surface 
erated by the variable circles is ti^c^, 

[1) Prove that the area of the portion of the surface t=f{az-¥bj/) cut off 
the planes a? = 0, y = 0, and or + 6y = c is (aft)"* // f c/£ ^{1 + (a« + b*) (/' (£)]"]. 

(8) If iS^ be a closed surface, d8 an element about P, at a distance r from 
Led point O, <f> the angle which the normal drawn inwards makes with OP, 
w that the volume contained by the surface = iJJr cos <pdS, the summation 
ig extended over the whole surface. 

O being the centre of an ellipsoid, apply the formula to find its volume, 
rpreting geometrically the steps of the integration. 



LXIX. 

(1) Prove that the volume cut off from the cone 

MX* + 1>/ + tcz* + 2fyz + 2gzz + 2hxy = 

the ellipsoid «*/«" +y"/6« + sVc* = 1 is fn-abe (1 - A), the curves of intersection 
he cone and ellipsoid being ellipses, and k given by the equation 

ffh ^ hf ^ fg I 
yh'Uf kf-vg fg-wh *•* 

(2) Investigate the form of the surface whose equation is 

{(«• + 2*;4 - af ■^y'^a* {tan"i (z/x)Y/^Tr* ; 
bhew that its volume between values of tan'» {z/x) from to 2ir is f 7r*fl*. 
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(3) Shew that ff^dS/o extended over the surface of an ellipsmd Im r 
to J (3 + a*/ 6" + a'/c") x ▼olume of the ellipsoid. 

(4) If each element of a closed surface be multiplied by /cr~* cos <>, ^ 
r is the distance of the element from a point O, ana ^ is the angle h-i 
the direction of r and the normal to the surface measured outwards, ih t | 
the sum of all such products is or iv/ij according as O is without or v{ 
the surface. 

(5) Illustrate the method given in Art. 952 by finding the surface 
anchor ring from the volume-integral, obtained by supposing a series o:' i: 
rings to fill the given ring, all the rings having the same circular axis. 

(6) Shew that the value of the integral ///«2(a^fy+«)Ma«+**fc«) ^^^, ^'. 
over tiie volume of the ellipsoid ar'/a* + y*/6* + s"/c* « 1 is Jn-a5e («• + ilt . 

(7) If r be the distance from a point O of any element dS of a ^v 
surface, determine the form of the function /(r) when JJf{r)dSf the sz:l 
being effected over the whole surface of the sphere, is constant for all p.: 
of O within the sphere. 

(8) The shortest distances between generating lines of the same '; 

drawn at the extremities of diameters of the principal elliptic section ' 

hyperboloid, whose equation is «'/«*+ y*/^' -«*/«** If h© on the *. 

cxy ubz 

whose equations are -~-i = ± , ,, . Prove that the volume included ':- 
« +y' a*- 6' 

these surfaces and tht hyperboloid is ^ - (^-^ 4 8 log^ J . 
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Cones and sphero-conics, 158, 159 
Conjugate diameters of cones, 155 
First integral of geodesic equation, 816 
Method of tracing line of curvature, 
818 
Circnlarcone enveloping conicoid, 140, 153 
Class, reduction of, 884-^888 
Cluster, of surfaces, terms defined, 184 
Of conicoids, 237-243 



Con^ defined, 76 

Equation when base and vertex given, 

76,77 
Enveloping conicoid, 117, 135, 138, 

140, 158, 157, 212, 218 
When locus of general equation, 164 
Properties of, 158, 159 
Vertical angle of osculating, of curve, 

264 
Geodesies on, 818 
Functional and differential equations 

of, 560 
Conditions, that the general equation of 

the second degree may represent 

two planes^ 89 
That a straight line may touch a 

conicoid, 164 
That the locus of the general equation 

may be a cone, 164 
That a plane may touch a conicoid, 

165 
Of equal roots of discriminAting cubic, 

171 
How many an n-tic surface can satisfy, 

183 
Of singular point, 193 
Of singular tangent plane, 208 
Of surface being a toxse, 291, 864 
To be satisfied for an nmbilic, 292 
Conoidal surfaces dedned, 860 

Functional and differentifll equations, 

360 
Oonfocal conicoids^ 129-140 

Of central comooids, general equation, 

178 
Conical envelope of conicoid, 117, 137, 140 
Tetrahedral and tangential coor- 
dinates. 211, 212 
Conicoids, definition of, 89 
Cyclic sections, 109—111 
Generation by variable circle, 110 
Conical and cylindrical envelopes, 

117, 118 
Biz normals from a given point, 119 
Confocal, definition of, 129, 149 
Properties by modular and umbilical 

methods, 152 
Inscribed in fundamental tetrahedron, 

245 
Number of, through eight points and 

touching a given plane or a giveli 

straight line, 239, 240 
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Conjugate diameten, ooniooldi and oonei, 
120-124, 156 
Tangents, 281 
Ooirespondenoe of points on two Qonicoids, 
142 
Of points and planet in two ayatema, 
227 
Cubic, curres and their interBeotionSy 189 

Surfaces, 221-223 
Currature of tortuous curves, 251, 254, 
262, 282 
Of surfaces, 278-284 
Badii and centre, for oonicoid, 295, 296 
Specific, 289, 291, 332, 833, 343 
The same for conicoids, 295, 300 
lines of, if geodesic, are also plane, 

307 
Geodesic, 310, 336 
Curves, how represented, 7, 185-187, 250 
Cubic and quartic, 189, 190 
Intersection of two conicoids when it 
breaks up, 241, 242 
Cyclic, section of conicoid, 109-111 

Planes of cone, 155 
Curvilinear coordinates, 331-341, 398, 899 

Deformation, conditions of applicability of 
two Burfac^ 342, 345 
lines of bending, 346 
Of scrolls, 347 

Of surfaces of revolution, 349 
Surface of minimum area, 353 
U ' t \ - Developable surface — see Torse 
) ' Discriminant of a quadric, 163 

Discriminating cubic, 170 
Equal roots of, 171 
Surfaces, according to nature of roots 
of, 173 
Double points on surfaces, 195, 196, 377, 
878, 385 
PoinU on scrolls, 206 
Points on curves, 266, 256 
Sixer of cubic surface, 323 
Tangent lines,n umber passing through 
a point, 382, 383 
Dual interpretation of equations, 61 
Dupin, indicatrix, 280 

Orthogonal surfaces, 288, 289 
Conjugate tangents, 281 

Elliptic coordinated, definition of, 180, 181 
Element of curve on ellipeoid, 326 
Element of surface and volume, 398, 
399 

Envelopes, general theory of, 865-372 

Euler, his theorems. 280 

Evolutes of curves, 252 

Families of surfaces^ 357-372 

Focal conies, of comcoid, 139, 179, 233 

lines of cones, 154, 158 
Four-point coordinates, 52-57, 59-62 
Equation of point of contact of a tan- 
gent plane and centre of a oonicoid, 
212 

Gauss, measure of curvature, 289 
Geodesic coordinates, 3u8 



Gauss, Property of equal c^eodeak: 1 * 
through a point, 308 
His theorem, geotoic triangle, olj 
Curvilinear coordinates^ 830, etc 
Geodesic defined, 805 

Differential equations, oone and c^:.- 

der, 806, 313 
Circle and polar coordinates, ^OS, i:. 

339 
pP constant, 814. 316, 820 
Tortion of, 809, 338 
Curvature of a curve, 810, 312, S. ' 
839 
' Umbilical, on ellipsoid, 316, 317, b. 
326 
Gilbert^ tangents to confocala, 137 
Graves translation of Chasles on ac'^ 
and spheroHX)nic3, 1&4 

Harmonic pencil of planes, 86, 87 

Helix, property of, 250, 268 

Heliooid, 218 

Heliooidal surface, deformatian of, Si/l 

Hessian of a surface, 382 

Hom6graphic pencils of plane, genera:! . 

of hyperboloid by, 96 
Horograph, definition and property c 
289, 311 

Indicatrix. 280 

Inflexional tangents of sorfaoea, 197, Va 
Number passing through a point. .'■^. 

Integral curvature of arc or carve, 2^ 
Curvature of finite snrfiaGe, 289 
line, surface, and yolome, 39tl 

Intersection, complete, of 'two surfaci:i 
184 
Partial, of two surfaces, 186 
Of surface with tangent plane, 19^. 2< -. 

Invariants of ternary quadric, 70, 71 
Of general equation, second dec^' 

164 
Derived from discriminatingcabir. 1 ' i 
Of a system of two coniooids, 237 

Involution, points in, on any geneiuti : 
line of a scroll, 205 

Ivory, his theorem, 142 

Jaoobi, focal lines of cone envelop:.: 

oonicoid are generatoxa of oonf^.-:::^ 

hyperboloid, 159 
Jacobians, in expression for yolnine, 3?:* 
Jellett, deformation of surfaces, 343 
Joachimsthal, pD constant over geodc« ' 

on centi-ul oonicoid, 314—316 
Position of a point in a atraight Ln-.. 

876 
Joyce, Joachimsthal's theorem pD o.:.- 

Btant, 314 

Llonville, elliptio coordinates, 180 

Element of arc in curYilinear ccc:- 

dinates,833 
Radius of geodesic curvature, 837, 3^1 
Deformation of surfaces, 343 

MacCullagh, oonfocol coniooids, 129, ICl 
133, 134 
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Mac CuUagh, modalar generation of coni- 
coidB and cones, 146, 154 

Focal lines of enveloping cone, 155 
Maxwell, deformation of surfaces, 343, 

345, 346 
Meunier, his tiieorem, 282 
Minding, deformation of surfaces, 343 
Monge, polar line and torse, 251, 267 
Moulton, integral change of direction, 311 

Partial differential equation, 360 
Multiple points. See Double points 

Normals, six from a point to a conicoid, 11 9 

To oonfocals through the vertex of 

the cone envelopmg a conicoid are 

its principal axes, 134, 157 

To a surface, its equations, 194 

Number of, from a given point to a 

surface, 194 
Cone at a multiple point, 196 
Along generator of scroll, 206 
Principal, to curves, 251, 261, 268 
At consecutive points, 283, 284 

Orthogonal surfaces, Dupin's theorem, 288 
Ortbowmic coordinates, 337-840 
Osculating plane of a curve, 251, 268, 261, 
285 till 

Sphere, 252. 267 
Gone, 264, 265 

PainviUj asymptotic surfaces, 215, 217 
Parabohc points, defined, 281 

Polar conicoids of, are cones, 381 
Pendlebury, smgular form of indicatrix, 

288 
Plticker, intersection of surfaces, 186 
Polar plane of conicoid defined, 125 

Plane of conicoid given by the general 

equation, 165 
Torse and poUr line of curve, 261, 
266, 267 ^ ' 

Conicoid, 376 
Properties of, 377-388 
Projection of a line of curvature of an 
ellipsoid upon the plane of a di^u- 
lar section, 322 
Purser, normals to central conicoids, 119 

Qnadriplanar coordinates, 44 

Quartic curves and their intersections, 190 

Radius of curvature. See Curvatnie 
Beciprocal cones, 156 

Polars, theory of, 227-235 
Surface, degree of, 384-887 
Ilcctlfying torse and line, 253, 266-268 
Kevolution, cone of, envelopine conicoid, 
140,153 ' 

Surface of, condition that a conicoid 

may be one, 171, 173 
Reciprocals of surfaces of, 232, 234 
Surfaces of, deformed, 349-352 
Surfaces of, equations of their fami- 
lies, 860 
Roberts, M.^ geodesic lines, 806 

Geodesic tangents to line of curvatnn, 
816 



Routh on sphero-conics, 160 

Invariants of discriminating cubic, 171 
Radius of curvature of edge of re- 
gression of polar torse, 267 

Saint Tenant^ curves, 263 
Salmon, umbilical generation of conicoid, 
146 

Partial intersection of surfaces, 186 

Invariant equation for system of two 
conicoids, 237 

Singularities of curves and torses, 271 

Theorem about centres of curvature, 
296 

Contact of lines and surfaces, 375 

Degree of reciprocal surface, 884 
Schlafli, double sixer, 223 
Scott, enveloping cone of_a conicoid, 135 
Screw, radius of, 266 
Scroll, defined, 201 

line of striction of, 204, 206, 207 

Tangent planes along generator, 205, 
206 

Deformation of, 347--349 
Serret, lines of curvature on a surface, 300 
Shortest distance between two lines, 27, 28 

Of consecutive principal normals, 268 

Of normals at consecutive points of a 
surface, 283, 284 
Singularities of curves and torses, 271—274 
Slope, line of, 269 
Specific curvature, 289, 291, 333, 339 

Unchanged by deformation, 343 
Sphere, poles of similitude, 60 

Equation in tetrahedral coordinates, 
46, 244, 245 

Tangential equation*of, 246 

Of curvature, 262, 267 
Spherical ellipse and hyperbola, 159, 160 
Sphero-conics, 169-161 
Stationarylplanes'and.'points, 271-273 
Striction. Hee Scroll 
Surface, area of, 391, 398, 397 

Element of, curvilinear coordinates, 
398 

Of ellipsoid, 398 

Integral, 899-401 

Tangent plane to surface at ordinary 
point, 194, 197, 211 
Cone, ;vertex on external point, 117, 

211, 212, 882 
Cone!at multiple point,' 196, 197, 377, 
378 
Tangential equation of surfaces, 59 

Of enveloping cone touching a sur- 
face along; a given plane, 212 .^^^ 
Of a Bphere,i246 
Tetrahedral coordinates, 46 

Equation'of a sphere, 46, 244, 245 
Volume of a solid, 397 
Tetrahedron,^ volume of, when angular 
points'are given, 38 
Conicoid inscribed in, 245 
Thomson and Tait, tortuous cOrves, 7 
Practical construction of torse, 202 \ 
Integral^and average curvature, 264 
Change of direction of motion, 310 
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Tore. See Anchor ring 

Defined and degree of, 59, 182 
Enveloping, diiiection of generatois, 

282 
Singularitids of, 271-273 
, Condition of surface being. 291, 364 
Tortuosity, of a curve, 253, 254, 262 

Of a geodesic line, 309 
Triple tangent planes to cubic surface, 
221-223 

Umbilic on conicoid defined, 110 
Conditions for, on a surface, 292 
Number of, on an n-tic surface, 293 



Umbilica, linea of curvature througU -' 
Umbilical geodesies on cUipr.'. . 
323-326 

Volume of a tetrahedron, 38 

Of a closed surface, S90-;}99 
Integral, 399-402 

Wave surface, construction for, 116 
Equation and singularities of, il 
220 
Webb, on surface and yolame-inur^r. 
401, 402 



THE END. 
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